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ÒIÒÑÀ ÍÅÑÅÐIÉÍÈÕ ÄIÀÃÐÀÌ ÄÈÍÊIÍÀ

In this paper one describes P -de�ning polynomials for edges of the non-serial Dynkin diagrams
and diameters of the corresponding edge-weighted graphs (with respect to P -limiting numbers).

Ó öié ðîáîòi îïèñàíî P -âèçíà÷àëüíi ïîëiíîìè äëÿ ðåáåð íåñåðiéíèõ äiàãðàì Äèíêiíà òà äià-
ìåòðè âiäïîâiäíèõ çâàæåíèõ ãðàôiâ (âiäíîñíî P -ãðàíè÷íèõ ÷èñåë).

Êâàäðàòè÷íi ôîðìè âèíèêàþòü ïðè ðîçãëÿäi áàãàòüîõ çàäà÷ òåîði¨ çîáðàæåíü.
Ó 1972 ð. Ï. Ãàáðiåëü [1] ââiâ öiëî÷èñëîâó êâàäðàòè÷íó ôîðìó äëÿ ñàãàéäàêiâ
(îði¹íòîâàíèõ ãðàôiâ), íàçâàâøè ¨¨ êâàäðàòè÷íîþ ôîðìîþ Òiòñà, i ïîêàçàâ, ùî
ñàãàéäàê ìà¹ ñêií÷åííå ÷èñëî êëàñiâ åêâiâàëåíòíîñòi íåðîçêëàäíèõ çîáðàæåíü
òîäi i ëèøå òîäi, êîëè éîãî êâàäðàòè÷íà ôîðìà Òiòñà ¹ äîäàòíîþ àáî, iíøèìè
ñëîâàìè, êîëè ñàãàéäàê ¹ íåïåðåòèííèì îá'¹äíàííÿì îði¹íòîâàíèõ ãðàôiâ Äèí-
êiíà (äiàãðàì Äèíêiíà ç áóäü-ÿêèì íàïðÿìêîì ñòðiëîê). Öÿ ðîáîòà Ï. Ãàáðiåëÿ
ñòàëà ïî÷àòêîì íîâîãî íàïðÿìêó â òåîði¨ çîáðàæåíü, ÿêèé ïîâ'ÿçàíèé ç âèâ÷åí-
íÿì êâàäðàòè÷íèõ ôîðì äëÿ ðiçíèõ îá'¹êòiâ. Ó 1974 ð. Þ. À. Äðîçä [2] ïîêàçàâ,
ùî ÷àñòêîâî âïîðÿäêîâàíà ìíîæèíà ìà¹ ñêií÷åííå ÷èñëî êëàñiâ åêâiâàëåíòíîñòi
íåðîçêëàäíèõ çîáðàæåíü òîäi i ëèøå òîäi, êîëè ¨¨ ôîðìà Òiòñà (ÿêà ââîäèòüñÿ
àíàëîãi÷íèì ÷èíîì) ¹ ñëàáî äîäàòíîþ (òîáòî äîäàòíîþ íà ìíîæèíi âåêòîðiâ ç
íåâiä'¹ìíèìè êîîðäèíàòàìè). Âèâ÷àëèñÿ òàêîæ êâàäðàòè÷íi ôîðìè Òiòñà i äëÿ
áiëüø øèðîêèõ êëàñiâ ìàòðè÷íèõ çàäà÷.

Ó ðîáîòi [3] ïî÷àëè âèâ÷àòèñÿ ëîêàëüíi äåôîðìàöi¨ êâàäðàòè÷íèõ ôîðì,
íàçâàíi ïiçíiøå ïîòî÷êîâî-ëîêàëüíèìè [4]; äèâ. òàêîæ ïîäàëüøi ðîáîòè [5] �
[7]. Iíøèé òèï ëîêàëüíèõ äåôîðìàöié, ââåäåíèé â [4], íàçèâà¹òüñÿ ðåáåðíî-
ëîêàëüíèìè äåôîðìàöiÿìè. Ó ðÿäi ðîáiò òàêi äåôîðìàöi¨ âèâ÷àëèñÿ äëÿ äîäàò-
íèõ êâàäðàòè÷íèõ ôîðì Òiòñà ÷àñòêîâî âïîðÿäêîâàíèõ ìíîæèí (äèâ., íàïð.,
[8], [9]).

Ó öié ðîáîòi âèâ÷àþòüñÿ ðåáåðíî-ëîêàëüíi äåôîðìàöi¨ äëÿ äîäàòíèõ êâàäðà-
òè÷íèõ ôîðì Òiòñà íåîði¹íòîâàíèõ ãðàôiâ.

1. Îñíîâíi ïîíÿòòÿ. Íåõàé

f(z) = f(z1, . . . , zn) =
n∑
i=1

fiz
2
i +

∑
i<j

fijzizj (1)

� êâàäðàòè÷íà ôîðìà íàä ïîëåì äiéñíèõ ÷èñåë R. �¨ ðåáåðíî-ëîêàëüíîþ äåôîð-
ìàöi¹þ íàçèâà¹òüñÿ êâàäðàòè÷íà ôîðìà âèãëÿäó

f (p,q)(z, t) =
n∑
i=1

fiz
2
i + tfpqzpzq +

∑
(i,j)̸=(p,q)

fijzizj, (2)

äå p i q (p < q) òàêi, ùî fpq ̸= 0, à t � ïàðàìåòð, ùî ïðîáiãà¹ ïîëå R.
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Êâàäðàòè÷íà ôîðìà (2) íàçèâà¹òüñÿ òàêîæ ëîêàëüíîþ äåôîðìàöi¹þ êâàäðà-
òè÷íî¨ ôîðìè (1) âiäíîñíî zpzq.

×èñëî a ∈ R íàçèâà¹òüñÿ P -ãðàíè÷íèì ÷èñëîì êâàäðàòè÷íî¨ ôîðìè f(z) äëÿ
zpzq àáî (p, q)-èì P -ãðàíè÷íèì ÷èñëîì êâàäðàòè÷íî¨ ôîðìè f(z), ÿêùî f(z, a)
íå ¹ äîäàòíîþ êâàäðàòè÷íîþ ôîðìîþ i â êîæíîìó îêîëi ÷èñëà a iñíó¹ ÷èñëî c
òàêå, ùî f(z, c) ¹ äîäàòíîþ êâàäðàòè÷íîþ ôîðìîþ.

Ó âèïàäêó, êîëè êâàäðàòè÷íà ôîðìà f(z) äîäàòíà, iñíó¹ äâà (p, q)-èõ
P -ãðàíè÷íèõ ÷èñëà. Ïîëiíîì ∆

(p,q)
f (t) = (t − b1)(t − b2), äå b1 i b2 � öi P -

ãðàíè÷íi ÷èñëà, íàçèâà¹òüñÿ P -âèçíà÷àëüíèì ïîëiíîìîì êâàäðàòè÷íî¨ ôîðìè
f(z) äëÿ zpzq àáî P -âèçíà÷àëüíèì (p, q)-ïîëiíîìîì êâàäðàòè÷íî¨ ôîðìè f(z).
ßêùî äî òîãî æ êîåôiöi¹íòè êâàäðàòè÷íî¨ ôîðìè f(z) ¹ ðàöiîíàëüíèìè, òî ¨¨
P -âèçíà÷àëüíi ïîëiíîìè òàêîæ ìàþòü ðàöiîíàëüíi êîåôiöi¹íòè. Òîäi êîæíîìó
P -âèçíà÷àëüíîìó ïîëiíîìó ïðèðîäíèì ÷èíîì âiäïîâiäà¹ öiëî÷èñëîâèé ïîëiíîì
çi âçà¹ìíî ïðîñòèìè êîåôiöi¹íòàìè (â ñóêóïíîñòi) i äîäàòíiì êîåôiöi¹íòîì ïðè
ñòàðøîìó ÷ëåíi (ÿêèé îòðèìó¹òüñÿ iç P -âèçíà÷àëüíîãî ïîëiíîìà ìíîæåííÿì éî-
ãî íà äåÿêå íàòóðàëüíå ÷èñëî). Âií íàçèâà¹òüñÿ öiëî÷èñëîâèì P -âèçíà÷àëüíèì
ïîëiíîìîì.

Âiäíîñíî âñiõ öèõ îçíà÷åíü i òâåðäæåíü äèâ. ðîáîòó [4].

2. Îñíîâíèé ðåçóëüòàò. Íåõàé Q = (Q0, Q1) � (ñêií÷åííèé) íåîði¹íòî-
âàíèé ãðàô ç ìíîæèíîþ âåðøèí Q0 òà ìíîæèíîþ ðåáåð Q1. Äëÿ íàøèõ öi-
ëåé äîñòàòíüî ââàæàòè, ùî ãðàô íå ìà¹ ïåòåëü i êðàòíèõ ðåáåð. Ââàæà¹ìî
òàêîæ, ùî Q0 = {1, 2, . . . , n}. Ðåáðî ìiæ òî÷êàìè i i j áóäåìî ïîçíà÷àòè ÷å-
ðåç (i, j), îòîòîæíþþ÷è çâè÷àéíî (i, j) i (j, i). Êâàäðàòè÷íîþ ôîðìîþ Òiòñà
ãðàôà Q = (Q0, Q1) (çãiäíî [1]) íàçèâà¹òüñÿ öiëî÷èñëîâà êâàäðàòè÷íà ôîðìà
qQ(z) = qQ(z1, z2, . . . , zn), ÿêà çàäà¹òüñÿ íàñòóïíîþ ðiâíiñòþ:

qQ = qQ(z) = qQ(z1, z2, . . . , zn) =
∑
i∈Q0

z2i −
∑

(i,j)∈Q1,i<j

zizj.

Iç ðåçóëüòàòiâ ðîáîòè [1] ìà¹ìî, ùî êâàäðàòè÷íà ôîðìà Òiòñà ãðàôà Q äîäàòíà
òîäi i ëèøå òîäi, êîëè Q ¹ íåïåðåòèííèì îá'¹äíàííÿì äiàãðàì Äèíêiíà (ÿêùî
ãðàô ìà¹ ïåòëi àáî êðàòíi ðåáðà, òî ââåäåíà àíàëîãi÷íèì ÷èíîì êâàäðàòè÷íà
ôîðìà Òiòñà íå áóäå äîäàòíîþ).

Ìè ðîçãëÿäà¹ìî çàäà÷ó ïðî îïèñ P -âèçíà÷àëüíèõ ïîëiíîìiâ âèãëÿäó ∆
(i,j)
qQ ,

(i, j) ∈ Q1, êâàäðàòè÷íî¨ ôîðìè Òiòñà qQ = qS(z) äëÿ íåñåðiéíèõ äiàãðàì Äèí-
êiíà, òîáòî äëÿ äiàãðàì E6, E7, E8. Ó âèïàäêó i, j ∈ Q0, (i, j) ∈ Q1 çàìiñòü
�(öiëî÷èñëîâèé) P -âèçíà÷àëüíèé ïîëiíîì êâàäðàòè÷íî¨ ôîðìè Òiòñà qQ(z) äëÿ
zizj� áóäåìî ãîâîðèòè �(öiëî÷èñëîâèé) P -âèçíà÷àëüíèé ïîëiíîì ãðàôà Q äëÿ
ðåáðà (i, j)�. Àíàëîãi÷íî i äëÿ P -ãðàíè÷íèõ ÷èñåë.

Òåîðåìà 1. Öiëî÷èñëîâi P -âèçíà÷àëüíi ïîëiíîìè äëÿ íåñåðiéíèõ äiàãðàì
Äèíêiíà E6, E7, E8 ¹ íàñòóïíèìè:

s
5t2−8

s
4t2−5

s
4t2−5

s
5t2−8

s

s
3t2−4
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3t2−4

s
8t2−9
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9t2−10
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s
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s

s
6t2−7

s
7t2−8

s
20t2−21
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s
3t2−4
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s
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Äîâåäåííÿ öi¹¨ òåîðåìè ïðèâåäåíî â ï. 3.
Ó ï. 4 ïîÿñíþ¹òüñÿ, ÷îìó â óñiõ öiëî÷èñëîâèõ P -âèçíà÷àëüíèõ ïîëiíîìàõ

(ñòåïåíÿ 2), ÿêi âêàçàíi â òåîðåìi 1, âiäñóòíié ñåðåäíié ÷ëåí.
Ó ï. 5 íåñåðiéíi äiàãðàìè Äèíêiíà âèâ÷àþòüñÿ ÿê çâàæåíi ãðàôè, âàãè ðåáåð

ÿêèõ âèçíà÷àþòüñÿ P -ãðàíè÷íèìè ÷èñëàìè.

3. Äîâåäåííÿ òåîðåìè 1. Ìè áóäåìî êîðèñòóâàòèñÿ êðèòåði¹ì Ñiëüâåñòðà.
Åëåìåíòàðíå ïåðåòâîðåííÿ ç ðÿäêàìè ìàòðèöi, ÿêå ïîëÿãà¹ â äîäàâàííi äî

i-ãî ðÿäêà j-ãî ðÿäêà, ïîìíîæåíîãî íà äiéñíå ÷èñëî x, áóäåìî ïîçíà÷àòè ÷åðåç
[i] + x · [j].

Âåðøèíè äiàãðàìè Äèíêiíà En, n ∈ {6, 7, 8}, áóäåìî ïîçíà÷àòè ÷èñëàìè
1, 2, . . . , n−1 (âåðøèíè íèæíüîãî ëàíöþãà çëiâà íàïðàâî) i n (âåðõíÿ âåðøèíà).

Íåõàé (i, j) � ðåáðî ãðàôà En. Ïîìíîæåíà íà 2 ìàòðèöÿ êâàäðàòè÷íî¨ ôîð-
ìè q

(i,j)
En

(z, t) � öå (çãiäíî îçíà÷åííÿ ìàòðèöi äîâiëüíî¨ êâàäðàòè÷íî¨ ôîðìè)
ñèìåòðè÷íà ìàòðèöÿ ðîçìiðó n× n âèãëÿäó

M (i,j)
n (t) =


2 ∗ . . . ∗ ∗
∗ 2 . . . ∗ ∗
...

...
. . .

...
...

∗ ∗ . . . 2 ∗
∗ ∗ . . . ∗ 2

 ,

äå íà ìiñöÿõ (i, j) i (j, i) ñòî¨òü ïàðàìåòð t, à íà ðåøòi ìiñöü (s, k), s ̸= k,
ñòî¨òü -1 àáî 0 â çàëåæíîñòi âiä òîãî, ¹ ðåáðî (s, k) ÷è íi. Çàóâàæèìî, ùî ìà-
òðèöÿ M (i,j)

n (t) ïðè t = 1 äîðiâíþ¹ ïîìíîæåíié íà 2 ìàòðèöi Mn êâàäðàòè÷íî¨
ôîðìè Òiòñà qEn(z) ãðàôà En. Îñêiëüêè En � ãðàô ç äîäàòíîþ ôîðìîþ Òi-
òñà, òî çà êðèòåði¹ì Ñiëüâåñòðà âñi ñèìåòðè÷íi ìiíîðè ìàòðèöi M (i,j)

n (1) (òîáòî
¨¨ ãîëîâíi ìiíîðè, à òàêîæ ãîëîâíi ìiíîðè áóäü-ÿêî¨ ìàòðèöi, ÿêà îòðèìàíà ç
ìàòðèöi M (i,j)

n (1) îäíàêîâîþ ïåðåñòàíîâêîþ ðÿäêiâ òà ñòîâïöiâ) ¹ äîäàòíèìè.
Ïåðåñòàâèìî (îäíàêîâèì ÷èíîì) ðÿäêè i ñòîïöi ìàòðèöi M (i,j)

n (t) òàê, ùîá i-
èé i j-èé ðÿäêè ñòàëè âiäïîâiäíî n − 1-èì i n-èì (à çíà÷èòü àíàëîãi÷íà óìîâà
áóäå âèêîíóâàòèñÿ i äëÿ ñòîâïöiâ). Òîäi âñi ãîëîâíi ìiíîðè íîâî¨ ìàòðèöi, íå
ðàõóþ÷è ìiíîðà (íàéáiëüøîãî) ïîðÿäêó n, áóäóòü äîäàòíèìè. Çíà÷èòü (çíîâó
çà êðèòåði¹ì Ñiëüâåñòðà) P -âèçíà÷àëüíèé ïîëiíîì (ãðàôà En) äëÿ ðåáðà (i, j)
äîðiâíþ¹, ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà (ÿêèé ¹ âiä'¹ìíèì), âèçíà÷íèêó
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ìàòðèöi M (i,j)
n (t) (áiëüø äåòàëüíî äèâ. â [4]). ßêùî æ ãîâîðèòè ïðî öiëî÷èñëî-

âèé P -âèçíà÷àëüíèé ïîëiíîì, òî ñèòóàöiÿ ùå áiëüø ïðîñòà: âèçíà÷íèê ìàòðèöi
M

(i,j)
n (t) (ÿê êâàäðàòíèé òðè÷ëåí ç öiëèìè êîåôiöi¹íòàìè) ïîòðiáíî ïîäiëèòè íà

íàéáiëüøèé ñïiëüíèé äiëüíèê ñâî¨õ êîåôiöi¹íòiâ, ïîìíîæåíèé íà -1.
Ïåðåõîäèìî áåçïîñåðåäíüî äî äîâåäåííÿ òåîðåìè.
Ñïî÷àòêó ðîçãëÿíåìî äiàãðàìó Äèíêiíà E6 i ðåáðî (1, 2).
Çãiäíî ñêàçàíîãî âèùå, ùîá îá÷èñëèòè öiëî÷èñëîâèé P -âèçíà÷àëüíèé ïîëi-

íîì ãðàôà E6 äëÿ ðåáðà (1, 2) òðåáà îá÷èñëèòè âèçíà÷íèê D(1,2)
6 (t) ìàòðèöi

M
(1,2)
6 (t) =


2 −t 0 0 0 0
−t 2 −1 0 0 0
0 −1 2 −1 0 −1
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2


àáî ìàòðèöi

M̃
(1,2)
6 (t) =


0 −1 2 −1 0 −1
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2
2 −t 0 0 0 0
−t 2 −1 0 0 0

 ,

ÿêà îòðèìàíà iç ïîïåðåäíüî¨ íàñòóïíèì ðîçòàøóâàííÿì ðÿäêiâ: 3, 4, 5, 1, 2 (áåç
ïåðåñòàíîâêè ñòîâïöiâ). Çðîáèâøè ç ðÿäêàìè ìàòðèöi M̃ (1,2)

6 (t) (ÿêà ðîçãëÿäà-
¹òüñÿ çàìiñòü ìàòðèöi M (1,2)

6 (t) ç ôîðìàëüíèõ ìiðêóâàíü) ïåðåòâîðåííÿ [1] +
[5]; [5] − [1]; [6] + t

2
· [1]; [2] + [5]; [5] − [2]; [6] + t2+t−4

2
· [3]; [3] + [4]; [4] − [3]; [5] + 1 ·

[3]; [6] − 3t2+t−10
2

· [3]; [5] + 3 · [4]; [6] − 6t2+3t−22
2

· [2]; [6] + 5t2+3t−20
6

· [5], îòðèìó¹ìî
íàñòóïíó òðèêóòíó ìàòðèöþ:

N
(1,2)
6 (t) =



2 −t− 1 2 −1 0 −1
0 1 −3 3 −1 1
0 0 −1 −1 2 2
0 0 0 1 −2 0
0 0 0 0 −3 2

0 0 0 0 0 −5t2+8
6

 .

Çâiäñè ìà¹ìî, ùî D(1,2)
6 (t) äîðiâíþ¹ âèçíà÷íèêó ìàòðèöi N (1,2)

6 (t), ÿêèé â ñâîþ
÷åðãó äîðiâíþ¹ 2 · 1 · (−1) · 1 · (−3) · −5t2+8

6
= −5t2 + 8. À çíà÷èòü (äèâ. âèùå)

âiäïîâiäíèé öiëî÷èñëîâèé P -âèçíà÷àëüíèé ïîëiíîì äîðiâíþ¹ 5t2 − 8.
Îñíîâíó ÷àñòèíó öüîãî äîâåäåííÿ çàïèøåìî ñêîðî÷åíî íàñòóïíèì ÷èíîì.

D
(1,2)
6 (t) =

∣∣∣∣∣∣∣∣∣∣∣∣

0 −1 2 −1 0 −1
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2
2 −t 0 0 0 0
−t 2 −1 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣

2 −t− 1 2 −1 0 −1
0 1 −3 3 −1 1
0 0 −1 −1 2 2
0 0 0 1 −2 0
0 0 0 0 −3 2

0 0 0 0 0 −5t2+8
6

∣∣∣∣∣∣∣∣∣∣∣∣
=
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= 2 · 1 · (−1) · 1 · (−3) · −5t2+8
6

= −5t2 + 8.

Ïåðåòâîðåííÿ: [1]+ [5]; [5]− [1]; [6]+ t
2
· [1]; [2]+ [5]; [5]− [2]; [6]+ t2+t−4

2
· [3]; [3]+

[4]; [4]− [3]; [5]+1 · [3]; [6]− 3t2+t−10
2

· [3]; [5]+3 · [4]; [6]− 6t2+3t−22
2

· [2]; [6]+ 5t2+3t−20
6

· [5].
Ðåøòà âèïàäêiâ äëÿ äiàãðàìè E6 i âñi âèïàäêè äëÿ äiàãðàì E7 òà E8 ðîç-

ãëÿäàþòüñÿ ïî òàêié æå ñõåìi. Ìè âêàæåìî ëèøå îñíîâíi ÷àñòèíè âiäïîâiäíèõ
äîâåäåíü ó îçíà÷åíîìó âèùå ñêîðî÷åíîìó âèãëÿäi.

D
(2,3)
6 (t) =

∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2
−1 2 −t 0 0 0
0 −t 2 −1 0 −1

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0
0 3

2
−t− 1 2 −1 0

0 0 −1 −1 2 2
0 0 0 1 −2 0
0 0 0 0 −3 2

0 0 0 0 0 −4t2+5
3

∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· (−1) · 1 · (−3) · −4t2+5

3
= −12t2 + 15.

Ïåðåòâîðåííÿ: [5] + 1
2
· [1]; [2] + [5]; [5]− [2]; [6] + 2t

3
· [2]; [3] + [4]; [4]− [3]; [5] +

1 · [3]; [6]− 2t2+2t−6
3

· [3]; [5] + 3 · [4]; [6]− 2t2+6t−9
2

· [4]; [6] + 2t−2
3

· [5].

D
(3,4)
6 (t) =

∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0
−1 2 −1 0 0 0
0 0 0 −1 2 0
0 0 −1 0 0 2
0 −1 2 −t 0 −1
0 0 −t 2 −1 0

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0
0 3

2
−1 0 0 0

0 0 −1 −1 2 2
0 0 0 1 −2 0
0 0 0 0 2t 5

3

0 0 0 0 0 4t2−5
2t

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· (−1) · 1 · 2t · 4t2−5

2t
= −12t2 + 15.

Ïåðåòâîðåííÿ: [2] + 1
2
· [1]; [5] + 2

3
· [2]; [3] + [4]; [4] − [3]; [6] + t · [3]; [5] − 3t−4

3
·

[4]; [6] + (t− 2) · [4]; [6]− 3
2t
· [5].

D
(3,6)
6 (t) =

∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0
−1 2 −1 0 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 −1 2 −1 0 −t
0 0 −t 0 0 2

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0
0 3

2
−1 0 0 0

0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 0 0 2 t

0 0 0 0 0 −3t2+4
2

∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· (−1) · (−1) · 2 · −3t2+4

2
= −9t2 + 12.

Ïåðåòâîðåííÿ: [2] + 1
2
· [1]; [5] + 2

3
· [2]; [5] + 4

3
· [3]; [6] + t · [3]; [5] + 5

4
· [4]; [6] + 2t ·

[4]; [6]− 3t
2
· [5].

D
(4,5)
6 (t) =

∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 −1
0 0 −1 0 0 2
0 0 −1 2 −t 0
0 0 0 −t 2 0

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0
0 3

2
−1 0 0 0

0 0 4
3

−1 0 −1
0 0 0 −3

4
0 5

4

0 0 0 0 t 4
3

0 0 0 0 0 5t2−8
3t

∣∣∣∣∣∣∣∣∣∣∣∣∣
=
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= 2 · 3
2
· 4
3
· (−3

4
) · t · −5t2−8

3t
= −5t2 + 8.

Ïåðåòâîðåííÿ: [2] + 1
2
· [1]; [3] + 2

3
· [2]; [4] + 3

4
· [3]; [5] + 3

4
· [3]; [5] + 5

3
· [4]; [6] +

4t
3
· [4]; [6]− 2

t
· [5].

D
(1,2)
7 (t) =∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 −1 2 −1 0 0 −1
0 0 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 0
0 0 −1 0 0 0 2
2 −t 0 0 0 0 0
−t 2 −1 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −t− 1 2 −1 0 0 −1
0 1 −3 3 −1 0 1
0 0 −1 −1 2 −1 2
0 0 0 1 −3 3 0
0 0 0 0 1 −2 0
0 0 0 0 0 −4 2

0 0 0 0 0 0 −3t2+4
4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 1 · (−1) · 1 · 1 · (−4) · −3t2+4
4

= −6t2 + 8.

Ïåðåòâîðåííÿ: [1]+ [6]; [6]− [1]; [7]+ t
2
· [1]; [2]+ [6]; [6]− [2]; [7]+ t2+t−4

2
· [2]; [3]+

[5]; [5]− [3]; [6] + 1 · [3]; [7]− 3t2+t−10
2

· [3]; [4] + [5]; [5]− [4]; [6] + 3 · [4]; [7]− 6t2+3t−22
2

·
[4]; [6] + 6 · [5]; [7]− 11t2+6t−42

2
· [5]; [7] + 7t2+4t−28

8
· [6].

D
(2,3)
7 (t) =∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0
0 0 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 0
0 0 −1 0 0 0 2
−1 2 −t 0 0 0 0
0 −t 2 −1 0 0 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0
0 3

2
−t− 1 2 −1 0 0

0 0 −1 −1 2 −1 2
0 0 0 1 −3 3 0
0 0 0 0 1 −2 0
0 0 0 0 0 −4 2

0 0 0 0 0 0 −8t2+9
6

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· (−1) · 1 · 1 · (−4) · −8t2+9

6
= −16t2 + 18.

Ïåðåòâîðåííÿ: [6] + 1
2
· [1]; [2] + [6]; [6]− [2]; [7] + 2t

3
· [2]; [3] + [5]; [5]− [3]; [6] + 1 ·

[3]; [7]− 2t2+2t−6
3

· [3]; [4] + [5]; [5]− [4]; [6] + 3 · [4]; [7]− 2t2+6t−9
3

· [4]; [6] + 6 · [5]; [7]−
2t2+12t−15

3
· [5]; [7] + 8t−9

12
· [6].

D
(3,4)
7 (t) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0
−1 2 −1 0 0 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 0
0 0 −1 0 0 0 2
0 −1 2 −t 0 0 −1
0 0 −t 2 −1 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0
0 3

2
−1 0 0 0 0

0 0 −1 −1 2 −1 2
0 0 0 1 −3 3 0
0 0 0 0 1 −2 0
0 0 0 0 0 −3t 5

3

0 0 0 0 0 0 −18t2+20
9t

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· (−1) · 1 · 1 · (−3t) · −18t2+20

9t
= −18t2 + 20.

Ïåðåòâîðåííÿ: [2]+ 1
2
· [1]; [6]+ 2

3
· [2]; [3]+ [5]; [5]− [3]; [6]+ 4

3
· [3]; [7]− t · [3]; [4]+

[5]; [5]− [4]; [6] + 3t+4
3

· [4]; [7]− (t+2) · [4]; [6]+ 9t+4
3

· [5]; [7]− (t+5) · [5]; [7]+ 4
3t
· [6].
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D
(3,7)
7 (t) =

−

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0
−1 2 −1 0 0 0 0
0 0 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 0
0 −1 2 −1 0 0 −t
0 0 −t 0 0 0 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= −

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0
0 3

2
−1 0 0 0 0

0 0 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 0
0 0 0 0 0 7

3
−t

0 0 0 0 0 0 −12t2+14
7

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= −2 · 3
2
· (−1) · (−1) · (−1) · 3

7
· −12t2+14

7
= −12t2 + 14.

Ïåðåòâîðåííÿ: [2] + 1
2
· [1]; [6] + 2

3
· [2]; [6] + 4

3
· [3]; [7]− t · [3]; [6] + 5

3
· [4]; [7]− 2t ·

[4]; [6] + 2 · [5]; [7]− 3t · [5]; [7] + 12t
7
· [6].

D
(4,5)
7 (t) =∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0
−1 2 −1 0 0 0 0
0 −1 2 −1 0 0 −1
0 0 0 0 −1 2 0
0 0 −1 0 0 0 2
0 0 −1 2 −t 0 0
0 0 0 −t 2 −1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0
0 3

2
−1 0 0 0 0

0 0 4
3

−1 0 0 −1
0 0 0 −3

4
−1 2 5

4

0 0 0 0 1 −2 0
0 0 0 0 0 −2t 4

3

0 0 0 0 0 0 −5t2+6
3t

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· 4
3
· (−3

4
) · 1 · (−2t) · −5t2+6

3t
= −10t2 + 12.

Ïåðåòâîðåííÿ: [2]+ 1
2
· [1]; [3]+ 2

3
· [2]; [5]+ 3

4
· [3]; [6]+ 3

4
· [3]; [4]+ [5]; [5]− [4]; [6]+

5
3
· [4]; [7]− 4t

3
· [4]; [6] + (3t+5

3
) · [5]; [7]− 4t+6

3
· [5]; [7] + 3

2t
· [6].

D
(5,6)
7 (t) =∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0
−1 2 −1 0 0 0 0
0 −1 2 −1 0 0 −1
0 0 −1 2 −1 0 0
0 0 −1 0 0 0 2
0 0 0 −1 2 −t 0
0 0 0 0 −t 2 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0
0 3

2
−1 0 0 0 0

0 0 4
3

−1 0 0 −1
0 0 0 5

4
−1 0 −3

4

0 0 0 0 −3
5

0 4
5

0 0 0 0 0 −t 1

0 0 0 0 0 0 −4t2+6
3t

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· 4
3
· 5
4
· (−3

5
) · (−t) · −4t2+6

3t
= −4t2 + 6.

Ïåðåòâîðåííÿ: [2] + 1
2
· [1]; [3] + 2

3
· [2]; [4] + 3

4
· [3]; [5] + 3

4
· [3]; [5] + 3

5
· [4]; [6] +

4
5
· [4]; [6] + 2 · [5]; [7]− 5t

3
· [5]; [7] + 2

t
· [6].

D
(1,2)
8 (t) = ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 −1 2 −1 0 0 0 −1
0 0 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 0
0 0 −1 0 0 0 0 2
2 −t 0 0 0 0 0 0
−t 2 −1 0 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
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=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −t− 1 2 −1 0 0 0 −1
0 1 −3 3 −1 0 0 1
0 0 −1 −1 2 −1 0 2
0 0 0 1 −3 3 −1 0
0 0 0 0 1 −3 3 0
0 0 0 0 0 1 −2 0
0 0 0 0 0 0 −5 2

0 0 0 0 0 0 0 −7t2+8
10

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 1 · (−1) · 1 · 1 · 1 · (−5) · −7t2+8
10

= −7t2 + 8.

Ïåðåòâîðåííÿ: [1]+ [7]; [7]− [1]; [8]+ t
2
· [1]; [2]+ [7]; [7]− [2]; [8]+ t2+t−4

2
· [2]; [3]+

[6]; [6]− [3]; [7] + 1 · [3]; [8]− 3t2+t−10
2

· [3]; [4] + [6]; [6]− [4]; [7] + 3 · [4]; [8]− 6t2+3t−22
2

·
[4]; [5] + [6]; [6]− [5]; [7] + 6 · [5]; [8]− 11t2+6t−42

2
· [5]; [7] + 10 · [6]; [8]− (9t2 +5t− 35) ·

[6]; [8] + 9t2+5t−36
10

· [7].
D

(2,3)
8 (t) = ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0 0
0 0 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 0
0 0 −1 0 0 0 0 2
−1 2 −t 0 0 0 0 0
0 −t 2 −1 0 0 0 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0 0
0 3

2
−t− 1 2 −1 0 0 0

0 0 −1 −1 2 −1 0 2
0 0 0 1 −3 3 −1 0
0 0 0 0 1 −3 3 0
0 0 −1 0 0 1 −2 0
−1 2 −t 0 0 0 −5 2

0 −t 2 −1 0 0 0 −20t2+21
15

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· (−1) · 1 · 1 · 1 · (−5) · −20t2+21

15
= −20t2 + 21.

Ïåðåòâîðåííÿ: [7] + 1
2
· [1]; [2] + [7]; [7]− [2]; [8] + 2t

3
· [2]; [3] + [6]; [6]− [3]; [7] +

1 · [3]; [8]− 2t2+2t−6
2

· [3]; [4] + [6]; [6]− [4]; [7] + 3 · [4]; [8]− 2t2+6t−9
3

· [4]; [5] + [6]; [6]−
[5]; [7] + 6 · [5]; [8]− 2t2+12t−15

3
· [5]; [7] + 10 · [6]; [8]− 2t2+20t−24

3
· [6]; [8] + 10t−12

15
· [7].

D
(3,4)
8 (t) = ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 0
0 0 −1 0 0 0 0 2
0 −1 2 −t 0 0 0 −1
0 0 −t 2 −1 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
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=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0 0
0 3

2
−1 0 0 0 0 0

0 0 −1 −1 2 −1 0 2
0 0 0 1 −3 3 −1 0
0 0 0 0 1 −3 3 0
0 0 −1 0 0 1 −2 0
0 −1 2 −t 0 0 −4t 5

3

0 0 −t 2 −1 0 0 −24t2+25
12t

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· (−1) · 1 · 1 · 1 · (−4t) · −24t2+25

12t
= −24t2 + 25.

Ïåðåòâîðåííÿ: [2]+ 1
2
· [1]; [7]+ 2

3
· [2]; [3]+ [6]; [6]− [3]; [7]+ 4

3
· [3]; [8]− t · [3]; [4]+

[6]; [6]− [4]; [7] + 3t+4
3

· [4]; [8]− (t+ 2) · [4]; [5] + [6]; [6]− [5]; [7] + 9t+4
3

· [5]; [8]− (t+
5) · [5]; [7] + 18t+4

3
· [6]; [8]− (t+ 9) · [6]; [8] + 5

4t
· [7].

D
(3,8)
8 (t) = ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 0 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 0
0 −1 2 −1 0 0 0 −t
0 0 −t 0 0 0 0 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0 0
0 3

2
−1 0 0 0 0 0

0 0 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 0
0 0 0 0 0 0 8

3
−t

0 0 0 0 0 0 0 −15t2+16
8

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· (−1) · (−1) · (−1) · (−1) · 8

3
· −15t2+16

8
= −15t2 + 16.

Ïåðåòâîðåííÿ: [2] + 1
2
· [1]; [7] + 2

3
· [2]; [7] + 4

3
· [3]; [8]− t · [3]; [7] + 5

3
· [4]; [8]− 2t ·

[4]; [7] + 2 · [5]; [8]− 3t · [5]; [7] + 7
3
· [6]; [8]− 4t · [6]; [8] + 15t

8
· [7].

D
(4,5)
8 (t) = ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 0 0 0 −1
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 0
0 0 −1 0 0 0 0 2
0 0 −1 2 −t 0 0 0
0 0 0 −t 2 −1 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
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=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0 0
0 3

2
−1 0 0 0 0 0

0 0 4
3

−1 0 0 0 −1
0 0 0 −3

4
−1 2 −1 5

4

0 0 0 0 1 −3 3 0
0 0 0 0 0 1 −2 0
0 0 0 0 0 0 −3t 4

3

0 0 0 0 0 0 0 −15t2+16
9t

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· 4
3
· (−3

2
) · 1 · 1 · (−3t) · −15t2+16

9t
= −15t2 + 16.

Ïåðåòâîðåííÿ: [2]+ 1
2
· [1]; [3]+ 2

3
· [2]; [6]+ 3

4
· [3]; [7]+ 3

4
· [3]; [4]+ [6]; [6]− [4]; [7]+

5
3
· [4]; [8]− 4t

3
· [4]; [5] + [6]; [6]− [5]; [7] + 3t+5

3
· [5]; [8]− 4t+6

3
· [5]; [7] + 9t+5

3
· [6]; [8]−

4t+15
3

· [6]; [8] + 4
3t
· [7].

D
(5,6)
8 (t) = ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 0 0 0 −1
0 0 −1 2 −1 0 0 0
0 0 0 0 0 −1 2 0
0 0 −1 0 0 0 0 2
0 0 0 −1 2 −t 0 0
0 0 0 0 −t 2 −1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0 0
0 3

2
−1 0 0 0 0 0

0 0 4
3

−1 0 0 0 −1
0 0 0 5

4
−1 0 0 −3

4

0 0 0 0 6
5

−1 0 −3
5

0 0 0 0 0 −1
2

0 1
2

0 0 0 0 0 0 −t 2
3

0 0 0 0 0 0 0 −3t2+4
3t

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· 4
3
· 5
4
· 6
5
· (−1

2
) · (−t) · −3t2+4

3t
= −3t2 + 4.

Ïåðåòâîðåííÿ: [2] + 1
2
· [1]; [3] + 2

3
· [2]; [4] + 3

4
· [3]; [6] + 3

4
· [3]; [5] + 4

5
· [4]; [6] +

3
5
· [4]; [6] + 1

2
· [5]; [7] + 5

6
· [5]; [7] + 7

3
· [6]; [8]− 2t · [6]; [8] + 2

t
· [7].

D
(6,7)
8 (t) = ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 0 0 0 −1
0 0 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 −1 0 0 0 0 2
0 0 0 0 −1 2 −t 0
0 0 0 0 0 −t 2 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
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=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0 0
0 3

2
−1 0 0 0 0 0

0 0 4
3

−1 0 0 0 −1
0 0 0 5

4
−1 0 0 −3

4

0 0 0 0 6
5

−1 0 −3
5

0 0 0 0 0 −1
2

0 1
2

0 0 0 0 0 0 −t 2
3

0 0 0 0 0 0 0 −3t2+4
3t

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3
2
· 4
3
· 5
4
· 6
5
· (−1

2
) · (−t) · −3t2+4

3t
= −3t2 + 4.

Ïåðåòâîðåííÿ: [2] + 1
2
· [1]; [3] + 2

3
· [2]; [4] + 3

4
· [3]; [6] + 3

4
· [3]; [5] + 4

5
· [4]; [6] +

3
5
· [4]; [6] + 1

2
· [5]; [7] + 5

6
· [5]; [7] + 7

3
· [6]; [8]− 2t · [6]; [8] + 2

t
· [7].

Çàóâàæèìî, ùî õî÷à âñi âèçíà÷íèêè ¹ ïîëiíîìàìè âiä t, àëå â ïðîìiæíèõ
îá÷èñëåííÿõ çóñòði÷àþòüñÿ i íå öiëi ðàöiîíàëüíi ôóíêöi¨ âiä t. Ïðîòå öå íå ¹
íåäîëiêîì ñõåìè äîâåäåííÿ (ñóòò¹âèì ¹ òå, ùî âiäïîâiäíi çíàìåííèêè íåïåðåðâ-
íi âiäíîñíî çìiííî¨ t i ïåðåòâîðþþòüñÿ â íóëü ëèøå äëÿ ñêií÷åííîãî ÷èñëà ¨¨
çíà÷åíü).

4. Çàóâàæåííÿ ïðî ñåðåäíié ÷ëåí. ßê âèäíî iç òåîðåìè 1, â óñiõ öi-
ëî÷èñëîâèõ P -âèçíà÷àëüíèõ ïîëiíîìàõ âiäñóòíié ñåðåäíié ÷ëåí. Öå âèïëèâà¹ iç
çàãàëüíî¨ âëàñòèâîñòi âèçíà÷íèêiâ ñïåöiàëüíîãî âèãëÿäó, ÿêó ìè ðîçãëÿíåìî â
òié ñòåïåíi çàãàëüíîñòi, ÿêà âiäïîâiäà¹ íàøié ñèòóàöi¨.

Íåõàé Q = (Q0, Q1), äå Q0 = {1, 2, . . . , n}, � íåîði¹íòîâàíèé ãðàô, ÿêèé ¹
çâ'ÿçíèì, íå ìà¹ öèêëiâ (çîêðåìà, ïåòåëü i êðàòíèõ ðåáåð) òà ìà¹ áiëüøå îäíi¹¨
âåðøèíè, i qQ(z) � éîãî êâàäðàòè÷íà ôîðìà Òiòñà. Âèäiëèìî â ñèìåòðè÷íié
ìàòðèöi äëÿ qQ(z) íåíóëüîâèé íåäiàãîíàëüíèé åëåìåíò i ïîìíîæèìî éîãî íà
ïàðàìåòð t ðàçîì iç ñèìåòðè÷íèì äî íüîãî åëåìåíòîì. Òîäi âèçíà÷íèê îòðèìàíî¨
ìàòðèöi ¹ êâàäðàòíèì òðè÷ëåíîì âiä t áåç ñåðåäíüîãî ÷ëåíà.

Äîâåäåííÿ öi¹¨ âëàñòèâîñòi åëåìåíòàðíå. Âèïàäîê |Q0| = 2 î÷åâèäíèé. ßêùî
æ |Q0| > 2, òî iç âiäñóòíîñòi öèêëiâ âèïëèâà¹ iñíóâàííÿ ðåáðà λ = (i, j) òàêîãî,
ùî âåðøèíà i çâ'ÿçàíà ðåáðîì ëèøå iç âåðøèíîþ j, i, îêðiì òîãî, âîíî íå ¹ âèäi-
ëåíèì. Íå îáìåæóþ÷è çàãàëüíiñòü ìîæíà ââàæàòè, ùî i = 1, j = 2. Ïîçíà÷èìî
íàøó ñèìåòðè÷íó ìàòðèöþ, (ÿêà âæå ç ïàðàìåòðîì t) ÷åðåç M(t), à ìàòðèöþ,
îòðèìàíó iç M âèêðåñëþâàííÿì 1-ãî ðÿäêà òà 1-ãî ñòîâïöÿ (âiäïîâiäíî 1-ãî i
2-ãî ðÿäêiâ òà 1-ãî i 2-ãî ñòîâïöiâ), ïîçíà÷èìî ÷åðåç M1(t) (âiäïîâiäíî M12(t)).
Ðîçêëàäàþ÷è âèçíà÷íèê ìàòðèöi M ïî ïåðøîìó ðÿäêó, à ïîòiì äðóãèé iç îòðè-
ìàíèõ âèçíà÷íèêiâ ïî ïåðøîìó ñòîâïöþ, ìà¹ìî: |M(t)| = |M1(t)| − 1/4|M12(t)|.
I îñêiëüêè M1(1) ¹ ñèìåòðè÷íîþ ìàòðèöåþ êâàäðàòè÷íî¨ ôîðìè Òiòñà ãðàôà
(Q0 \ {1}, Q1), à M1(12) � ñèìåòðè÷íîþ ìàòðèöåþ êâàäðàòè÷íî¨ ôîðìè Òiòñà
ãðàôà (Q0 \ {1, 2}, Q1), òî ìîæíà çàñòîñóâàòè iíäóêöiþ ïî ÷èñëó âåðøèí.

5. PPP -çâàæåíi ãðàôè. Íåõàé Q = (Q0, Q1) � íåîði¹íòîâàíèé ãðàô ç ìíîæè-
íîþ âåðøèí Q0 òà ìíîæèíîþ ðåáåð Q1. Äëÿ íàøèõ öiëåé äîñòàòíüî ââàæàòè, ùî
ãðàô Q çâ'ÿçíèé i íå ìà¹ öèêëiâ. Ãðàô Q íàçèâà¹òüñÿ ðåáåðíî-çâàæåíèì (íàäàëi
ïðîñòî çâàæåíèì), ÿêùî äîäàòêîâî çàäàíà âàãîâà ôóíêöiÿ φ : Q1 → R+ iç ìíî-
æèíè ðåáåð â ìíîæèíó äîäàòíèõ äiéñíèõ ÷èñåë; ÷èñëî φ(λ) íàçèâà¹òüñÿ âàãîþ
ðåáðà λ. ßêùî u i v � âåðøèíè çâàæåíîãî ãðàôà Q, òî φ-âiäñòàííþ dφ(u, v) ìiæ
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u i v íàçèâà¹òüñÿ âàãà
∑m

i=1 φ(λi) ¹äèíîãî øëÿõó λ = λ1 · · ·λm ìiæ âåðøèíàìè u
i v. Íàéáiëüøà φ-âiäñòàíü ìiæ âåðøèíàìè íàçèâà¹òüñÿ φ-äiàìåòðîì çâàæåíîãî
ãðàôà.

Íàçâåìî P -âàãîþ ðåáðà äiàãðàìè Äèíêiíà G ¹äèíå äîäàòíå P -ãðàíè÷íå ÷èñ-
ëî äëÿ öüîãî ðåáðà (òîé ôàêò, ùî îáèäâà P -ãðàíè÷íi ÷èñëà âiäðiçíÿþòüñÿ ëèøå
çíàêîì, ðîáèòü öå îçíà÷åííÿ ïðèðîäíèì). Äiàìåòð ðåáåðíî-çâàæåíîãî ãðàôà G
âiäíîñíî òàêî¨ âàãîâî¨ ôóíêöi¨ ïîçíà÷à¹ìî ÷åðåç DP (G).

Òåîðåìà 2.

DP (G)=


√
5 + 4

√
10
5

≈4.77 äëÿ G=E6,

45
√
2 + 2

√
3

3
+

√
6
2
+

√
10
3

+
√
30
5

≈68.17 äëÿ G=E7,

315
√
2 + 280

√
3 + 175

√
6 + 2

√
14
7

+ 4
√
15

15
+

√
105
10

≈1362.24 äëÿ G=E8.

Äîâåäåííÿ. Iç òåîðåìè 1 âèïëèâà¹, ùî äîäàòíi P -âèçíà÷àëüíi ÷èñëà äëÿ íå-
ñåðiéíèõ äiàãðàì Äèíêiíà E6, E7, E8 ¹ íàñòóïíèìè:

s
2
√

10
5

s
√
5
2

s
√

5
2

s
2
√

10
5

s

s
2
√

3
3

s
2
√

3
3

s
3
√

2
4

s
√

10
3

s
√

30
5

s
√

6
2

s

s
√
42
6

s
2
√
14
7

s
√

105
10

s
5
√
6

12

s
4
√

15
15

s
3
√

2
4

s
2
√
3

3

s

s
4
√

15
15

Íàãàäà¹ìî, ùî âåðøèíè äiàãðàìè Äèíêiíà G = En, n ∈ {6, 7, 8}, ìè ïîçíà-
÷à¹ìî ÷èñëàìè 1, 2, . . . , n − 1 (âåðøèíè íèæíüîãî ëàíöþãà çëiâà íàïðàâî) i n
(âåðõíÿ âåðøèíà).

Îñêiëüêè dP (1, 5) > dP (1, 6) = dP (5, 6) äëÿ G = E6, dP (1, 6) > dP (1, 4) i
dP (1, 6) > dP (6, 7) äëÿ G = E7, dP (1, 7) > dP (1, 4) i dP (1, 7) > dP (7, 8) äëÿ G =
E8, òî â êîæíîìó âèïàäêó äiàìåòð DP (G) äîðiâíþ¹ P -âiäñòàíi ìiæ âåðøèíàìè
1 i n− 1. Çàëèøèëîñÿ ëèøå îá÷èñëèòè âêàçàíi âiäñòàíi.
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