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ÑÒÀÁIËIÇÀÖIß ÎÄÍÎÃÎ ÂÈÄÓ ÑÈÑÒÅÌÈ ÂÈÏÀÄÊÎÂÎ�
ÑÒÐÓÊÒÓÐÈ

The stabilization problem for dynamic random structure system with Markov switchings and linear
fractional uncertainty is solved.

Ðîçâ'ÿçàíî çàäà÷ó ñòàáiëiçàöi¨ äëÿ ñòîõàñòè÷íî¨ äèíàìi÷íî¨ ñèñòåìè âèïàäêîâî¨ ñòðóêòóðè ç
ìàðêîâñüêèìè ïåðåìèêàííÿìè i äðîáîâî-ëiíiéíîþ íåâèçíà÷åíiñòþ.

1. Âñòóï. Ìàòåìàòè÷íi ìîäåëi, ÿêi îïèñóþòüñÿ ñèñòåìàìè ç ìàðêîâñüêèìè ïà-
ðàìåòðàìè âèêîðèñòîâóþòüñÿ äëÿ âèâ÷åííÿ ïðîöåñiâ ðiçíî¨ ïðèðîäè, íàïðè-
êëàä, ïðîöåñiâ âèðîáíèöòâà, ñèñòåì ìàñîâîãî îáñëóãîâóâàííÿ [8] òîùî.

Öiêàâiñòü âèêëèêà¹ òîé ôàêò, ùî áàãàòî ðåàëüíèõ ñèñòåì ç âèïàäêîâèìè çìi-
íàìè, íàïðèêëàä, åêîëîãi÷íi çìiíè i ò.ä., ìîæóòü áóòè îïèñàíi ëiíiéíèìè ñòî-
õàñòè÷íèìè äèíàìi÷íèìè ñèñòåìàìè ç ìàðêîâñüêèìè ïåðåìèêàííÿìè é ïåâíîãî
ðîäó íåâèçíà÷åíiñòþ. Äåÿêi ðåçóëüòàòè äëÿ òàêèõ ñèñòåì îòðèìàíi â ðîáîòi [10]
i â ïðîöèòîâàíèõ òàì äæåðåëàõ.

Ó ìîíîãðàôi¨ I.ß. Êàöà [3] ðîçãëÿíóòà ìîäåëü ñòîõàñòè÷íèõ ðiâíÿíü ç ìàð-
êîâñüêèìè ïàðàìåòðàìè, òàê çâàíèõ ðiâíÿíü ç âèïàäêîâîþ ñòðóêòóðîþ, ÿêi äî-
çâîëÿþòü ðîçãëÿäàòè ñòiéêiñòü ñèñòåì iç ðîçðèâíèìè ôàçîâèìè òðà¹êòîðiÿìè. Â
ïðàöi �.Ô. Öàðüêîâà, Ì.Ë. Ñâåðäàíà [6] ðîçãëÿíóòà ñòiéêiñòü ðiçíèöåâèõ i äèíà-
ìi÷íèõ ñèñòåì iç óðàõóâàííÿì ìàðêîâñüêèõ ïàðàìåòðiâ i çîâíiøíiõ ìàðêîâñüêèõ
ïåðåìèêàíü. Ìîíîãðàôiÿ [7] ìiñòèòü óçàãàëüíåííÿ ïðàöü [3] i [6], à ñàìå: ðîçãëÿ-
íóòî ñòîõàñòè÷íi äèôóçiéíi ðiâíÿííÿ ç óðàõóâàííÿì ìàðêîâñüêèõ ïàðàìåòðiâ,
ùî çóìîâëþþòü âíóòðiøíþ çìiíó ñòðóêòóðè ñèñòåìè iç çáåðåæåííÿì âëàñòèâî-
ñòi ñòîõàñòè÷íî¨ íåïåðåðâíîñòi ðåàëiçàöi¨ çà I.ß. Êàöîì, à òàêîæ âðàõîâóþòüñÿ
iìïóëüñíi ìàðêîâñüêi ïåðåìèêàííÿ çà �.Ô. Öàðüêîâèì. Ìàëèê I.Â. ó ïðàöi [5]
ðîçãëÿíóâ ñòîõàñòè÷íi iìïóëüñíi ñèñòåìè ç íàïiâìàðêîâñüêèìè ïàðàìåòðàìè.

Â [4] âèâ÷åíî ïðîáëåìó ñòàáiëiçàöi¨ çi ñòàëèì îáåðíåíèì çâ'ÿçêîì äëÿ ëiíié-
íèõ ñòîõàñòè÷íèõ äèíàìi÷íèõ ñèñòåì âèïàäêîâî¨ ñòðóêòóðè çà I.ß. Êàöîì [3]
ç ìàðêîâñüêèìè ïåðåìèêàííÿìè çà �.Ô. Öàðüêîâèì [6] òà iç äðîáîâî-ëiíiéíîþ
íåâèçíà÷åíiñòþ çà Ô. Ëîíãîì [10], à ó äàíié ïðàöi ðîçâ'ÿçàíî çàäà÷ó ñòàáiëiçàöi¨
äëÿ òàêèõ ñèñòåì ç äèíàìi÷íèì îáåðíåíèì çâ'ÿçêîì.

2. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî ñòîõàñòè÷íó äèíàìi÷íó ñèñòåìó Iòî âè-
ïàäêîâî¨ ñòðóêòóðè ç äðîáîâî-ëiíiéíîþ íåâèçíà÷åíiñòþ

dx(t) = [A(t, ξ(t))x(t) +B(t, ξ(t))u(t)]dt+ σ(ξ(t))x(t)dw(t),

z(t) = C(t, ξ(t))x(t), t ∈ R+\T, (1)

ç ìàðêîâñüêèìè ïåðåìèêàííÿìè

∆x(t)|t=tk = x(tk)− x(tk−) = g(tk−, ξ(tk−), ηk, x(tk−)),

tk ∈ T := {tk ↑, k = 0, 1, 2, . . .}, lim
k→∞

tk = +∞, (2)
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i ïî÷àòêîâèìè óìîâàìè

x(0) = x0 ∈ Rm, ξ(0) = y ∈ Y, η0 = h ∈ H. (3)

Òóò x(t) ∈ Rm � âåêòîð ñòàíó, {ξ(t), t ≥ 0} � ìàðêîâñüêèé ïðîöåñ iç çíà÷å-
ííÿìè â ñêií÷åííîìó ïðîñòîði Y = {y1, y2, . . . , yN}; {ηk, k ≥ 0} � ëàíöþã Ìàð-
êîâà iç çíà÷åííÿìè ó âèìiðíîìó ïðîñòîði H, w(t) ∈ R1 � ñòàíäàðòíèé âiíåðiâ
ïðîöåñ [1], [2]; ïðîöåñè ξ, η òà w íåçàëåæíi.

Ôóíêöiÿ g : R+ × Y × H × Rm → Rm ¹ âèìiðíîþ çà âñiìà àðãóìåíòàìè i
Ëiïøèöåâîþ çà îñòàííiì àðãóìåíòîì A : R+ × Y → Rm × Rm, B : R+ × Y →
Rm × Rm, σ : Y → Rm × Rm, C : R+ × Y → Rm × Rm � ìàòðèöi çàëåæíi âiä t òà
ξ, ïðè÷îìó

A(t, yi) = A(yi) +MA(yi)HA(t, yi)NA(yi),

HA(t, yi) = ΦA(t, yi)[I −GA(yi)ΦA(t, yi)]
−1,

B(t, yi) = B(yi) +MB(yi)HB(t, yi)NB(yi),

HB(t, yi) = ΦB(t, yi)[I −GB(yi)ΦB(t, yi)]
−1,

C(t, yi) = C(yi) +MC(yi)HC(t, yi)NC(yi),

HC(t, yi) = ΦC(t, yi)[I −GC(yi)ΦC(t, yi)]
−1,

äå A(yi), MA(yi), NA(yi), GA(yi), B(yi), MB(yi), NB(yi), GB(yi), C(yi), MC(yi),
NC(yi), GC(yi) � âiäîìi ìàòðèöi âiäïîâiäíèõ ðîçìiðíîñòåé; ΦA(t, yi), ΦB(t, yi),
ΦC(t, yi) � âèìiðíi íåâiäîìi ìàòðè÷íi ôóíêöi¨, äëÿ ÿêèõ âèêîíóþòüñÿ íåðiâíîñòi

ΦT
A(t, yi)ΦA(t, yi) ≤ I, ΦT

B(t, yi)ΦB(t, yi) ≤ I, ΦT
C(t, yi)ΦC(t, yi) ≤ I,

I � îäèíè÷íà ìàòðèöÿ.
Åâîëþöiÿ ìàðêîâñüêîãî ïðîöåñó {ξ(t), t ≥ 0} [1], [2] çàäà¹òüñÿ ðîçïîäiëîì

éìîâiðíîñòåé
P{ξ(t+∆t) = yj/ξ(t) = yi} =

=

{
λij∆t+ o(∆t), yi → yj,

1 + λii∆t+ o(∆t), ξ(τ) = yi, t ≤ τ ≤ t+∆t,

äå λij ≥ 0 � iíòåíñèâíiñòü éìîâiðíîñòi ïåðåõîäó yi → yj, i ̸= j, ó ìîìåíò ÷àñó t:
λii = −

∑
j ̸=i

λij; o(∆t) � íåñêií÷åííî ìàëà, âèçíà÷åíà ÿê lim
∆t→0

o(∆t)
∆t

= 0.

Îçíà÷åííÿ 1. Ñèñòåìó (1)-(3) íàçâåìî ñòîõàñòè÷íî ñòiéêîþ, ÿêùî äëÿ âñiõ
ðåàëiçàöié x(t) ∈ Rm i t ≥ 0 iñíó¹ äîäàòíà ñòàëà T (x0, y, h), ùî ïðè áóäü-ÿêèõ
ïî÷àòêîâèõ äàíèõ (x0, y, h) âèêîíó¹òüñÿ íåðiâíiñòü

E
∞∫
0

|x(t)|2dt ≤ T (x0, y, h),

äå E{·} � çíàê ÓÌÑ.
Ââåäåìî ïîçíà÷åííÿ.

A(t, yi) = Ai(t), A(yi) = Ai, σ(yi) = σi,
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GA(yi, ηk) = GAik, HA(t, yi, ηk) = HAik(t),

MA(yi, ηk) =MAik, NA(yi, ηk) = NAik,

P (yi, ηk) = Pik, QA(yi, ηk) = QAik,

RA(yi, ηk) = RAik, εA(yi, ηk) = εAik,

Π(yi, ηk) = Πik,

B(t, yi) = Bi(t), B(yi) = Bi,

GB(yi, ηk) = GBik, HB(t, yi, ηk) = HBik(t),

MB(yi, ηk) =MBik, NB(yi, ηk) = NBik,

QB(yi, ηk) = QBik,

RB(yi, ηk) = RBik, εB(yi, ηk) = εBik,

C(t, yi) = Ci(t), C(yi) = Ci,

GC(yi, ηk) = GCik, HC(t, yi, ηk) = HCik(t),

MC(yi, ηk) =MCik, NC(yi, ηk) = NCik,

QC(yi, ηk) = QCik, εC(yi, ηk) = εCik,

X(yi, ηk) = Xik, Y (yi, ηk) = Yik,

kB(yi, ηk) = kBik, kC(yi, ηk) = kCik.

Ìàþòü ìiñöå òâåðäæåííÿ.
Ëåìà 1. [11] Íåõàé çàäàíi H,E � ñòàëi ìàòðèöi é îáìåæåíà çà íîðìîþ

ìàòðèöÿ Φ(t), äëÿ ÿêî¨ âèêîíó¹òüñÿ óìîâà ΦT (t)Φ(t) ≤ I. Òîäi äëÿ äîâiëüíîãî
ε > 0 ìà¹ ìiñöå íåðiâíiñòü

HΦ(t)E + ETΦ(t)HT ≤ εHHT + ε−1ETE.

Ëåìà 2. [9] Íåõàé çàäàíî ìàòðèöþ G äëÿ ÿêî¨ âèêîíó¹òüñÿ óìîâà GTG < I
i âèçíà÷åíî ìíîæèíó

ζ = {H(t) = Φ(t)[I −GΦ(t)]−1, ΦT (t)Φ(t) ≤ I}.

Òîäi ìíîæèíó ìîæíà çàäàòè ó âèãëÿäi

ζ = {H(t) = (I −GTG)GT + (I −GTG)−
1
2Π(t),

ΠT (t)Π(t) ≤ I + (I −GTG)−1GT}.

Òåîðåìà 1. [4] ßêùî iñíó¹ ìíîæèíà äîäàòíî âèçíà÷åíèõ ìàòðèöü, ùî äëÿ
âñiõ i = 1, N, k ≥ 0 òà äëÿ âñiõ äîïóñòèìèõ äðîáîâî-ëiíiéíèõ íåâèçíà÷åíîñòåé
âèêîíó¹òüñÿ íåðiâíiñòü

JAik ∗ ∗ ∗
RT
Aik −QAi 0 0

ϵAikNAi 0 I 0
Pikσi 0 0 −PAik

 < 0,
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äå ∗ ïîçíà÷åíî ñèìåòðè÷íi áëîêè, i

JAik = ATikPik + PikAik +
N∑
j=1

λijPjk,

QAi = I −GT
AiGAi,

RAik = ϵAikN
T
AiGAi + ϵ−1

AikPikMAi,

òîäi ñèñòåìà (1)-(3) ¹ ñòîõàñòè÷íî ñòiéêîþ.
2. Îñíîâíèé ðåçóëüòàò. Çàêîí êåðóâàííÿ ç äèíàìi÷íèì îáåðíåíèì çâ'ÿç-

êîì çàäà¹òüñÿ íàñòóïíîþ êîíñòðóêöi¹þ [10]:

ẋc(t) = KA(ξ(t), ηk)xc(t) +KB(ξ(t), ηk)z(t),

u(t) = KC(ξ(t), ηk)xc(t), (4)

xc(0) = 0, ξ(0) = y ∈ Y, η = h ∈ H,

äå xc ∈ Rm � ñòàí êåðîâàíî¨ ñèñòåìè, KA(ξ(t), ηk), KB(ξ(t), ηk), KC(ξ(t), ηk) �
ìàòðèöi, ÿêi íåîáõiäíî âèçíà÷èòè äëÿ êîæíîãî ñòàíó ξ(t) ∈ Y òà ηk, k ≥ 0,
ïðè÷îìó çíà÷åííÿ ξ òà η çàëåæàòü âiä êîíêðåòíî¨ ìîäåëi.

Òåîðåìà 2. ßêùî iñíóþòü ìíîæèíè ìàòðèöü

{XT
ik = Xik > 0|i = 1, N, k ≥ 0}, {Yik > 0|i = 1, N, k ≥ 0},

{kBik|i = 1, N, k ≥ 0}, {kCik|i = 1, N, k ≥ 0}

i ìíîæèíè äîäàòíèõ ñòàëèõ

{εAik|i = 1, N, k ≥ 0}, {εBik|i = 1, N, k ≥ 0}, {εCik|i = 1, N, k ≥ 0}

äëÿ ÿêèõ ïðè âñiõ i = 1, N, k ≥ 0 òà âñiõ äîïóñòèìèõ äðîáîâî-ëiíiéíèõ íåâèçíà-
÷åíîñòåé âèêîíóþòüñÿ íåðiâíîñòi

Jd1ik ∗ ∗ ∗ ∗ ∗ ∗ ∗
RT
A2ik −QAik 0 0 0 0 0 0

RT
B2ik 0 −QBik 0 0 0 0 0

ε−1
CikG

T
CikNCikYik 0 0 −QCik 0 0 0 0

ε−1
AikNAikYik 0 0 0 −I 0 0 0

ε−1
BikNBikkCik 0 0 0 0 −I 0 0
ε−1
CikNCikYik 0 0 0 0 0 −I 0
ST (Yik) 0 0 0 0 0 0 −Yk(i)


< 0, (5)


Jd2ik ∗ ∗ ∗ ∗

εAikM
T
AikXik + ε−1

AikG
T
AikNAik −QAik 0 0 0

εBikM
T
BikXik 0 −QBik 0 0

εCikM
T
Cikk

T
Bik + ε−1

CikG
T
CikNCik 0 0 −QCik 0

σiXik 0 0 0 −Xik

 < 0, (6)
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äå ∗ ïîçíà÷åíî ñèìåòðè÷íi áëîêè i

Jd1ik = AiYik + Y T
ikAi +BikCik + k

T
CikB

T
i + λiiYik,

Jd2ik = XikAi + kBikCi + ATi Xik + CT
i k

T
Bik+

+
N∑
j=1

λijXij + ε−2
AikN

T
AikNAik + ε−2

CikN
T
CikNCik,

S(Yik) = Yik[
√
λi1I, . . . ,

√
λi,i−1I,

√
λi,i+1I, . . . ,

√
λiNI, ],

Yk(i) = diag{Yik, . . . , Yi−1,k, Yi+1,k, . . . , YNk},
RA2ik = εAikMAik + ε−1

AikY
T
AikN

T
AikGAik,

RB2ik = εBikMBik + ε−1
Bikk

T
CikN

T
BikGBik,

QAik = I −GT
AikGAik,

QBik = I −GT
BikGBik,

QCik = I −GT
CikGCik.

(7)

Òîäi iñíó¹ îïòèìàëüíå êåðóâàííÿ (4), ÿêå ñòàáiëiçó¹ ñèñòåìó (1)-(3) ó ðîçó-
ìiííi ñòîõàñòè÷íî¨ ñòiéêîñòi, ïðè÷îìó âîíî âèçíà÷à¹òüñÿ ôîðìóëîþ

KAik = [Xik − Y −1
ik ]−1



ATi Y
−1
ik +XikAi + kBikCi+
+XikBikkCikY

−1
ik +

+
N∑
j=1

λijY
−1
jk +NT

AikGAikQ
−1
AikM

T
AikY

−1
ik +

+XikMAikQ
−1
AikG

T
AikNAik+

+XikMBikQ
−1
BikG

T
BikNBikkCikY

−1
ik +

+kBikMCikQ
−1
CikG

T
CikNCik+

+ε2AikXikMAikQ
−1
AikM

T
AikY

−1
ik +

+ε−2
AikN

T
AikGAikQ

−1
AikG

T
AikNAik+

+ε−2
AikN

T
AikNAik+

+ε2BikXikMBikQ
−1
BikM

T
BikY

−1
ik +

+ε−2
CikN

T
CikGCikQ

−1
CikG

T
CikNCik+

+ε−2
CikN

T
CikNCik + σTi Xikσi



,

KBik = [Y −1
ik −Xik]

−1kBik, KCik = kCikY
−1
ik . (8)

Äîâåäåííÿ. Ïiäñòàâèâøè ó ñèñòåìó (1) êåðóâàííÿ (4), îòðèìà¹ìî

dx̃ = Ã(t, ξ(t))x̃(t)dt+ σ̃(ξ(t))x̃(t)dw(t), (9)

äå Ã(t, ξ(t)) òà σ̃(ξ(t)), ξ(t) ∈ Y � ìàòðèöi ñèñòåìè âiäïîâiäíèõ ðîçìiðíîñòåé,
ÿêi çàëåæàòü âiä ξ i t, à òàêîæ

x̃(t) = [xT (t), xTc (t)]
T ∈ R2n,

Ã(t, yi, ηk) = Ãik(t) = Ãik +∆ÃAik(t) + ∆ÃBik(t) + ∆ÃCik(t),

Ãik =

[
Ai BiKCik

KBikCi KAik

]
, σ̃i =

[
σi 0
0 0

]
,

∆ÃAik(t) =

[
MAikHAik(t)NAik 0

0 0

]
,
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∆ÃBik(t) =

[
0 MBikHBik(t)NBikKCik

0 0

]
,

∆ÃCik(t) =

[
0 0

KBikMCikHCik(t)NCik 0

]
.

Íà îñíîâi òåîðåìè 1, ñèñòåìà (9) ¹ ñòîõàñòè÷íî ñòiéêîþ, ÿêùî iñíó¹ ìíîæèíà
ñèìåòðè÷íèõ äîäàòíî âèçíà÷åíèõ ìàòðèöü {Pik|i = 1, N, k ≥ 0} òàêèõ, ùî äëÿ
âñiõ yi ∈ Y, i = 1, N, òà ηk, k ≥ 0 âèêîíó¹òüñÿ íåðiâíiñòü

ÃTik(t)Pik + PikÃik(t) + σ̃TikPikσ̃ik +
N∑
j=1

λijPjk < 0. (10)

Íåõàé QAik = I − GT
AikGAik, QBik = I − GT

BikGBik i QCik = I − GT
CikGCik.

Âèêîðèñòàâøè ëåìó 2, îòðèìà¹ìî:

∆ÃAik(t) =

[
MAik 0
0 0

] [
Q−1
Aik 0
0 0

] [
GT
Aik 0
0 0

] [
NAik 0
0 0

]
+

+

[
MAik 0
0 0

] [
Q

−1/2
Aik 0
0 0

] [
ΠAik(t) 0

0 0

] [
NAik 0
0 0

]
=

= M̃AikQ̃
−1
AikG̃

T
AikÑAik + M̃AikQ̃

−1/2
Aik Π̃Aik(t)ÑAik,

∆ÃBik(t) =

[
0 MBik

0 0

] [
0 0
0 Q−1

Bik

] [
0 0
0 GT

Bik

] [
0 0
0 NBikKCik

]
+

+

[
0 MBik

0 0

] [
0 0

0 Q
−1/2
Bik

] [
0 0
0 ΠBik(t)

] [
0 0
0 NBikKCik

]
=

= M̃BikQ̃
−1
BikG̃

T
BikÑBik + M̃BikQ̃

−1/2
Bik Π̃Bik(t)ÑBik,

∆ÃCik(t) =

[
0 0

KBikMCik 0

] [
Q−1
Cik 0
0 0

] [
GT
Cik 0
0 0

] [
NCik 0
0 0

]
+

+

[
0 0

KBikMCik 0

] [
Q

−1/2
Cik 0
0 0

] [
ΠCik(t) 0

0 0

] [
NCik 0
0 0

]
=

= M̃CikQ̃
−1
CikG̃

T
CikÑCik + M̃CikQ̃

−1/2
Cik Π̃Cik(t)ÑCik. (11)

Âèêîðèñòàâøè (11) i ëåìó 1, îòðèìà¹ìî

Pik∆ÃAik(t) + ∆ÃTAik(t)Pik ≤ PikM̃AikQ̃
−1
AikG̃

T
AikÑAik+

+ÑT
AikG̃AikQ̃

−1
AikM̃

T
AikPik + ε−2

AikÑ
T
AikÑAik+

+ε2AikPikM̃AikQ̃
−1
AikM̃

T
AikPik+

+ε−2
AikÑ

T
AikG̃AikQ̃

−1
AikG̃

T
AikÑAik,

Pik∆ÃBik(t) + ∆ÃTBik(t)Pik ≤ PikM̃BikQ̃
−1
BikG̃

T
BikÑBik+

+ÑT
BikG̃BikQ̃

−1
BikM̃

T
BikPik + ε−2

BikÑ
T
BikÑBik+
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+ε2BikPikM̃BikQ̃
−1
BikM̃

T
BikPik+

+ε−2
BikÑ

T
BikG̃BikQ̃

−1
BikG̃

T
BikÑBik,

Pik∆ÃCik(t) + ∆ÃTCik(t)Pik ≤ PikM̃CikQ̃
−1
CikG̃

T
CikÑCik+

+ÑT
CikG̃CikQ̃

−1
CikM̃

T
CikPik + ε−2

CikÑ
T
CikÑCik+

+ε2CikPikM̃CikQ̃
−1
CikM̃

T
CikPik+

+ε−2
CikÑ

T
CikG̃CikQ̃

−1
CikG̃

T
CikÑCik, (12)

Íà îñíîâi ìàòðè÷íî¨ íåðiâíîñòi (12), óìîâà (10) áóäå âèêîíóâàòèñü, ÿêùî
âèêîíóâàòèìåòüñÿ íåðiâíiñòü

ÃTikPik + PikÃik +
N∑
j=1

λijPjk + σ̃Ti Pikσ̃i+

+PikM̃AikQ̃
−1
AikG̃

T
AikÑAik+

+ÑT
AikG̃AikQ̃

−1
AikM̃

T
AikPik+

+ε−2
AikÑ

T
AikÑAik + ε−2

BikÑ
T
BikÑBik+

+ε2AikPikM̃AikQ̃
−1
AikM̃

T
AikPik+

+ε−2
AikÑ

T
AikG̃AikQ̃

−1
AikG̃

T
AikÑAik+

+PikM̃BikQ̃
−1
BikG̃

T
BikÑBik+

+ÑT
BikG̃BikQ̃

−1
BikM̃

T
BikPik+

+ε2BikPikM̃BikQ̃
−1
BikM̃

T
BikPik+

+ε−2
BikÑ

T
BikG̃BikQ̃

−1
BikG̃

T
BikÑBik+

+PikM̃CikQ̃
−1
CikG̃

T
CikÑCik+

+ÑT
CikG̃CikQ̃

−1
CikM̃

T
CikPik+

+ε−2
CikÑ

T
CikÑCik+

+ε2CikPikM̃CikQ̃
−1
CikM̃

T
CikPik+

+ε−2
CikÑ

T
CikG̃CikQ̃

−1
CikG̃

T
CikÑCik < 0. (13)

Î÷åâèäíî, ùî íåðiâíiñòü (13) ¹ íåëiíiéíîþ ó ïðîñòîði ïàðàìåòðiâ KAik, KBik,
KCik i Pik, i = 1, N, k ≥ 0. Äëÿ òîãî, ùîá ëiíåàðèçóâàòè íåðiâíiñòü (13) âèçíà÷è-
ìî Pik, Lik, Uik i Vik íàñòóïíèì ÷èíîì:

Pik =

[
P1ik P2ik

P T
2ik P3ik

]
,

Lik = (P1ik − P2ikP
−1
3ikP

T
2ik)

−1,

Uik =

[
Lik I
Lik 0

]
,

Vik =

[
I 0
0 −P−1

3ikP
T
2ik

]
.
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äå P1ik, P3ik ñèìåòðè÷íi äîäàòíî âèçíà÷åíi ìàòðèöi. Äîìíîæèâøè çëiâà i ñïðàâà
íåðiâíiñòü (13) íà UT

ikV
T
ik i UikVik âiäïîâiäíî, îòðèìà¹ìî:

UT
ikV

T
ikPikÃikVikUik =

=

 AiLik −BiKCikP
−1
3ikP

T
2ikLik Ai(

P1ikAiLik − P1ikBiKCikP
−1
3ikP

T
2ikLik−

−P2ikKAikP
−1
3ikP

T
2ikLik + P2ikKBikCiLik

)
P1ikAi + P2ikKBikCi

 ,
UT
ikV

T
ikPjkVikUik =

=

 ( LTikL
−1
jk Lik + LTik(P2ikP

−1
3ikP3jk − P2jk)×

×P−1
3jk(P2ikP

−1
3ikP3jk − P2jk)

TLik

)
LTik(P1jk − P2jkP

−1
3ikP

T
2ik)

T

(P1jk − P2jkP
−1
3ikP

T
2ik)Lik P1jk

 ,
UT
ikV

T
ikPikM̃AikQ̃

−1
AikG̃

T
AikÑAikVikUik =

=

[
MAikQ

−1
AikG

T
AikNAikLik MAikQ

−1
AikG

T
AikNAik

P1ikMAikQ
−1
AikG

T
AikNAikLik P1ikMAikQ

−1
AikG

T
AikNAik

]
,

UT
ikV

T
ikPikM̃AikQ̃

−1
AikM̃

T
AikPikVikUik =

=

[
MAikQ

−1
AikM

T
Aik MAikQ

−1
AikM

T
AikP1ik

P1ikMAikQ
−1
AikM

T
Aik P1ikMAikQ

−1
AikM

T
AikP1ik

]
,

UT
ikV

T
ik Ñ

T
AikG̃AikQ̃

−1
AikG̃

T
AikÑAikVikUik =

=

[
LTikN

T
AikGAikQ

−1
AikG

T
AikNAikLik LTikN

T
AikGAikQ

−1
AikG

T
AikNAik

NT
AikGAikQ

−1
AikG

T
AikNAikLik NT

AikGAikQ
−1
AikG

T
AikNAik

]
,

UT
ikV

T
ik Ñ

T
AikÑAikVikUik =

[
LTikN

T
AikNAikLik LTikN

T
AikNAik

NT
AikNAikLik NT

AikNAik

]
,

UT
ikV

T
ikPikM̃BikQ̃

−1
BikG̃

T
BikÑ

T
BikVikUik =

=

[
−MBikQ

−1
BikG

T
BikNBikKCikP

−1
3ikP

T
2ikLik 0

−P1ikMBikQ
−1
BikG

T
BikNBikKCikP

−1
3ikP

T
2ikLik 0

]
,

UT
ikV

T
ikPikM̃BikQ̃

−1
BikM̃

T
BikPikVikUik =

=

[
MBikQ

−1
BikM

T
Bik MBikQ

−1
BikM

T
BikP1ik

P1ikMBikQ
−1
BikM

T
Bik P1ikMBikQ

−1
BikM

T
BikP1ik

]
,

UT
ikV

T
ik Ñ

T
BikG̃BikQ̃

−1
BikG̃

T
BikÑBikVikUik =

=

[
LTikP2ikP

−1
3ikK

T
CikN

T
BikGBikQ

−1
BikG

T
BikNBikKCikP

−1
3ikP

T
2ikLik 0

0 0

]
,

UT
ikV

T
ik Ñ

T
BikÑBikVikUik =

=

[
LTikP2ikP

−1
3ikK

T
CikN

T
BikNBikKCikP

−1
3ikP

T
2ikLik 0

0 0

]
,

UT
ikV

T
ikPikM̃CikQ̃

−1
CikG̃

T
CikÑ

T
CikVikUik =

=

[
0 0

P2ikKBikMCikQ
−1
CikG

T
CikN

T
CikLik P2ikKBikMCikQ

−1
CikG

T
CikN

T
Cik

]
,
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UT
ikV

T
ikPikM̃CikQ̃

−1
CikM̃

T
CikPikVikUik =

=

[
0 0
0 P2ikKBikMCikQ

−1
CikM

T
CikK

T
BikP

T
2ik

]
,

UT
ikV

T
ik Ñ

T
CikG̃CikQ̃

−1
CikG̃

T
CikÑCikVikUik =

=

[
LTikN

T
CikGCikQ

−1
CikG

T
CikNCikLik LTikN

T
CikGCikQ

−1
CikG

T
CikNCik

NT
CikGCikQ

−1
CikG

T
CikNCikLik NT

CikGCikQ
−1
CikG

T
CikNCik

]
,

UT
ikV

T
ik Ñ

T
CikÑCikVikUik =

[
LTikN

T
CikNCikLik LTikN

T
CikNCik

NT
CikNCikLik NT

CikNCik

]
,

UT
ikV

T
ik σ̃

T
i Pikσ̃iVikUik =

=

[
LTikσ

T
i P1ikσiLik LTikσ

T
i P1ikσi

σTi P1ikσiLik σTi P1ikσi

]
,

Âðàõîâóþ÷è âñi âèùåíàâåäåíi ïåðåòâîðåííÿ, óìîâà (13) íàáóäå âèãëÿäó[
Ξ̂1ik Ξ2ik

ΞT2ik Ξ3ik

]
< 0. (14)

äå

Ξ̂1ik = Ξ1ik +
N∑
j=1

λijL
T
ik[P2ikP

−1
3ikP3jk − P2jk]P

−1
3jk×

×[P2ikP
−1
3ikP3jk − P2jk]

TLik + LTikσ
T
i P1ikσiLik,

Ξ1ik = AiLik + LTikA
T
i −BiKCikP

−1
3ikP

T
2ikLik−

−LTikP2ikP
−1
3ikK

T
CikB

T
i +

N∑
j=1

λijL
T
ikL

−1
jk Lik+

+MAikQ
−1
AikG

T
AikNAikLik + LTikN

T
AikGAikQ

−1
AikM

T
Aik−

−MBikQ
−1
BikG

T
BikNBikKCikP

−1
3ikP

T
2ikLik−

−LTikP2ikP
−1
3ikK

T
CikN

T
BikGBikQ

−1
BikM

T
Bik+

+ε2AikMAikQ
−1
AikM

T
Aik + ε−2

AikL
T
ikN

T
AikNAikLik+

+ε−2
AikL

T
ikN

T
AikGAikQ

−1
AikG

T
AikNAikLik+

+ε−2
BikL

T
ikP2ikP

−1
3ikK

T
CikN

T
BikGBikQ

−1
Bik×

×GT
BikNBikKCikP

−1
3ikP

T
2ikLik+

+ε2BikMBikQ
−1
BikM

T
Bik + ε−2

BikL
T
ikP2ikP

−1
3ikK

T
Cik×

×NT
BikNBikKCikP

−1
3ikP

T
2ikLik+

+ε−2
CikL

T
ikN

T
CikGCikQ

−1
CikG

T
CikNCikLik+

+ε−2
CikL

T
ikN

T
CikNCikLik,

Ξ2ik = Ai + LTikA
T
i P

T
1ik − LTikP2ikP

−1
3ikK

T
CikB

T
ikP1ik−

−LTikP2ikP
−1
3ikK

T
AikP

T
2ik + LTikC

T
ikK

T
BikP

T
2ik+
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+
N∑
j=1

λijL
T
ik(P1jk − P2jkP

−1
3ikP

T
2ik)

T +MAikQ
−1
AikG

T
AikNAik+

+LTikN
T
AikGAikQ

−1
AikM

T
AikP1ik + ε2AikMAikQ

−1
AikM

T
AikP1ik+

+LTikσ
T
i P1ikσi − LTikP2ikP

−1
3ikK

T
CikN

T
BikGBikQ

−1
BikM

T
BikP1ik+

+LTikN
T
CikGCikQ

−1
CikM

T
CikK

T
BikP

T
2ik+

+ε−2
AikL

T
ikN

T
AikGAikQ

−1
AikG

T
AikNAik + ε−2

AikL
T
ikN

T
AikNAik+

+ε2BikMBikQ
−1
BikM

T
BikP1ik + ε−2

CikL
T
ikN

T
CikGCikQ

−1
CikG

T
CikNCik+

+ε−2
CikL

T
ikN

T
CikNCik,

Ξ3ik = P1ikAi + ATi P1ik+

+P2ikKBikCi + CT
i K

T
BikP

T
2ik+

+
N∑
j=1

λijP1jk + P1ikMAikQ
−1
AikG

T
AikNAik+

+NT
AikGAikQ

−1
AikM

T
AikP

T
1ik+

+P2ikKBikMCikQ
−1
CikG

T
CikNCik+

+NT
CikGCikQ

−1
CikM

T
CikK

T
BikP

T
2ik+

+ε2AikP1ikMAikQ
−1
AikM

T
AikP1ik+

+ε−2
AikN

T
AikGAikQ

−1
AikG

T
AikNAik+

+ε−2
AikN

T
AikNAik + ε2BikP1ikMBikQ

−1
BikM

T
BikP1ik+

+ε2CikP2ikKBikMCikQ
−1
CikM

T
CikK

T
BikP

T
2ik+

+σTi P1ikσi + ε−2
CikN

T
CikGCikQ

−1
CikG

T
CikNCik+

+ε−2
CikN

T
CikNCik.

Ç íåðiâíîñòi

N∑
j=1

λijL
T
ik[P2ikP

−1
3ikP3jk − P2jk]P

−1
3jk[P2ikP

−1
3ikP3jk − P2jk]

TLik ≥ 0

i LTikσ
T
i P1ikσiLik ≥ 0, ìîæåìî îòðèìàòè óìîâó åêâiâàëåíòíó äî (14):[

Ξ1ik Ξ2ik

ΞT2ik Ξ3ik

]
< 0. (15)

Íåõàé P1ik = Xik, P2ik = Y −1
ik −Xik i P3ik = Xik − Y −1

ik . Òàêèì ÷èíîì,

Lik = (P1ik − P2ikP
−1
3ikP

T
2ik) = Yik, P

−1
3ikP

T
2ik = −I.

Âèçíà÷èìî kBik i kCik :

kBik = P2ikKBik = (Y −1
ik −Xik)KBik,
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kCik = −KCikP
−1
3ikP

T
2ikLik = KCikYik.

Çàñòîñîâóþ÷è âñi ïîïåðåäíüî íàâåäåíi àëãåáðà¨÷íi ïåðåòâîðåííÿ, îòðèìàìî

Ξ1ik = AiYik + Y T
ikA

T
i +BikCik + k

T
CikB

T
i +

+
N∑
j=1

λijY
T
ikY

−1
jk Yik +MAikQ

−1
AikG

T
AikNAikYik+

+Y T
ikN

T
AikGAikQ

−1
AikM

T
Aik +MBikQ

−1
BikG

T
BikNBikkCik+

+kTCikN
T
BikGBikQ

−1
BikM

T
Bik + ε2AikMAikQ

−1
AikM

T
Aik+

+ε−2
AikY

T
ikN

T
AikGAikQ

−1
AikG

T
AikNAikYik + ε−2

AikY
T
ikN

T
AikNAikYik+

+ε−2
Bikk

T
CikN

T
BikGBikQ

−1
BikG

T
BikNBikkCik+

+ε2BikMBikQ
−1
BikM

T
Bik + ε−2

Bikk
T
CikN

T
BikNBikkCik+

+ε−2
CikY

T
ikN

T
CikGCikQ

−1
CikG

T
CikNCikYik + ε−2

CikY
T
ikN

T
CikNCikYik,

Ξ2ik = Ai + Y T
ikA

T
i Xik+

+Y T
ikC

T
i k

T
Bik + k

T
CikB

T
i Xik + Y T

ikK
T
Aik(Y

−1
ik −Xik)

T+

+
N∑
j=1

λijY
T
ikY

−1
jk + Y T

ikσ
T
i Xikσi +MAikQ

−1
AikG

T
AikNAik+

+Y T
ikN

T
AikGAikQ

−1
AikM

T
AikXik + k

T
CikN

T
BikGBikQ

−1
BikM

T
BikXik+

+Y T
ikN

T
CikGCikQ

−1
CikM

T
Cikk

T
Bik + ε2AikMAikQ

−1
AikM

T
AikXik+

+ε−2
AikY

T
ikN

T
AikGAikQ

−1
AikG

T
AikNAik + ε−2

AikY
T
ikN

T
AikNAik+

+ε2BikMBikQ
−1
BikM

T
BikXik + ε−2

CikY
T
ikN

T
CikGCikQ

−1
CikG

T
CikNCik + ε−2

CikY
T
ikN

T
CikNCik,

Ξ3ik = XikAi + ATikXik + kBikCi + CT
i k

T
Bik+

+σTi Xikσi +
N∑
j=1

λijXjk +XikMAikQ
−1
AikG

T
AikNAik+

+kBikMCikQ
−1
CikG

T
CikNCik +NT

CikGCikQ
−1
CikM

T
Cikk

T
Bik+

+ε2AikXikMAikQ
−1
AikM

T
AikXik + ε−2

AikN
T
AikGAikQ

−1
AikG

T
AikNAik+

+ε−2
AikN

T
AikNAik + ε2BikXikMBikQ

−1
BikM

T
BikXik+

+ε2CikkBikMCikQ
−1
CikM

T
Cikk

T
Bik +NT

AikGAikQ
−1
AikM

T
AikXik+

+ε−2
CikN

T
CikGCikQ

−1
CikG

T
CikNCik + ε−2

CikN
T
CikNCik,

Âèêîðèñòîâóþ÷è âèðàç äëÿ îïòèìàëüíîãî êåðóâàííÿ (8), îòðèìó¹ìî Ξ2ik = 0.
Öå îçíà÷à¹, ùî óìîâà ñòiéêîñòi (15) åêâiâàëåíòíà íàñòóïíèì óìîâàì:

Ξ1ik < 0, Ξ3ik < 0. (16)

Íåõàé S(Yik) = Yik[
√
λi1I, . . . ,

√
λi,i−1I,

√
λi,i+1I, . . . ,

√
λiNI, ],

Yk(i) = diag{Yik, . . . , Yi−1,k, Yi+1,k, . . . , YNk}.
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Òîäi
N∑
j=1

λijY
T
ikX

−1
jk Yik = λiiYik + S(Yik)Y

−1
k (i)ST (Yik).

Âiäïîâiäíî äî äîïîâíåííÿ Øóðà i

RA2ik = εAikMAik + ε−1
AikY

T
AikN

T
AikGAik, RB2ik = εBikMBik + ε−1

Bikk
T
CikN

T
BikGBik.

óìîâè ñòiéêîñòi (16) íàáóâàþòü âèãëÿäó (5) i (6). Òåîðåìó äîâåäåíî.
3. Ìîäåëüíèé ïðèêëàä. Ðîçãëÿíåìî âèïàäîê äâîõ ñòàíiâ äëÿ ëàíöþãiâ

Ìàðêîâà ξ òà η: ξ = [1, 2], η = [η1, η2].
Íåõàé êîåôiöi¹íòè ñèñòåìè (1)�(3) ìàþòü âèãëÿä:

A1 =

(
0.2 −0.6
0.3 1.2

)
, B1 =

(
1 0
0 1

)
, C1 =

(
1 0
0 1

)
, σ1 =

(
1 0
0 1

)
,

MA11 =MA12 =MB11 =MB12 =MC11 =MC12 =

(
0.12
0.23

)
,

NA11 = NA12 = NB11 = NB12 = NC11 = NC12 =
(
0.2 0.1

)
,

GA11 = GA12 = GB11 = GB12 = GC11 = GC12 = 0.5,

A2 =

(
−0.3 0.4
0.2 −0.15

)
, B2 =

(
1 0
0 1

)
, C2 =

(
1 0
0 1

)
, σ2 =

(
0.2 0
0 0.2

)
,

MA21 =MA22 =MB21 =MB22 =MC21 =MC22 =

(
0.12
0.15

)
,

NA21 = NA22 = NB21 = NB22 = NC21 = NC22 =
(
0.13 0.23

)
,

GA21 = GA22 = GB21 = GB22 = GC21 = GC22 = 0.5,

εA11 = εA21 = 0.5, εB11 = εB21 = 0.1, εC11 = εC21 = 0.1,

εA12 = εA22 = 0.4, εB12 = εB22 = 0.2, εC12 = εC22 = 0.2.

Ðîçâ'ÿçàâøè íåðiâíîñòi (5) i (6), îòðèìà¹ìî

X11 =

(
5.04 −0.24
−0.24 2.92

)
, X21 =

(
4.85 0.16
0.16 4.41

)
Y11 =

(
0.55 −0.72
−0.72 1.4

)
, Y21 =

(
1.09 −0.71
−0.71 0.68

)
,

kB11 =

(
−6.8 −0.45
−0.45 −8.7

)
, kB21 =

(
−4.15 −2.06
−2.06 −4.1

)
,

kC11 =

(
−1.73 3.2
3.2 −6.73

)
, kC21 =

(
−5.18 2.7
2.7 −1.6

)
,

X12 =

(
5 −0.24

−0.24 2.8

)
, X22 =

(
5 0.1
0.1 5

)
,

Y12 =

(
0.5 −0.7
−0.7 1.4

)
, Y22 =

(
1.1 −0.7
−0.7 0.7

)
,
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kB12 =

(
−6.5 −0.4
−0.4 −8.5

)
, kB22 =

(
−4.1 −2
−2 −4.1

)
,

kC12 =

(
−1.7 3.2
3.2 −6.7

)
, kC22 =

(
−5.1 2.5
2.5 −1.6

)
.

Êîåôiöi¹íòè äëÿ ïîáóäîâè îïòèìàëüíîãî êåðóâàííÿ ìàþòü âèãëÿä

KA11 =

(
0.869 6.87
0.93 −2.411

)
, KA21 =

(
−3.377 −0.126
15.851 6.391

)
,

KA12 =

(
0.381 5.493
1.881 −3.224

)
, KA22 =

(
19.286 16.166
43.809 26.399

)
,

KB11 =

(
−0.638 −2.73
−2.084 0.316

)
, KB21 =

(
−0.602 −1.337
−1.885 −1.661

)
,

KB12 =

(
−0.308 −2.268
−1.675 0.946

)
, KB22 =

(
−2.983 −3.889
−4.816 −4.884

)
,

KC11 =

(
−0.469 2.045
−1.453 −5.554

)
, KC21 =

(
−6.771 −3.099
2.952 0.73

)
,

KC12 =

(
−0.667 1.952
−1 −5.286

)
, KC22 =

(
−6.5 −2.929
2.25 −0.036

)
.

Òàêèì ÷èíîì, êåðóâàííÿ (4) ïîáóäîâàíî i âîíî çàáåçïå÷ó¹ ñòîõàñòè÷íó ñòié-
êiñòü ñèñòåìè (1)�(3).
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