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ÄÎÑÒÀÒÍI ÓÌÎÂÈ ÇÂIÄÍÎÑÒI Â ÊÀÒÅÃÎÐI�
ÌÎÍÎÌIÀËÜÍÈÕ ÌÀÒÐÈÖÜ ÍÀÄ ÊÎÌÓÒÀÒÈÂÍÈÌ
ËÎÊÀËÜÍÈÌ ÊIËÜÖÅÌ

It is proved the reducibility of cyclic monomial matrices over a commutative local ring in the case
when their defining sequences contain subsequences of a fixed form.

Äîâåäåíà çâiäíiñòü öèêëi÷íèõ ìîíîìiàëüíèõ ìàòðèöü íàä êîìóòàòèâíèì ëîêàëüíèì êiëüöåì
ó âèïàäêó, êîëè ¨õ âèçíà÷àëüíi ïîñëiäîâíîñòi ìiñòÿòü â ñîái ïiäïîñëiäîâíîñòi ôiêñîâàíîãî
âèãëÿäó.

1. Âñòóï. ÍåõàéK � êîìóòàòèâíå êiëüöå ç îäèíèöåþ. Ïiä ìîíîìiàëüíîþ ìàò-
ðèöåþ M = (mij) íàä K áóäåìî ðîçóìiòè ìàòðèöþ ïîðÿäêó n (òîáòî, ðîçìiðó
n×n), â êîæíîìó ðÿäêó i â êîæíîìó ñòîâïöi ÿêî¨ ñòî¨òü íå áiëüøå îäíîãî íåíó-
ëüîâîãî åëåìåíòà Òàêié ìàòðèöi ìîæíà ïðèðîäíiì ÷èíîì çiñòàâèòè îðiíòîâàíèé
ãðàô Γ(M) ç âåðøèíàìè 1, . . . , n, i ñòðiëêàìè i→ j äëÿ âñiõ mij ̸= 0. Î÷åâèäíî,
ùî Γ(M) ¹ íåïåðåòèííèì îá'¹äíàííÿì ëàíöþãiâ i öèêëiâ (êîæíèé ç ÿêèõ ìà¹
îäíàêîâèé íàïðÿìîê ñòðiëîê). Äî òîãî æ òàêà ìàòðèöÿ ïåðåñòàíîâî÷íî ïîäiáíà
ïðÿìié ñóìi ìîíîìiàëüíèõ ìàòðèöü, ÿêèì âiäïîâiäàþòü ëàíöþãè i öèêëè ãðàôà
Γ(M). ßêùî ëàíöþã (âiäïîâiäíî öèêë) ëèøå îäèí, òî ìîíîìiàëüíó ìàòðèöþ
áóäåìî íàçèâàòè ëàíöþãîâîþ (âiäïîâiäíî öèêëi÷íîþ).

Ìîíîìiàëüíi ìàòðèöi íàä K óòâîðþþòü êàòåãîðiþ, ÿêùî ìîðôiçìîì iç A â
B ââàæàòè äîâiëüíó ìàòðèöþ X òàêó, ùî AX = XB. Íàçèâàòèìåìî ¨¨ êàòåãî-
ði¹þ ìîíîìiàëüíèõ ìàòðèöü íàä K. Içîìîðôiçìè öi¹¨ êàòåãîði¨ � öå, íà ìàòðè-
÷íié ìîâi, ìàòðèöi, ùî çäiéñíþþòü ïîäiáíiñòü. Ìàòðèöþ A íàä êiëüöåì K (ÿê
îá'¹êò öi¹¨ êàòåãîði¨) íàçèâà¹òüñÿ çâiäíîþ, ÿêùî âîíà ïîäiáíà ìàòðèöi âèãëÿäó(
A11 A12

0 A22

)
, äå A11 i A22 � ìàòðèöi ïîðÿäêó p ≥ 1 i q ≥ 1 âiäïîâiäíî. Òà-

êó ìàòðèöþ A íàçèâàòèìåìî òàêîæ (p, q)-çâiäíîþ àáî (∗, q)-çâiäíîþ, ÿêùî íàñ
íå öiêàâèòü ÷èñëî. p. Î÷åâèäíî, ùî ïðè n > 1 íåçâiäíèìè ìîæóòü áóòè ëèøå
öèêëi÷íi ìàòðèöi. Ó öié ñòàòòi âèâ÷àþòüñÿ íåçâiäíi îá'¹êòè âêàçàíî¨ êàòåãîði¨.

Áóäü-ÿêà öèêëi÷íà ìàòðèöÿ ïîðÿäêó n ïåðåñòàíîâî÷íî ïîäiáíà ìàòðèöi âèã-
ëÿäó

A =Mt(a) =


0 . . . 0 an
a1 . . . 0 0
...

. . .
...

...
0 . . . an−1 0

 ,

äå a = (a1, . . . , an−1, an). Òàêà ìàòðèöÿ A íàçèâà¹òüñÿ êàíîíi÷íî öèêëi÷íîþ, à
ïîñëiäîâíiñòü a � ¨¨ âèçíà÷àëüíîþ ïîñëiäîâíiñòþ. Ó âèïàäêó, êîëè âñi íåíóëüî-
âi åëåìåíòè ai ìàþòü âèãëÿä tsi , äå t � çàôiêñîâàíèé åëåìåíò iç K (si ≥ 0),
ìàòðèöÿ A íàçèâà¹òüñÿ êàíîíi÷íî t-öèêëi÷íîþ. Â öüîìó âèïàäêó ïèøóòü òà-
êîæ A = Mt(a). ×èñëî si íàçèâà¹òüñÿ âàãîþ åëåìåíòà tsi , à ïîñëiäîâíiñòü w =
(s1, . . . , sn−1, sn) � âàãîâîþ ïîñëiäîâíiñòþ ìàòðèöi A.

Êàíîíi÷íî t-öèêëi÷íi ìàòðèöi âèâ÷àëèñÿ â áàãàòüîõ ðîáîòàõ (äèâ., íàïðèê-
ëàä, [1]� [4]. Âiäíîñíî âèùåïðèâåäåíèõ îçíà÷åíü i ïîçíà÷åíü äèâ., íàïðèêëàä, [4].
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2. Òåîðåìè ïðî (∗, 3)(∗, 3)(∗, 3)-çâiäíiñòü. Íåõàé K � êîìóòàòèâíå ëîêàëüíå êiëüöå
ç ðàäèêàëîì R ̸= 0 i t � íåíóëüîâèé åëåìåíò iç R òàêèé, ùî t2 = 0.

Òåîðåìà 1. Êàíîíi÷íî t-öèêëi÷íà ìàòðèöÿ ïîðÿäêó n ≥ 9 ç âàãîâîþ ïîñëi-
äîâíiñòþ (0, 1, 0, 1, 0, p1, . . . , ps, 1, 1, 1, 1) ¹ (n− 3, 3) çâiäíîþ.

Òåîðåìà 2. Êàíîíi÷íî t-öèêëi÷íà ìàòðèöÿ ïîðÿäêó n ≥ 9 ç âàãîâîþ ïîñëi-
äîâíiñòþ (0, 0, 0, 0, 0, p1, . . . , ps, 1, 1, 0, 1) ¹ (n− 3, 3) çâiäíîþ.

Òåîðåìà 3. Êàíîíi÷íî t-öèêëi÷íà ìàòðèöÿ ïîðÿäêó n ≥ 12 ç âàãîâîþ ïî-
ñëiäîâíiñòþ (0, 1, 1, 0, 1, 0, 1, 0, p1, . . . , ps, 1, 1, 1, 1) ¹ (n− 3, 3) çâiäíîþ.

Â óìîâàõ óñiõ òåîðåì s ≥ 0.
3. Äîâåäåííÿ òåîðåìè 1. Ñïî÷àòêó ââåäåìî äåÿêi ïîçíà÷åííÿ äëÿ ïåðåò-

âîðåíü äîâiëüíî¨ êâàäðàòíî¨ ìàòðèöi íàä êiëüöåì K. Pij(a) ïîçíà÷à¹ äîäàâàííÿ
i-ãî ðÿäêà, ïîìíîæåíîãî íà åëåìåíò a ∈ K, äî j-ãî ðÿäêà. Qij(a) ïîçíà÷à¹ àíàëî-
ãi÷íå ïåðåòâîðåííÿ äëÿ ñòîâïöiâ. ×åðåç [m

a→ s]+ ïîçíà÷èìî ïåðåòâîðåííÿ ïî-
äiáíîñòi, ÿêå ïîëÿãà¹ â òîìó, ùî ñïî÷àòêó çàñòîñîâó¹òüñÿ ïåðåòâîðåííÿ Pms(a),
à ïîòiì îáåðíåíå äî íüîãî ïåðåòâîðåííÿ Qsm(−a), à ÷åðåç [m

a→ s]− � ïåðåòâî-
ðåííÿ ïîäiáíîñòi, ÿêå ïîëÿãà¹ â òîìó, ùî ñïî÷àòêó çàñòîñîâó¹òüñÿ ïåðåòâîðåííÿ
Qms(a), à ïîòiì îáåðíåíå äî íüîãî ïåðåòâîðåííÿ Psm(−a).

Çàâæäè ââàæà¹ìî, ùî αi ïîçíà÷à¹ åëåìåíò tpi ∈ R.
Ìà¹ìî Mt(1, t, 1, t, 1, α1, . . . , αs, t, t, t, t) =

=



0 0 0 0 0 0 . . . 0 0 0 0 t
1 0 0 0 0 0 . . . 0 0 0 0 0
0 t 0 0 0 0 . . . 0 0 0 0 0
0 0 1 0 0 0 . . . 0 0 0 0 0
0 0 0 t 0 0 . . . 0 0 0 0 0
0 0 0 0 1 0 . . . 0 0 0 0 0
0 0 0 0 0 α1 . . . 0 0 0 0 0
...

...
...

...
...

...
. . .

...
...

...
...

...
0 0 0 0 0 0 . . . αs 0 0 0 0
0 0 0 0 0 0 . . . 0 t 0 0 0
0 0 0 0 0 0 . . . 0 0 t 0 0
0 0 0 0 0 0 . . . 0 0 0 t 0



.

Ðîçãëÿíåìî (n− 3, 3)-çâiäíó ìàòðèöþ

N =



0 0 0 0 0 . . . 0 0 −t 1 0 0
t 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 0 1 0 0
0 0 0 0 0 . . . 0 0 0 0 t 0



.
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Ïîêàæåìî, ùî N ïîäiáíà ìàòðèöi Mt(1, t, 1, t, 1, α1, . . . , αs, t, t, t, t).

Íà 1-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N ïåðåòâîðåííÿ [n− 2
t→ n− 3]−:

N1 =



0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 1 0 0
0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 2-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N1 ïåðåòâîðåííÿ [1
−1→ n− 1]+:

N2 =



0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
t 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 3-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N2 ïåðåòâîðåííÿ [2
−1→ n]+:

N3 =



0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 t 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 t 0



.
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Íà 4-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N3 ïåðåòâîðåííÿ [3
−t→ n− 2]+:

N4 =



0 0 t 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 5-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N4 ïåðåòâîðåííÿ [4
−1→ 1]+:

N5 =



0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 t 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 6-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N5 ïåðåòâîðåííÿ [5
−t→ 2]+:

N6 =



0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 t 0



.

ÌàòðèöÿN6 îäíàêîâîþ ïåðåñòàíîâêîþ (÷è, iíøèìè ñëîâàìè, ïåðåñòàíîâêîþ)
ðÿäêiâ i ñòîâïöiâ ïðèâîäèòüñÿ äî ìàòðèöi Mt(1, t, 1, t, 1, α1, . . . , αs, t, t, t, t).
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4. Äîâåäåííÿ òåîðåìè 2. Äîâåäåííÿ ïðîâîäèìî ïî òié æå ñõåìi, ùî i
äîâåäåííÿ òåîðåìè 1.

Ìà¹ìî Mt(1, 1, 1, 1, 1, α1, . . . , αs, t, t, 1, t) =

=



0 0 0 0 0 0 . . . 0 0 0 0 t
1 0 0 0 0 0 . . . 0 0 0 0 0
0 1 0 0 0 0 . . . 0 0 0 0 0
0 0 1 0 0 0 . . . 0 0 0 0 0
0 0 0 1 0 0 . . . 0 0 0 0 0
0 0 0 0 1 0 . . . 0 0 0 0 0
0 0 0 0 0 α1 . . . 0 0 0 0 0
...

...
...

...
...

...
. . .

...
...

...
...

...
0 0 0 0 0 0 . . . αs 0 0 0 0
0 0 0 0 0 0 . . . 0 t 0 0 0
0 0 0 0 0 0 . . . 0 0 t 0 0
0 0 0 0 0 0 . . . 0 0 0 1 0



.

Ðîçãëÿíåìî (n− 3, 3)-çâiäíó ìàòðèöþ

N =



0 0 0 0 0 . . . 0 0 −t 1 0 0
1 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 0 1 0 0
0 0 0 0 0 . . . 0 0 0 0 1 0



.

Ïîêàæåìî, ùî N ïîäiáíà ìàòðèöi Mt(1, 1, 1, 1, 1, α1, . . . , αs, t, t, 1, t).

Íà 1-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N ïåðåòâîðåííÿ [n− 2
t→ n− 3]−:

N1 =



0 0 0 0 0 . . . 0 0 0 1 0 0
1 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 1 0 0
0 0 0 0 0 . . . 0 0 0 0 1 0



.
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Íà 2-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N1 ïåðåòâîðåííÿ [1
−1→ n− 1]+:

N2 =



0 0 0 0 0 . . . 0 0 0 1 0 0
1 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
1 0 0 0 0 . . . 0 0 0 0 1 0



.

Íà 3-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N2 ïåðåòâîðåííÿ [2
−1→ n]+:

N3 =



0 0 0 0 0 . . . 0 0 0 1 0 0
1 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 t 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 1 0



.

Íà 4-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N3 ïåðåòâîðåííÿ [3
−t→ n− 2]+:

N4 =



0 0 t 0 0 . . . 0 0 0 1 0 0
1 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 1 0



.
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Íà 5-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N4 ïåðåòâîðåííÿ [4
−t→ 1]+:

N5 =



0 0 0 0 0 . . . 0 0 0 1 0 0
1 0 0 t 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 1 0



.

Íà 6-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N5 ïåðåòâîðåííÿ [5
−t→ 2]+:

N6 =



0 0 0 0 0 . . . 0 0 0 1 0 0
1 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 1 0



.

ÌàòðèöÿN6 îäíàêîâîþ ïåðåñòàíîâêîþ ðÿäêiâ i ñòîâïöiâ ïðèâîäèòüñÿ äî ìàò-
ðèöi Mt(1, 1, 1, 1, 1, α1, . . . , αs, t, t, 1, t).

5. Äîâåäåííÿ òåîðåìè 3. Äîâåäåííÿ ïðîâîäèìî ïî òié æå ñõåìi, ùî i
äîâåäåííÿ òåîðåìè 1.
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Ìà¹ìî Mt(1, t, t, 1, t, 1, t, 1, α1, . . . , αs, t, t, t, t) =

=



0 0 0 0 0 0 0 0 0 . . . 0 0 0 0 t
1 0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 t 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 t 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 1 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 t 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 1 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 0 t 0 0 . . . 0 0 0 0 0
0 0 0 0 0 0 0 1 0 . . . 0 0 0 0 0
0 0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0
...

...
...

...
...

...
...

...
...

. . .
...

...
...

...
...

0 0 0 0 0 0 0 0 0 . . . αs 0 0 0 0
0 0 0 0 0 0 0 0 0 . . . 0 t 0 0 0
0 0 0 0 0 0 0 0 0 . . . 0 0 t 0 0
0 0 0 0 0 0 0 0 0 . . . 0 0 0 t 0



.

Ðîçãëÿíåìî (n− 3, 3)-çâiäíó ìàòðèöþ

N =



0 0 0 0 0 0 0 0 . . . 0 0 −t 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Ïîêàæåìî, ùî N ïîäiáíà Mt(1, t, t, 1, t, 1, t, 1, α1, . . . , αs, t, t, t, t).
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Íà 1-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N ïåðåòâîðåííÿ [n− 2
t→ n− 3]−:

N1 =



0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 1 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 2-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N1 ïåðåòâîðåííÿ [1
−1→ n− 1]+:

N2 =



0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 0 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 3-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N2 ïåðåòâîðåííÿ [2
−1→ n]+:
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N3 =



0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 4-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N3 ïåðåòâîðåííÿ [3
−1→ n− 2]+:

N4 =



0 0 1 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 5-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N4 ïåðåòâîðåííÿ [4
−1→ 1]+:
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N5 =



0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 6-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N5 ïåðåòâîðåííÿ [5
−1→ 2]+:

N6 =



0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 t 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 7-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N6 ïåðåòâîðåííÿ [6
−t→ 3]+:
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N7 =



0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

ÌàòðèöÿN7 îäíàêîâîþ ïåðåñòàíîâêîþ ðÿäêiâ i ñòîâïöiâ ïðèâîäèòüñÿ äî ìàò-
ðèöi Mt(1, t, t, 1, t, 1, t, 1, α1, . . . , αs, t, t, t, t).

6. Òåîðåìè ïðî 2-ñïàäêîâó çâiäíiñòü (ôîðìóëþâàííÿ i äîâåäåííÿ).
Êàíîíi÷íî öèêëi÷íó ìàòðèöþ A íàçâåìî 2-ñïàäêîâî çâiäíîþ àáî ñïàäêîâî çâiä-
íîþ äîâæèíè 2, ÿêùî ó ïðèâåäåíîìó âèùå îçíà÷åííi çâiäíî¨ ìàòðèöi äiàãîíàëü-
íi áëîêè A11 i A22 ¹ òàêîæ êàíîíi÷íî öèêëi÷íèìè.

ßê i äëÿ ïîïåðåäíiõ òåîðåì, ââàæà¹ìî, ùîK � êîìóòàòèâíå ëîêàëüíå êiëüöå
ç ðàäèêàëîì R ̸= 0 i t � íåíóëüîâèé åëåìåíò iç R òàêèé, ùî t2 = 0.

Ïiä ïiäïîñëiäîâíiñòþ ïîñëiäîâíîñòi çàâæäè ðîçóìi¹ìî çâ'ÿçíó (ç òî÷íiñòþ
äî öèêëi÷íî¨ ïåðåñòàíîâêè ïîñëiäîâíîñòi) ïiäïîñëiäîâíiñòü.

Òåîðåìà 4. Êàíîíi÷íî t-öèêëi÷íà ìàòðèöÿ 2-ñïàäêîâî çâiäíà, ÿêùî ¨¨ âà-
ãîâà ïîñëiäîâíiñòü ìiñòèòü ïiäïîñëiäîâíîñòi (0, 0) i (1, 1, 1, 1).

Äîâåäåííÿ ïðîâîäèòüñÿ çà òi¹þ æ ñõåìîþ, ùî i äîâåäåííÿ òåîðåì 1�3. Çàñòî-
ñóâàâøè äî çâiäíî¨ ìàòðèöi (ç êàíîíi÷íî öèêëi÷íèìè äiàãîíàëüíèìè áëîêàìè)

N =



0 0 . . . 0 0 0 −1 1 0 0 0 . . . 0 0
α1 0 . . . 0 0 0 0 0 0 0 0 . . . 0 0
0 α2 . . . 0 0 0 0 0 0 0 0 . . . 0 0
...

...
. . .

...
...

...
...

...
...

...
...

. . .
...

...
0 0 . . . αr 0 0 0 0 0 0 0 . . . 0 0
0 0 . . . 0 t 0 0 0 0 0 0 . . . 0 0
0 0 . . . 0 0 t 0 0 0 0 0 . . . 0 0
0 0 . . . 0 0 0 0 0 0 0 0 . . . 0 1
0 0 . . . 0 0 0 0 t 0 0 0 . . . 0 0
0 0 . . . 0 0 0 0 0 t 0 0 . . . 0 0
0 0 . . . 0 0 0 0 0 0 αr+1 0 . . . 0 0
0 0 . . . 0 0 0 0 0 0 0 αr+2 . . . 0 0
...

...
. . .

...
...

...
...

...
...

...
...

. . .
...

...
0 0 . . . 0 0 0 0 0 0 0 0 . . . αs 0


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ïåðåòâîðåííÿ [r + 4
1→ r + 3]−, [1

−t→ r + 5]+, [n
t→ r + 2]−, ìà¹ìî ìàòðèöþ

N3 =



0 0 . . . 0 0 0 0 1 0 0 0 . . . 0 0
α1 0 . . . 0 0 0 0 0 0 0 0 . . . 0 0
0 α2 . . . 0 0 0 0 0 0 0 0 . . . 0 0
...

...
. . .

...
...

...
...

...
...

...
...

. . .
...

...
0 0 . . . αr 0 0 0 0 0 0 0 . . . 0 0
0 0 . . . 0 t 0 0 0 0 0 0 . . . 0 0
0 0 . . . 0 0 t 0 0 0 0 0 . . . 0 0
0 0 . . . 0 0 0 0 0 0 0 0 . . . 0 1
0 0 . . . 0 0 0 t 0 0 0 0 . . . 0 0
0 0 . . . 0 0 0 0 0 t 0 0 . . . 0 0
0 0 . . . 0 0 0 0 0 0 αr+1 0 . . . 0 0
0 0 . . . 0 0 0 0 0 0 0 αr+2 . . . 0 0
...

...
. . .

...
...

...
...

...
...

...
...

. . .
...

...
0 0 . . . 0 0 0 0 0 0 0 0 . . . αs 0



,

ÿêà îäíàêîâîþ ïåðåñòàíîâêîþ ðÿäêiâ i ñòîâïöiâ ìîæå áóòè ïðèâåäåíà äî âèãëÿäó
M(1, 1, α1, α2, . . . , αr, t, t, t, t, αr+1, αr+2, . . . , αs).

Òåîðåìà 5. Êàíîíi÷íî t-öèêëi÷íà ìàòðèöÿ 2-ñïàäêîâî çâiäíà, ÿêùî ¨¨ âà-
ãîâà ïîñëiäîâíiñòü ìiñòèòü ïiäïîñëiäîâíîñòi (0, 0, 0) i (1, 1, 0, 1, 1).

Äîâåäåííÿ ïðîâîäèòüñÿ çà òi¹þ æ ñõåìîþ, ùî i äîâåäåííÿ òåîðåì 1�3. Çàñòî-
ñóâàâøè äî çâiäíî¨ ìàòðèöi (ç êàíîíi÷íî öèêëi÷íèìè äiàãîíàëüíèìè áëîêàìè)

N =



0 0 0 . . . 0 0 0 −1 1 0 0 0 0 . . . 0 0
1 0 0 . . . 0 0 0 0 0 0 0 0 0 . . . 0 0
0 α1 0 . . . 0 0 0 0 0 0 0 0 0 . . . 0 0
0 0 α2 . . . 0 0 0 0 0 0 0 0 0 . . . 0 0
...

...
...

. . .
...

...
...

...
...

...
...

...
...

. . .
...

...
0 0 0 . . . αr 0 0 0 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 t 0 0 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 0 t 0 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 0 0 0 . . . 0 1
0 0 0 . . . 0 0 0 0 1 0 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 t 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 t 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 0 αr+1 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 0 0 αr+2 . . . 0 0
...

...
...

. . .
...

...
...

...
...

...
...

...
...

. . .
...

...
0 0 0 . . . 0 0 0 0 0 0 0 0 0 . . . αs 0



ïåðåòâîðåííÿ [r + 5
1→ r + 4]−, [1

−1→ r + 6]+, [2
−t→ r + 7]+, [n

t→ r + 3]−, ìà¹ìî
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ìàòðèöþ

N4 =



0 0 0 . . . 0 0 0 0 1 0 0 0 0 . . . 0 0
1 0 0 . . . 0 0 0 0 0 0 0 0 0 . . . 0 0
0 α1 0 . . . 0 0 0 0 0 0 0 0 0 . . . 0 0
0 0 α2 . . . 0 0 0 0 0 0 0 0 0 . . . 0 0
...

...
...

. . .
...

...
...

...
...

...
...

...
...

. . .
...

...
0 0 0 . . . αr 0 0 0 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 t 0 0 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 0 t 0 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 0 0 0 . . . 0 1
0 0 0 . . . 0 0 0 1 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 t 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 t 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 0 αr+1 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 0 0 αr+2 . . . 0 0
...

...
...

. . .
...

...
...

...
...

...
...

...
...

. . .
...

...
0 0 0 . . . 0 0 0 0 0 0 0 0 0 . . . αs 0



,

ÿêà îäíàêîâîþ ïåðåñòàíîâêîþ ðÿäêiâ i ñòîâïöiâ ìîæå áóòè ïðèâåäåíà äî âèãëÿäó
M(1, 1, 1, α1, α2, . . . , αr, t, t, 1, t, t, αr+1, αr+2, . . . , αs).
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