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In this paper, based on conservation laws momentum and mass we derived an equation describing
the motion of surface and groundwater flows. Proceeding from principles of a homogeneous solid
medium interface conditions are derived on the border of connections two continuous media. Also
for the formulation of initial — boundary problem these equations are complemented by boundary
and initial conditions. The variational problem of movement such flows was constructed. We
formulated theorem on the existence, uniqueness and limited solution of this problem.

Â öié ñòàòòi íà îñíîâi çàêîíiâ çáåðåæåííÿ iìïóëüñó i ìàñè îòðèìàíî ðiâíÿííÿ, ùî îïèñóþòü
ðóõ ïîâåðõíåâèõ i ãðóíòîâèõ ïîòîêiâ. Âèõîäÿ÷è iç ïðèíöèïiâ îäíîðiäíîãî ñóöiëüíîãî ñåðå-
äîâèùà îòðèìàíi óìîâè iíòåðôåéñó íà ãðàíèöi ç'¹äíàííÿ äâîõ ñóöiëüíèõ ñåðåäîâèù. Òàêîæ
äëÿ ôîðìóëþâàííÿ ïî÷àòêîâî�êðàéîâî¨ çàäà÷i öi ðiâíÿííÿ äîïîâíåíi êðàéîâèìè i ïî÷àòêîâè-
ìè óìîâàìè. Ïîáóäîâàíà âàðiàöiéíà çàäà÷à äëÿ ðóõó òàêèõ ïîòîêiâ. Ñôîðìóëüîâàíî òåîðåìó
ïðî iñíóâàííÿ, ¹äèíiñòü òà îáìåæåíiñòü ðîçâ'ÿçêó öi¹¨ çàäà÷i.

1. Âñòóï. Äëÿ äîñëiäæåííÿ ðóõó âîäíèõ ïîòîêiâ íà òåðèòîði¨ âîäîçáîðó ÷àñòî
âèêîðèñòîâóþòüñÿ ðiçíi ìîäåëi, òàêi ÿê ïîâåðõíåâèé ñòiê, ðóñëîâèé ñòiê, ñòiê ïiä-
çåìíèõ âîä, òîùî. Ïî¹äíàííÿ òà âçà¹ìîäiÿ ðiçíèõ ìàòåìàòè÷íèõ ìîäåëåé îïèñó
òàêèõ ïîòîêiâ âîäè äîñëiäæóâàëèñü â ïðàöÿõ [6,11,12]. Â äàíié ðîáîòi ðîçâèíó-
òî íîâèé ïiäõiä äî ðîçðîáêè ìàòåìàòè÷íî¨ ìîäåëi ðóõó ïîâåðõíåâèõ i ãðóíòîâèõ
ïîòîêiâ âîäè[1-4], ïîáóäîâàíî ïî÷àòêîâî- êðàéîâó çàäà÷ó äàíî¨ ìîäåëi, ñôîð-
ìóëüîâàíî âàðiàöiéíó ïîñòàíîâêó çàäà÷i, äîñëiäæó¹òüñÿ iñíóâàííÿ, ¹äèíiñòü òà
îáìåæåíiñòü ðîçâ'ÿçêó òàêî¨ çàäà÷i.

2. Ãåîìåòðè÷íå âèçíà÷åííÿ ïîòîêiâ âîäè. Ïîçíà÷èìî ïðîåêöiþ âîäîçáî-
ðó íà ïëîùèíó x10x2 ÷åðåç Ω(x1, x2) i ¨¨ ãðàíèöþ ∂Ω. Ïðèïóñòèìî, ùî ïîâåðõ-
íåâèé ïîòiê âîäè íà âîäîçáîði Ω(x1, x2) â êîæåí ìîìåíò ÷àñó t ∈ [0, T ] óòâîðþ¹
îá'¹ì F (t) ⊂ R3 (äèâ. ðèñ.1), òàêî¨ ñòðóêòóðè

ΩF (t) : =
{
(x1, x2, x3) ∈ R3 | η (x) < x3 < ν (x, t) , ∀x = (x1, x2) ∈ Ω} .

Ïîçíà÷èìî éîãî íèæíþ ïîâåðõíþ ÷åðåç

Ã (x) : =
{
(x1, x2, x3) ∈ R3 |x3 = η (x) ,∀x = (x1, x2) ∈ Ω

}
òà âåðõíþ ïîâåðõíþ

ΛF (t) : =
{
(x1, x2, x3) ∈ R3 |x3 = ν (x, t) , ∀x = (x1, x2) ∈ Ω

}
âiäïîâiäíî. Ðåøòó ïîâåðõíi öüîãî îá'¹ìó

ÃF (t) : =
{
(x1, x2, x3) ∈ R3 | η (x) < x3 < ν (x, t) , ∀x = (x1, x2) ∈ ∂Ω

}
áóäåìî íàçèâàòè ái÷íèìè ïîâåðõíÿìè îá'¹ìó ΩF (t).
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Àíàëîãi÷íî ïîçíà÷èìî ÷àñòèíó ðiäèíè, ÿêà ðóõà¹òüñÿ â ãðóíòi ÷åðåç P (t), ç
îá'¹ìîì òàêî¨ ñòðóêòóðè

ΩP (x) : =
{
(x1, x2, x3) ∈ R3 | h (x) < x3 < η (x) , ∀x = (x1, x2) ∈ Ω

}
.

ïðîåêöiÿ íèæíüî¨ ÷àñòèíè (ïîâåðõíÿ âîäîïiäïîðó) çàïèøåòüñÿ

ΛP (x) : =
{
(x1, x2, x3) ∈ R3 | | x3 = h (x) , ∀x = (x1, x2) ∈ Ω

}
.

Òîäi, äëÿ ái÷íèõ ïîâåðõîíü øàðó ãðóíòîâî¨ âîäè áóäåìî ìàòè

ÃP (x) : =
{
(x1, x2, x3) ∈ R3 | h (x) < x3 < η (x) , ∀x ∈ ∂Ω

}

Ðèñ. 1. Çàãàëüíå çîáðàæåííÿ îá'¹ìiâ ïîòîêiâ òà ¨õ ïîïåðå÷íèé ðîçðiç.

3. Ïî÷àòêîâî-êðàéîâà çàäà÷à âçà¹ìîäi¨ ïîâåðõíåâèõ i ãðóíòîâèõ ïî-
òîêiâ.

Ñôîðìóëþ¹ìî ïî÷àòêîâî-êðàéîâó çàäà÷ó ðóõó ïîâåðõíåâèõ i ãðóíòîâèõ ïî-
òîêiâ ïî ïîâåðõíi âîäîçáîðó ç âðàõóâàííÿì êðàéîâèõ òà ïî÷àòêîâèõ óìîâ:

Çíàéòè íåâiäîìi çíà÷åííÿ âåêòîðà øâèäêîñòi, òèñêó
òà ï'¹çîìåòðè÷íîãî íàïîðó{u, p, ϕ},
ùî çàäîâiëüíÿþòü íàñòóïíi ñèñòåìè ðiâíÿíü:

∂

∂t
(ui) +

3∑
k=1

∂

∂xk
(uiuk)−

3∑
k=1

∂σik
∂xk

+ fi = 0, (1)

σij = −pF δij + τij,

τij = 2µeij, i, j = 1, 2, 3

eij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
,

3∑
k=1

∂ (uk)

∂xk
= 0, â ΩF × (0, T ] (2)

m
∂ϕ

∂t
=

3∑
j=1

∂

∂xj

(
k
∂ϕ

∂xj

)
+ ε â ΩP × (0;T ] (3)
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äå
{ui(x, t)}3i = 1 òà pF = pF (x, t)� øóêàíi âåêòîð øâèäêîñòi ÷àñòèíîê ðiäèíè

òà ãiäðîñòàòè÷íèé òèñê âiäïîâiäíî;
F = {fi(x, t)}3i=1 � ìàñîâi ñèëè; µ=µ(x )>0 � êîåôiöi¹íò â'ÿçêîñòi;
{eij}3i,j=1, {σij}

3
i,j=1 � ñèìåòðè÷íi òåíçîðè øâèäêîñòåé äåôîðìàöi¨ òà íàïðó-

æåíü ðiäèíè â òî÷öi x íà ìîìåíò ÷àñó t;
δij � ñèìâîë Êðîíåêåðà; k = k(x, t) � êîåôiöi¹íò ôiëüòðàöi¨;
m = m(x, t) � êîåôiöiåíò ïèòîìî¨ âîäîâiääà÷i; ε = ε(x, t) � âiäîìà ôóíêöiÿ

äæåðåë ïðèòîêó âîäè;
pp � òèñê ãðóíòîâî¨ âîäè; ρ � ãóñòèíà âîäè; g�ïðèñêîðåííÿ âiëüíîãî ïàäiííÿ;

ϕ = x3 +
pp
ρg

� ï'¹çîìåòðè÷íèé íàïið; (4)

q = −k∇ϕ- ïîòiê (ðîçõiä ïîòîêó); (5)

υ = υ(x, t) � âåêòîð øâèäêîñòi ðiäèíè â ãðóíòi; υ = q
ω
, ω- îá'¹ìíà ïîðèñòiñòü;

nF , nP �âåêòîðè âíóòðiøíüî¨ íîðìàëi äî ãðàíèöi îáëàñòi ΩF òà ΩP âiäïîâiäíî;−→nF = −−→nP íà ñïiëüíié ãðàíèöi Ã;

ΩF ∩ ΩP = {∅},ΩF ∩ ΩP = Γ, ∂ΩF = ΓF ∪ ΛF ∪ Γ; ∂ΩP = ΓP ∪ ΛP ∪ Γ.

Êðàéîâi óìîâè:
u⃗i = 0 íà ΓF , i = 1, 2, 3, (6)

σnτ = σ̂, íà ΛF , (7)

u3 +R =
∂ν

∂t
+ u01

∂ν

∂x1
+ u02

∂ν

∂x2
â ΛF × (0, T ], (8)

äå R � øâèäêiñòü ïàäiííÿ êàïåëü äîùó,
u01, u

0
2 � ãîðèçîíòàëüíi ñêëàäîâi øâèäêîñòi íà âiëüíié ïîâåðõíi ν(x.t)(ΛF );

υ•
−→nP = υ̂ íà ΓP ; (9)

υ1 = υ2 = 0 íà ΛP , (10)

υ3 = −I íà ΛP , (11)

äå I � âiäîìà ôóíêöiÿ, ÿêà îïèñó¹ øâèäêiñòü ïîòîêó ðiäèíè ÷åðåç ïîâåðõíþ
ΛP ,

i ïî÷àòêîâi óìîâè:
u|t=0 = u0,
p|t=0 = p0,
ϕ|t=0 = ϕ0,

â Ω. (12)

òà óìîâè êîíòàêòó ïîòîêiâ íà ñïiëüíié ãðàíèöi Ã:

σnn(u, pF ) = pp,
στn = 0,
un = −υn.

(13)

4. Âàðiàöiéíå ôîðìóëþâàííÿ çàäà÷i âçà¹ìîäi¨ âîäíèõ ïîòîêiâ.
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Ùîá ïîáóäóâàòè âàðiàöiéíå ôîðìóëþâàííÿ ïî÷àòêîâî-êðàéîâî¨ çàäà÷i (1) -
(12) ââåäåìî ïðîñòið äîïóñòèìèõ âåêòîðiâ øâèäêîñòi[1,2,4]:

HF :=
{
ξ = {ξ}3i=1 ∈ H1(ΩF )

3|ξ · nF |ÃF
= 0 }

Òàêîæ, äëÿ ãiäðîñòàòè÷íîãî òèñêó ïîâåðõíåâîãî ïîòîêó

LF := {θ ∈ L2(F )|θ|ΓF
= 0}

Ïðîñòið äîïóñòèìèõ ôóíêöié äëÿ ï'¹çîìåòðè÷íîãî íàïîðó çàïèøåìî ó âè-
ãëÿäi:

Hp :=
{
ψ ∈ H1(Ωp)|ψ|Ãp

∪
Ωp = 0 }

Ïîçíà÷èìî òàêi áiëiíiéíi ôîðìè:

MV (r;w, q) =

∫
V

3∑
i=1

rwiqids,

NV (w;u, q) =

∫
V

3∑
k=1

3∑
i=1

ρwk
∂ui
∂xk

qids,

CV (w, q) =

∫
V

2µe(w) : e(q)ds,

AV (w, q) = −
∫
V

wdivqds,

YV (w, q) = −
∫
V

wqndγ,

BV (p, w) = −
∫
V

3∑
i=1

p.∇wds.

Ââåäåìî íàñòóïíi ëiíiéíi ôóíêöiîíàëè:
lj : W → R, j =

___

1, 3 , W := HF × LF ×HP

⟨l1, ξ⟩ =
3∑
i=1

∫
ΩF

ρfiξids+

∫
ΛF

(ξnpa + ξτ ·
⌢
σ)dγ

⟨l2, θ⟩ = −
∫
∂ΛF

u0nθdγ

⟨l3, ψ⟩ =
∫
Ωp

ε(x, t)ρgψ

ω
dp−

∫
∂Λp

υ̂ψ ρ gdγ

Ïîçíà÷èìî

ψ̃ = ψρg, m̃ =
m

ω
,
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òîäi ñôîðìóëþ¹ìî íàñòóïíó âàðiàöiéíó çàäà÷ó:

Çíàéòè {u, p, ϕ} ∈ HF × LF ×HP ,
MΩF

(ρ;u′, ξ) +NΩF
(u;u, ξ) + AΩF

(p, ξ) + CΩF
(u, ξ)+

+YΓ(u, ξ) = ⟨l1, ξ⟩ ,∀ξ ∈ HF

(14)

BΩF
(u, θ) + YΓ(θ, u) = ⟨l2, θ⟩ ,∀θ ∈ LF (15)

MΩP
(m̃;ϕ′, ψ̃) + AΩP

(ψ̃, υ) + YΓ(ψ̃, υ) =
⟨
l3, ψ̃

⟩
, ∀ψ̃ ∈ HP (16)

ç ïî÷àòêîâèìè óìîâàìè

MΩF
(u′(0)− u0, ξ) = 0, (17)

BΩF
(p(0)− p0, θ) = 0; (18)

MΩP
(ϕ′(0)− ϕ0, ψ̃) = 0. (19)

Îá÷èñëþ¹ìî, âðàõîâóþ÷è ïî÷àòêîâi óìîâè (17)-(19) òà êðàéîâi óìîâè (6)-
(11), çíà÷åííÿ çìiííèõ u òà p çi ñïiââiäíîøåíü (14) òà (15). Äàëi ç óìîâ ñïðÿ-
æåííÿ ïîòîêiâ(óìîâ iíòåðôåéñó) (13) òà êðàéîâî¨ óìîâè (9) îá÷èñëþ¹ìî ç (16)
çíà÷åííÿ çìiííî¨ φ.

5. Iñíóâàííÿ, ¹äèíiñòü òà îáìåæåíiñòü ðîçâ'ÿçêó âàðiàöiéíî¨ çàäà÷i
ïðî ñóìiñíèé ïîòiê.

Ñôîðìóëþ¹ìî íàñòóïíó òåîðåìó.

Òåîðåìà 1. (ïðî iñíóâàííÿ, ¹äèíiñòü i îáìåæåíiñòü ðîçâ'ÿçêó çàäà÷i ïðî
ñóìiñíèé ïîòiê)

Íåõàé âàðiàöiéíà çàäà÷à (14)-(19), äàíi ÿêî¨ çàäîâîëüíÿþòü óìîâè ðåãóëÿð-
íîñòi

u0 ∈ HF , ϕ0 ∈ HP , t1, t2 ∈ (0, T ] (20)

ìà¹ ðîçâ'ÿçîê (u(t), ϕ(t)).
Òîäi ðîçâ'ÿçîê (u(t), ϕ(t)) áóäå ¹äèíèì ðîçâ'ÿçêîì çàäà÷i (1)-(12)

u ∈ L2(0, T ;HF ), ϕ ∈ L2(0, T ;HP ). (21)

Áiëüøå òîãî, ðîçâ'ÿçîê (u(t), ϕ(t)) íåïåðåðâíî çàëåæèòü âiä äàíèõ çàäà÷i
(1)-(12) i çà öèõ óìîâ áóäå ïðàâèëüíîþ àïðiîðíà îöiíêà

1
2

[
∥u(t)∥2 + ∥ϕ(t)∥2 +

∫ t
0
(∥u(τ)∥2

W + ∥ϕ(τ)∥2
W )dτ

]
≤

C
{

1
2

[
∥u(0)∥2 + ∥ϕ(0)∥2]+ ∫ t

0
(∥u(τ)∥2

W + ∥ϕ(τ)∥2
W )dτ }

(22)

çi ñòàëîþ C > 0, çíà÷åííÿ ÿêî¨ íå çàëåæèòü âiä âåëè÷èí, ùî íàñ öiêàâ-
ëÿòü.

Äîâåäåííÿ.

Ç ôîðìóëè(6.3) â [4], ïîâíà åíåðãiÿ ñóìiñíîãî ïîòîêó çàïèøåòüñÿ ó âèãëÿäi

E(u(t), ϕ(t)) =
1

2
∥u(t)∥2 + 1

2

∫ t

0

∥u(τ)∥2Wdτ +
1

2
∥ϕ(t)∥2 + 1

2

∫ t

0

∥ϕ(τ)∥2Wdτ =

=
1

2

[
∥u(t)∥2 + ∥ϕ(t)∥2 +

∫ t

0

(∥u(τ)∥2W + ∥ϕ(τ)∥2W )dτ

]
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Ç îãëÿäó íà óìîâè òåîðåìè (21), ìà¹ìî

l1 ∈ L2(0, T ;HF ), l3 ∈ L2(0, T ;HP ),

âíàñëiäîê ÷îãî ç (16),(17), áóäóòü ïðàâèëüíèìè îöiíêè∣∣∣∣∫ t

0

< l1, u > dτ

∣∣∣∣ ≤ 1

2

∫ t

0

(∥l1(τ)∥2∗ + ∥u(τ)∥2)dτ (23)∣∣∣∣∫ t

0

< l3, u > dτ

∣∣∣∣ ≤ 1

2

∫ t

0

(∥l3(τ)∥2∗ + ∥ϕ(τ)∥2)dτ (24)

äå * ïîçíà÷à¹ ïðîñòîðè ñïðÿæåíi âiäïîâiäíî äî HFHP .
Âðàõîâóþ÷è íåðiâíiñòü Ïóàíêàðå-Ôðiäðiõñà [9], ìà¹ ìiñöå íàñòóïíà îöiíêà

∥u∥HF
= (

∫
ΩF

[u2 + (▽u)2]dx)1/2 ≤ C

∫
ΩF

| ▽ u|2dx = C ∥u∥H′
F

, ∀u ∈ H ′
F . (25)

Ç ïî÷àòêîâî¨ óìîâè (12) äëÿ ôóíêöi¨ u(t), ìà¹ìî

∥u′(0)∥2 = ∥u0∥2H (26)

Àíàëîãi÷íî, ç (12) äëÿ ôóíêöi¨ ϕ(t) çàïèøåìî

∥ϕ′(0)∥2
= ∥ϕ0∥2H . (27)

Äàëi, ç îãëÿäó íà ââåäåíi íîðìè â ï.4 [1], çíàéäåòüñÿ C = const > 0 òàêà, ùî

|ϕ|HP
≤ C ∥ϕ∥H′

P

, ∀ϕ ∈ H ′(ΩP ), (28)

òîäi
|ϕ(0)|HP

≤ C ∥ϕ(0)∥H′
P

= C ∥ϕ0∥H′
P

, ∀ϕ ∈ H ′(ΩP ), (29)

Òàêèì ÷èíîì, ç (23)-(29) áóäåìî ìàòè

1
2

[
∥u(t)∥2 + ∥ϕ(t)∥2 +

∫ t
0
(∥u(t)∥2

W + ∥ϕ(t)∥2
W )dτ

]
≤

C
{

1
2

[
∥u(0)∥2 + ∥ϕ(0)∥2]+ ∫ t

0
(∥u(t)∥2

W + ∥ϕ(t)∥2
W )dτ }

(30)

Îòæå, ìè äîâåëè ñïðàâåäëèâiñòü îöiíêè (22). Äîâåäåìî ¹äèíiñòü ðîçâ'ÿçêó çà-
äà÷i ìåòîäîì âiä ñóïðîòèâíîãî. Íåõàé iñíóþòü äâà ðîçâ'ÿçêè çàäà÷i (14)-(19)
.

Ïîçíà÷èìî

(u1(t), ϕ1(t)) i (u2(t), ϕ2(t)), ∀u1, u2 ∈ L2((0, T ];HF )

,
∀ϕ1, ϕ2 ∈ L2((0, T ];HP )

Òîäi, âíàñëiäîê ëiíiéíîñòi, u = u1 − u2, ϕ = ϕ1 − ϕ2 òàêîæ ¹ ðîçâ'ÿçêîì
âàðiàöiéíî¨ çàäà÷i (14)-(19), ÿêi çàäîâiëüíÿþòü îäíîðiäíi ïî÷àòêîâi óìîâè

u|t=0 = 0, ϕt=0 = 0

Òîìó, ç ñïiââiäíîøåííÿ (30) âèïëèâà¹, u1 = u2, ϕ1 = ϕ2 , ùî i äîâîäèòü
¹äèíiñòü ðîçâ'ÿçêó âèõiäíî¨ âàðiàöiéíî¨ çàäà÷i.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2016, âèï. �2 (29)
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6. Âèñíîâêè.
Íà ïiäñòàâi çàêîíiâ çáåðåæåííÿ âèâåäåíî îñíîâíi ðiâíÿííÿ ðóõó ïîâåðõíåâèõ

i ãðóíòîâèõ ïîòîêiâ, ÿêi äîïîâíåíî êðàéîâèìè i ïî÷àòêîâèìè óìîâè, ç íåâiäî-
ìèìè âåëè÷èíàìè âåêòîðà øâèäêîñòi, òèñêó òà ï'¹çîìåòðè÷íîãî íàïîðó. Ñôîð-
ìóëüîâàíî âàðiàöiéíó çàäà÷ó ñóìiñíîãî ïîòîêó òà îòðèìàíî óìîâè êîíòàêòó íà
ñïiëüíié ãðàíèöi äâîõ ñåðåäîâèù. Äîâåäåíî iñíóâàííÿ, ¹äèíiñòü i îáìåæåíiñòü
ðîçâ'ÿçêó âàðiàöiéíî¨ çàäà÷i ñóìiñíîãî ñòîêó.
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