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ÂÈÏÀÄÊÎÂÈÕ ÂÅËÈ×ÈÍ

The paper contains estimates of approximation of convergence of sums distributed random variables
in the term pseudomoments.

Ðîáîòà ìiñòèòü îöiíêè áëèçüêîñòi ðîçïîäiëiâ ñóì âèïàäêîâèõ âåëè÷èí â òåðìiíàõ çðiçàíèõ
ïñåâäîìîìåíòiâ.

Îñíîâíi ðåçóëüòàòè. Ïðîäîâæóþòüñÿ äîñëiäæåííÿ iç çàñòîñóâàííÿ ïñåâäî-
ìîìåíòiâ äî îöiíêè áëèçüêîñòi ðîçïîäiëiâ äâîõ ñóì âèïàäêîâèõ âåëè÷èí, àíàëîãi-
÷íi [1�3]. Íà âèïàäêîâi âåëè÷èíè îäíi¹¨ iç ñóì íàêëàäà¹òüñÿ îáìåæåííÿ, ùî
âèêîðèñòàíå â [4] (ñòîð. 382).

Íåõàé ξ1, . . . , ξn, . . . òà η1, . . . , ηn, . . . � äâi ïîñëiäîâíîñòi âèïàäêîâèõ âåëè÷èí ç
ôóíêöiÿìè ðîçïîäiëó âiäïîâiäíî Fk(x) i Gk(x), õàðàêòåðèñòè÷íèìè ôóíêöiÿìè
fk(t) i gk(t). Φn(x) i Qn(x) � âiäïîâiäíî ôóíêöi¨ ðîçïîäiëó âèïàäêîâèõ âåëè÷èí
n∑
k=1

ξk i
n∑
k=1

ηk, Hk(x) = Fk(x)−Gk(x), ρn = sup
x

|Φn(x)−Qn(x)|.

Íåõàé âèêîíóþòüñÿ óìîâè:
iñíó¹ ÷èñëî α ∈ (0; 2] i ñòàëà λ > 0 òàêi, ùî

|gn(t)| ≤ e−λ|t|
α

; (1)

µkj =

∞∫
∞

xjdHk(x) = 0 (k = 1, 2, . . . ; j = 1,m), (2)

äå m = 1 ïðè α ≤ 1 i m = 2 ïðè 1 < α ≤ 2.
Ðîçãëÿíåìî äëÿ äîâiëüíîãî y > 0 ïñåâäîìîìåíòè âèãëÿäó:

κ
(1)
k (y) =

∫
|x|≤y

|x|α
∣∣∣Hk

(
xλ

1
α

)∣∣∣dx, κ(2)k (y) =

∫
|x|>y

|x|m−1
∣∣∣Hk

(
xλ

1
α

)∣∣∣dx,
κ(1)(y) = max

1≤k≤n
κ
(1)
k (y), κ(2)(y) = max

1≤k≤n
κ
(2)
k (y), κ(y) = max

{
κ(1)(y), κ(2)(y)

}
.

Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè (1) i (2). Òîäi äëÿ âñiõ n ≥ 1 ñïðàâå-
äëèâà íåðiâíiñòü

ρn ≤ C(1) inf
y>0

{κ(1)(y)
n

1
α

+ κ(2)(y) +
(κ(y))

n
(α+1)n+1

n
1
α

}
, (3)

äå C(1) � ñòàëà, ùî çàëåæèòü òiëüêè âiä α.

Äîïîìiæíi ëåìè.

Ëåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (2), ωk(t) = |fk(t) − gk(t)|, òîäi äëÿ
áóäü-ÿêèõ äiéñíèõ t i y > 0

ωk

(
tλ−

1
α

)
≤ 21−δ

mδ
|t|α+1κ

(1)
k (y) + 2|t|mκ(2)k (y),

äå δ = α + 1−m.
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Äîâåäåííÿ. Iç (2) âèïëèâà¹ ðiâíiñòü

ωk

(
tλ−

1
α

)
=

∣∣∣∣∣
+∞∫

−∞

(
eitx −

m∑
j=0

(itx)j

j!

)
dHk

(
xλ

1
α

)∣∣∣∣∣ =

= |t|

∣∣∣∣∣
+∞∫

−∞

(
eitx −

m−1∑
j=0

(itx)j

j!

)
Hk

(
xλ

1
α

)
dx

∣∣∣∣∣.
Iç íåðiâíîñòi ( [4], ñòîð. 372)∣∣∣∣∣eiz −

m∑
j=0

(iz)j

j!

∣∣∣∣∣ ≤ 21−γ|z|m+γ

m!(m+ 1)γ
, 0 ≤ γ ≤ 1, m = 0, 1, 2, . . . ,

îäåðæó¹ìî

ωk

(
tλ−

1
α

)
≤ |t|

+∞∫
−∞

∣∣∣∣∣eitx −
m−1∑
j=0

(itx)j

j!

∣∣∣∣∣∣∣∣Hk

(
xλ

1
α

)∣∣∣dx =

= |t|
∫

|x|≤y

∣∣∣∣∣eitx −
m−1∑
j=0

(itx)j

j!

∣∣∣∣∣∣∣∣Hk

(
xλ

1
α

)∣∣∣dx+
+|t|

∫
|x|>y

∣∣∣∣∣eitx −
m−1∑
j=0

(itx)j

j!

∣∣∣∣∣∣∣∣Hk

(
xλ

1
α

)∣∣∣dx ≤ 21−δ

mδ
|t|α+1κ

(1)
k (y) + 2|t|mκ(2)k (y).

Ëåìà 1 äîâåäåíà.

Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (1) i (2), c ∈
(
0;min

{
e−

2
α ; 2−2e−1; b

})
,

b = sup

{
c ∈

(
0; e−

2
α

)
:
1

2
− 4

(
−c

α
2 ln c

) 1
α > 0

}
, δ = α + 1−m, κ(2)(y) ≤ c.

ßêùî κ(y) ≤ c, òî ïðè |t| ≤ T1 = (− ln(κ(y)))
1
α ,∣∣∣fk (tλ− 1

α

)∣∣∣ ≤ e−c1|t|
α

, (4)

äå c1 =
1
2
− 4

(
−cα

2 ln c
) 1

α > 0, T1 > 1,

à ïðè |t| > T1 ∣∣∣fk (tλ− 1
α

)∣∣∣ ≤ 5|t|α+1κ(y). (5)

ßêùî κ(y) > c (òîáòî κ(1)(y) > c) i |t| ≤ T2 =
c

κ(1)(y)
, (T2 < 1), òî∣∣∣fk (tλ− 1

α

)∣∣∣ ≤ e−c2|t|
α

, (6)

äå c2 = 1− 4ce > 0.
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Äîâåäåííÿ . Iç óìîâè (1)∣∣∣fk (tλ− 1
α

)∣∣∣ ≤ ∣∣∣fk (tλ− 1
α

)
− gk

(
tλ−

1
α

)∣∣∣+ ∣∣∣gk (tλ− 1
α

)∣∣∣ ≤ e−|t|α + ωk

(
tλ−

1
α

)
. (7)

Íåõàé κ(y) ≤ c, |t| ≤ T1. Îñêiëüêè κ(y) ≤ c < e−
2
α ≤ e−1, òî T1 ≥ 1. Iç (7),

ëåìè 1 i âèçíà÷åííÿ T1 îäåðæó¹ìî∣∣∣fk (tλ− 1
α

)∣∣∣ ≤ e−
1
2
|t|α
(
e−

1
2
|t|α + e

1
2
|t|αωk

(
tλ−

1
α

))
≤

≤ e−
1
2
|t|α
(
1 + e

1
2
|t|α |t|α

(21−δ
mδ

|t|κ(1)k (y) + 2|t|m−ακ
(2)
k (y)

))
≤

≤e−
1
2
|t|α
(
1+e

1
2
Tα
1 |t|ακ(y)

(21−δ
mδ

T1+2Tm−α
1

))
≤e−

1
2
|t|α
(
1+4|t|α

√
κ(y)(− ln(κ(y)))

1
α

)
.

Ôóíêöiÿ y = x
α
2 lnx ñïàäà¹ ïðè x ∈

(
0; e−

2
α

)
. Òîìó∣∣∣fk (tλ− 1

α

)∣∣∣ ≤ e−
1
2
|t|α
(
1 + 4|t|α

(
−c

α
2 ln c

) 1
α

)
≤ e−c1|t|

α

.

Ó âèïàäêó κ(y) ≤ c ïðè |y| > T1 iç (7), ëåìè 1 i óìîâè T1 ≥ 1 îäåðæó¹ìî∣∣∣fk (tλ− 1
α

)∣∣∣ ≤ e−|t|α + ωk

(
tλ−

1
α

)
≤ e−T

α
1 +

21−δ

mδ
|t|α+1κ

(1)
k (y)+

+2|t|mκ(2)k (y) ≤ κ(y)(1 + 4|t|α+1) ≤ 5|t|α+1κ(y).

Íåõàé κ(y) > c. Òîäi iç óìîâ κ(2)(y) ≤ c, κ(1)(y) > c, (7), ëåìè 1 ïðè
|t| ≤ T2 =

c
κ(1)(y)

(âðàõîâó¹ìî, ùî T2 < 1 i m− α ≥ 0)∣∣∣∣∣fk (tλ− 1
α

)∣∣∣ ≤ e−|t|α + ωk

(
tλ−

1
α

)
= e−|t|α

(
1 + e|t|

α

ωk

(
tλ−

1
α

))
≤

≤ e−|t|α
(
1 + e|t|

α|t|α
(
21−δ

mδ
|t|κ(1)k (y) + 2|t|m−ακ

(2)
k (y)

))
≤

≤ e−|t|α
(
1+eT

α
2 |t|α

(
21−δ

mδ
T2κ

(1)
k (y)+2Tm−α

2 κ
(2)
k (y)

))
≤ e−|t|α(1+4e|t|αc) ≤ e−c2|t|

α

.

Ëåìà 2 äîâåäåíà.

Äîâåäåííÿ òåîðåìè. Íåõàé y > 0 i âèêîíó¹òüñÿ óìîâà κ(2)(y) ≤ c, äå
ñòàëà c âèçíà÷åíà ó ëåìi 2. Ó âèïàäêó κ(2)(y) > c òåîðåìà ñòà¹ î÷åâèäíîþ:
ρn ≤ 1 ≤ 1

c
κ(2)(y). Âèêîðèñòà¹ìî íåðiâíiñòü ( [5], ñòîð. 299)

|F (x)−G(x)| ≤ 2

π

T∫
0

|f(t)− g(t)| dt
t
+

24 sup
x

|G′(x)|

πT
. (8)

Îñêiëüêè ρn = sup
x

∣∣∣Φn(x)−Q(x)
∣∣∣= sup

x

∣∣∣Φn

(
xλ

1
α

)
−Qn

(
xλ

1
α

)∣∣∣, òî â (8) ïîêëàäåìî
F (x)=Φn

(
xλ

1
α

)
, G(x)=Qn

(
xλ

1
α

)
, f(t)=

n∏
k=1

fk

(
tλ−

1
α

)
, g(t)=

n∏
k=1

gk

(
tλ−

1
α

)
. Iç (1) âè-

ïëèâà¹, ùî âèïàäêîâi âåëè÷èíè ηi ìàþòü ùiëüíiñòü ðîçïîäiëó, àG(x) = Qn

(
xλ

1
α

)
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¹ ôóíêöi¹þ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè 1

λ
1
α
(η1 + · · · + ηn), òîäi |G′(x)| =

= 1
2π

∣∣∣∣∣+∞∫
−∞

e−itx
n∏
k=1

gk

(
tλ−

1
α

)
dt

∣∣∣∣∣ ≤ 1

n
1
α

1
π
Γ

(
1
α
+ 1

)
. Òîìó iç (8) îòðèìà¹ìî

ρn ≤ 2

π

T∫
0

∣∣∣∣∣
n∏
k=1

fk

(
tλ−

1
α

)
−

n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣dtt +
24Γ

(
1
α
+ 1
)

n
1
αTπ2

. (9)

Iç íåðiâíîñòi

∣∣∣∣∣ n∏i=1

ai −
n∏
i=1

bi

∣∣∣∣∣ ≤ n∑
i=1

|ai − bi|

(
i−1∏
k=1

|bk|

)(
n∏

k=i+1

|ak|

)
, ëåì 1 i 2 ïðè

|t| ≤ Tl (l = 1 ïðè κ(y) ≤ c i l = 2 ïðè κ(y) > c)∣∣∣∣∣
n∏
i=1

fi

(
tλ−

1
α

)
−

n∏
i=1

gi

(
tλ−

1
α

)∣∣∣∣∣ ≤
n∑
i=1

ωi

(
tλ−

1
α

) i−1∏
k=1

∣∣∣gk(tλ− 1
α

)∣∣∣ n∏
k=i+1

∣∣∣fk(tλ− 1
α

)∣∣∣ ≤
≤

n∑
k=1

(
21−δ

mδ
|t|α+1κ

(1)
k (y) + 2|t|mκ(2)k (y)

)
e−|t|α(k−1)e−cl|t|

α(n−k) ≤

≤

(
21−δ

mδ
|t|α+1κ(1)(y) + 2|t|mκ(2)k (y)

)
ne−cl|t|

α(n−1). (10)

Íåõàé κ(y) > c (l = 2). Ïîêëàäåìî ó (9) T = T2. Òîäi äëÿ iíòåãðàëà ó (9), iç
âèêîðèñòàííÿì íåðiâíîñòi (10), ïðè n > 1

I =
2

π

T2∫
0

∣∣∣∣∣
n∏
k=1

fk

(
tλ−

1
α

)
−

n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣dtt ≤

≤ 2

π
n

T2∫
0

(
21−δ

mδ
|t|α+1κ(1)(y) + 2|t|mκ(2)(y)

)
ne−cl|t|

α(n−1)dt ≤

≤ κ(1)(y)

n
1
α

C3 +
κ(2)(y)

n
m
α
−1

C4. (11)

×åðåç Ck áóäåìî ïîçíà÷àòè ñòàëi, ùî çàëåæàòü òiëüêè âiä c i α. Iç (9) òà (11)

ïðè n > 1 i κ(y) > c ρn ≤ C5

(
κ(1)(y)

n
1
α

+ κ(2)(y)

n
m
α −1

)
. Iç óìîâè κ(y) > c âèïëèâà¹

ñïðàâåäëèâiñòü òåîðåìè i ïðè n = 1. Ó âèïàäêó κ(y) > c òåîðåìà äîâåäåíà.

Íåõàé κ(y)≤c, n>1. Â (9) ïîêëàäåìî T =
(
c
5

) 1
α+1

(κ(y))−
n

(α+1)n+1 , T ′=min(T1, T ).

Òîäi

I =
2

π

T∫
0

∣∣∣∣∣
n∏
k=1

fk

(
tλ−

1
α

)
−

n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣dtt ≤ 2

π

T ′∫
0

∣∣∣∣∣
n∏
k=1

fk

(
tλ−

1
α

)
−

n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣dtt +
+
2

π

T∫
T ′

∣∣∣∣∣
n∏
k=1

fk

(
tλ−

1
α

)∣∣∣∣∣dtt +
2

π

T∫
T ′

∣∣∣∣∣
n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣dtt = I1 + I2 + I3. (12)
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Âðàõîâóþ÷è, ùî T ′ ≤ T1, òà (12) ïðè n > 1, àíàëîãi÷íî äî (11),

I1 ≤ C6

(
κ(1)(y)

n
1
α

+
κ(2)(y)

n
m
α
−1

)
. (13)

Áóäåìî ââàæàòè, ùî T ′ = T1, áî ó âèïàäêó T ′ = T I2 = 0, I3 = 0. Òîìó iç (9),
(12), (13) ïðè n > 1 âèïëèâà¹ (3).

Iç íåðiâíîñòi (7) ëåìè 2

I2 =
2

π

T∫
T1

∣∣∣∣∣
n∏
k=1

fk

(
tλ−

1
α

)∣∣∣∣∣dtt ≤ 2

π

T∫
T1

(5|t|α+1κ(y))n
dt

t
≤ 2

π
(5κ(y))n

T n(α+1)

n(α + 1)
≤

≤ 2

π
(κ(y))

n
n(α+1)+1

cn

n(α + 1)
≤ C7n

− 1
α (κ(y))

n
n(α+1)+1 . (14)

Iç (1), óìîâ κ(y) ≤ c, T1 ≥ 1 äëÿ I3 îäåðæó¹ìî:

I3 =
2

π

T∫
T1

∣∣∣∣∣
n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣dtt ≤ 2

π

T∫
T1

e−nt
α dt

t
≤ 2

π

∞∫
T1

e−nt
α

nαtα−1 dt

nαtα
≤

≤ 2

παn(T1)α
e−n(T1)

α ≤ 2

πnα
(κ(y))n ≤ κ(y)

n
1
α

· 2

πα
n

1
α
−1cn−1 ≤ C8

κ(y)

n
1
α

. (15)

Iç (9), (12)�(15), îäåðæó¹ìî ñïðàâåäëèâiñòü òåîðåìè ó âèïàäêó n > 1, κ(y) ≤ c.
Íåõàé n = 1, κ(y) ≤ c, T = c

1
α+1 (κ(y))−

1
α+2 . Iç (9) i ëåìè 1

ρ1 ≤
2

π

T∫
0

∣∣∣f1(tλ− 1
α

)
− g1

(
tλ−

1
α

)∣∣∣dt
t
+

24Γ
(
1
α
+ 1
)

Tπ2
≤

≤ 2

π

T∫
0

(
21−δ

mδ
|t|α+1κ

(1)
1 (y) + 2|t|mκ(2)1 (y)

)
dt

t
+

24Γ
(
1
α
+ 1
)

Tπ2
≤ C9(κ(y))

1
α+2 .

Òåîðåìà äîâåäåíà.
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