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ÄÅßÊI ÓÇÀÃÀËÜÍÅÍÍß ÎÖIÍÎÊ ÇÎËÎÒÀÐÜÎÂÀ ÄËß
ÏÎÑËIÄÎÂÍÎÑÒI ÑÅÐIÉ

Estimates of Zolotarev in the central limit theorem generalized for sequences series random vari-
ables.

Îöiíêè Çîëîòàðüîâà â öåíòðàëüíié ãðàíè÷íié òåîðåìi óçàãàëüíþþòüñÿ äëÿ ïîñëiäîâíîñòi ñåðié
âèïàäêîâèõ âåëè÷èí.

Ó äàíié ðîáîòi ðåçóëüòàòè ðîáîòè [1] óçàãàëüíþþòüñÿ íà âèïàäîê ïîñëiäîâíîñòi
ñåðié âèïàäêîâèõ âåëè÷èí.

Íåõàé ξn1, . . . , ξnn � ïîñëiäîâíiñòü ñåðié íåçàëåæíèõ i îäíàêîâî ðîçïîäiëå-
íèõ â êîæíié ñåði¨ âèïàäêîâèõ âåëè÷èí, Fn (x)− ôóíêöiÿ ðîçïîäiëó ξni, fn (t)−
õàðàêòåðèñòè÷íà ôóíêöiÿ ξni , Mξni = 0; Dξni =

1
n
.

Ïîçíà÷èìî: Sn = ξn1+ · · ·+ ξnn, Φn (x)− ôóíêöiÿ ðîçïîäiëó Sn, Φ (x)− ôóí-
êöiÿ ðîçïîäiëó ñòàíäàðòíîãî íîðìàëüíîãî çàêîíó, ρn = supx |Φn (x)− Φ (x)| ,
Hn (x) = Fn

(
x√
n

)
− Φ (x).

Ââåäåìî ïñåâäîìîìåíòè òàêîãî âèãëÿäó:

κn = 3

∫ +∞

−∞
x2 |Hn (x)| dx, κn0 =

∫ +∞

−∞
max

(
1, 3x2

)
|Hn (x)| dx.

Òåîðåìà 1. Äëÿ âñiõ n ≥ 1 ñïðàâåäëèâi íåðiâíîñòi:

ρn ≤ C1

max
{
κn0, (κn0)

n
n+1

}
√
n

, ρn ≤ C2

max
{
κn, (κn)

n
3n+1

}
√
n

,

äå C1, C2 � äåÿêi àáñîëþòíi ñòàëi.

Äëÿ äîâiëüíîãî y > 0 ïîçíà÷èìî

ν
(1)
n0 (y) =

∫
|x|≤y

max
(
1, |x|3

)
|dHn (x)|, ν

(2)
n0 (y) =

∫
|x|>y

max
(
1, x2

)
|dHn (x)|.

Òåîðåìà 2. Äëÿ âñiõ n ≥ 1 ñïðàâåäëèâà íåðiâíiñòü

ρn ≤ C3 inf
y>0

{
ν
(1)
n0 (y)√
n

+ ν
(2)
n0 (y)

}
,

äå C3 � àáñîëþòíà ñòàëà.

Íàñëiäîê. Äëÿ âñiõ n ≥ 1

ρn ≤ C3
νn0√
n
,
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äå νn0 (y) =
∫ +∞
−∞ max

(
1, |x|3

)
|dHn (x)| .

Íåõàé ξ1, . . . , ξn, . . . - ïîñëiäîâíiñòü íåçàëåæíèõ îäíàêîâî ðîçïîäiëåíèõ âè-
ïàäêîâèõ âåëè÷èí ç ôóíêöi¹þ ðîçïîäiëó F (x), Mξi = 0, Dξi = 1. ßêùî ïîêëà-

äåìî ξni = ξi/
√
n , òî Fn

(
x√
n

)
= F (x). Òîäi iç òåîðåìè 1 i íàñëiäêó îäåðæó¹ìî

ðåçóëüòàòè ðîáîòè [1].
Äëÿ äîâåäåííÿ òåîðåìè íåîáõiäíi íàñòóïíi ëåìè.

Ëåìà 1. Íåõàé ωn (t) =
∣∣∣fn (t√n)− e−

t2

2

∣∣∣ .Òîäi äëÿ âñiõ t ∈ R ìàþòü ìiñöå

íàñòóïíi íåðiâíîñòi :

ωn (t) ≤ κn
|t|3

6
, (1)

ωn (t) ≤ κn0min
(
|t| , t

3

6

)
≤ κn0

t2√
6
, (2)

ωn (t) ≤ ν
(1)
n0 (y) + ν

(2)
n0 (y) , (3)

ωn (t) ≤
|t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y) , (4)

ωn (t) ≤
1

2
t2
(
ν
(1)
n0 (y) + ν

(2)
n0 (y)

)
. (5)

Äîâåäåííÿ. Iç óìîâ Mξnk = 0 , Dξnk =
1
n
, îäåðæó¹ìî

ωn (t) =
∣∣∣fn (t√n)− e−

t2

2

∣∣∣ = ∣∣∣∣∫ +∞

−∞
eitx

√
ndFn (x)−

∫ +∞

−∞
eitxdΦ (x)

∣∣∣∣ =
=

∣∣∣∣∫ +∞

−∞
eitxd

(
Fn

(
x√
n

)
− Φ (x)

)∣∣∣∣ =
=

∣∣∣∣∣
∫ +∞

−∞

(
eitx − 1− it− (itx)2

2

)
d

(
Fn

(
x√
n

)
− Φ (x)

)∣∣∣∣∣ =
=

∣∣∣∣t ∫ +∞

−∞

(
Fn

(
x√
n

)
− Φ (x)

)
eitxdx

∣∣∣∣ =
=

∣∣∣∣t ∫ +∞

−∞

(
eitx − 1− itx

)(
Fn

(
x√
n

)
− Φ (x)

)
dx

∣∣∣∣ . (6)

Iç íåðiâíîñòi ( [1], ñò.372)∣∣∣∣∣eiz −
m∑
j=0

(iz)j

j!

∣∣∣∣∣ ≤ 21−γ|z|m+γ

m!(m+ 1)γ
, 0 ≤ γ ≤ 1, (7)

îäåðæó¹ìî

ωn (t) =

∣∣∣∣t ∫ +∞

−∞

(
eitx − 1− itx

)(
Fn

(
x√
n

)
− Φ (x)

)
dx

∣∣∣∣ ≤
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≤ |t|
∫ +∞

−∞

∣∣eitx − 1− itx
∣∣ ∣∣∣∣Fn( x√

n

)
− Φ (x)

∣∣∣∣dx ≤

≤ |t|3

2

∫ +∞

−∞
x2
∣∣∣∣Fn( x√

n

)
− Φ (x)

∣∣∣∣dx =
|t|3

6
κn.

Îòæå, íåðiâíiñòü (1) ëåìè 1 äîâåäåíà. Çà ùîéíî äîâåäåíîþ íåðiâíiñòþ ìà¹ìî:

ωn (t) ≤
|t|3

6

∫ +∞

−∞
3x2

∣∣∣∣Fn( x√
n

)
− Φ (x)

∣∣∣∣ dx ≤

≤ |t|3

6

∫ +∞

−∞
max

(
1, 3x2

) ∣∣∣∣Fn( x√
n

)
− Φ (x)

∣∣∣∣ dx =
|t|3

6
κn0.

Iç ðiâíîñòi (6)

ωn (t) =

∣∣∣∣t ∫ +∞

−∞

(
Fn

(
x√
n

)
− Φ (x)

)
eitxdx

∣∣∣∣ ≤ |t|
∫ +∞

−∞

∣∣∣∣Fn( x√
n

)
− Φ (x)

∣∣∣∣ dx ≤

≤ |t|
∫ +∞

−∞
max

(
1, 3x2

) ∣∣∣∣Fn( x√
n

)
− Φ (x)

∣∣∣∣ dx = |t|κn0.

Îñêiëüêè, ωn (t) ≤ |t|κn0 i ωn (t) ≤ |t|3
6
κn0, òî

ωn (t) ≤ min

(
|t|3

6
κn0, |t|κn0

)
= κn0min

(
|t|3

6
, |t|

)
.

Ïåðøà ÷àñòèíà íåðiâíîñòi (2) ëåìè 1 äîâåäåíà.

Íåõàé min
(
|t| , |t|

3

6

)
= |t| , òîäi |t| ≤ |t|3

6
, 1 ≤ t2

6
, |t|√

6
≥ 1. Òîìó

min

(
|t| , |t|

3

6

)
= |t| ≤ |t| |t|√

6
=

t2√
6
.

ßêùî æ min
(
|t| , |t|

3

6

)
= |t|3

6
, òî |t|√

6
≤ 1 , òîìó

min

(
|t| , |t|

3

6

)
=

|t|3

6
=

t2√
6

|t|√
6
≤ t2√

6
.

Íåðiâíiñòü (2) äîâåäåíà.

ωn (t) =
∣∣∣fn (t√n)− e−

t2

2

∣∣∣ = ∫ +∞

−∞
eitxd

(
Fn

(
x√
n

)
− Φ (x)

)
.

Iç (6) i (7) äëÿ äîâiëüíîãî y > 0

ωn (t) ≤
∫ +∞

−∞

∣∣∣∣d(Fn( x√
n

)
− Φ (x)

)∣∣∣∣ ≤
≤
∫
|x|≤y

max
(
1, |x|3

) ∣∣∣∣d(Fn( x√
n

)
− Φ (x)

)∣∣∣∣+
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+

∫
|x|>y

max
(
1, x2

) ∣∣∣∣d(Fn( x√
n

)
− Φ (x)

)∣∣∣∣ = ν
(1)
n0 (y) + ν

(2)
n0 (y) ,

ωn (t) =

∣∣∣∣∣
∫ +∞

−∞

(
eitx − 1− it− (itx)2

2

)
d

(
Fn

(
x√
n

)
− Φ (x)

)∣∣∣∣∣ ≤
≤
∫
|x|≤y

∣∣∣∣∣
(
eitx − 1− it− (itx)2

2

)∣∣∣∣∣
∣∣∣∣d(Fn( x√

n

)
− Φ (x)

)∣∣∣∣+
+

∫
|x|>y

∣∣∣∣∣
(
eitx − 1− it− (itx)2

2

)∣∣∣∣∣
∣∣∣∣d(Fn( x√

n

)
− Φ (x)

)∣∣∣∣ ≤
≤ |t|3

6

∫
|x|≤y

|x|3
∣∣∣∣d(Fn( x√

n

)
− Φ (x)

)∣∣∣∣+ t2
∫
|x|>y

x2
∣∣∣∣d(Fn( x√

n

)
− Φ (x)

)∣∣∣∣ ≤
≤ |t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y) .

Êðiì òîãî,

ωn (t) =

∣∣∣∣∫ +∞

−∞

(
eitx − 1− it

)
d

(
Fn

(
x√
n

)
− Φ (x)

)∣∣∣∣ ≤
ωn (t) ≤

1

2
t2
∫ +∞

−∞
x2
∣∣∣∣d(Fn( x√

n

)
− Φ (x)

)∣∣∣∣ ≤1

2
t2
(
ν
(1)
n0 (y) + ν

(2)
n0 (y)

)
.

Ëåìà 1 äîâåäåíà.
Ëåìà 2.1 Íåõàé cϵ (0, 2−1) . ßêùî κn0 ≤ c i |t| ≤ T11 =

√
−2lnκn0 , òî∣∣fn (t√n)∣∣ ≤ e−c11t

2

, (8)

äå c11 =
1
2
− 1√

6
> 0,

à ÿêùî κn0 ≤ c i |t| > T11, òî∣∣fn (t√n)∣∣ ≤ 2κn0 |t| . (9)

ßêùî æ κn0 > c, òî ïðè |t| ≤ T12 =
c

κn0
,∣∣fn (t√n)∣∣ ≤ e−c12t

2

, (10)

äå c12 = 1
2
− 1

6
c
√
e > 0.

Äîâåäåííÿ. Áóäåìî âèêîðèñòîâóâàòè íåðiâíiñòü∣∣fn (t√n)∣∣ = ∣∣∣fn (t√n)− e
−t2

2 + e
−t2

2

∣∣∣ ≤ e
−t2

2 + ωn (t) . (11)

Íåõàé κn0 ≤ c i |t| ≤ T11.

Iç (11), íåðiâíîñòi (2) ëåìè 1, âèçíà÷åííÿ T11 (e
(T11)

2

2 = (κn0)−1 ) i íåðiâíîñòi
1 + x ≤ ex ∣∣fn (t√n)∣∣ ≤ e−

t2

2 + κn0
t2√
6
= e−

t2

2

(
1 + e

t2

2 κn0
t2√
6

)
≤
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≤ e−
t2

2

(
1 + e

(T11)
2

2 κn0
t2√
6

)
= e−

t2

2

(
1 +

t2√
6

)
≤ e−

t2

2 e
t2√
6 = e

−t2
(

1
2
− 1√

6

)
.

Íåõàé κn0 ≤ c, |t| > T11.∣∣fn (t√n)∣∣ ≤ e
−t2

2 + ωn (t) ≤ e−
(T11)

2

2 + κn0 |t| .

Îñêiëüêè, e−
(T11)

2

2 = κn0, κn0 ≤ c < 2−1 , à

T11 =
√

−2lnκn0 ≥
√
−2lnc >

√
−2ln2−1 =

√
ln4 > 1,

òî ìè îòðèìà¹ìî íàñòóïíå:∣∣fn (t√n)∣∣ ≤ κn0 (1 + |t|) ≤ 2κn0 |t| .

Ðîçãëÿíåìî íàñòóïíèé âèïàäîê: κn0 > c, |t| ≤ T21, äå T21 = c
κn0

.
Çà óìîâîþ T12 < 1. Iç (11) i (2)

∣∣fn (t√n)∣∣ ≤ e−
t2

2

(
1 + e

t2

2 ωn (t)
)
≤ e−

t2

2

(
1 + e

t2

2 κn0
|t|3

6

)
≤

≤ e−
t2

2

(
1 + e

(T12)
2

2 κn0 T12
t2

6

)
≤ e−

t2

2

(
1 +

√
e κn0

c

κn0
t2√
6

)
≤ e−

t2

2 e
t2c

√
e

6 =

= e−t
2c12 .

Ëåìà 2 äîâåäåíà.
Ëåìà 2.2. Íåõàé c ∈ (0, e−1) .
ßêùî κn ≤ ci |t| ≤ T21 =

√
−2lnκn , òî∣∣fn (t√n)∣∣ ≤ e−t

2c21 , (12)

äå c21 =
1
4
− 1

6

√
−2c lnc > 0;

ßêùî κn ≤ c i |t| > T21, òî∣∣fn (t√n)∣∣ ≤ κn|t|3
(

1

2
√
2
+

1

6

)
. (13)

ßêùî κn > c i |t| ≤ T22 =
c
κn

, òî∣∣fn (t√n)∣∣ ≤ e−t
2c22 , (14)

äå c22 = 1−
√
e
6
c.

Äîâåäåííÿ. Íåõàé κn ≤ c, Iç (11) i íåðiâíîñòi (1) ëåìè 1∣∣fn (t√n)∣∣ ≤ e
−t2

2 + ωn (t) ≤ e
−t2

4

(
e

−t2

4 + e
t2

4 ωn (t)
)
≤

≤ e
−t2

4

(
1 + (κn)−

1
2κn

t2

6
T21

)
= e

−t2

4

(
1 + t2

1

6

√
−2κnlnκn

)
.
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Îñêiëüêè, xlnx ñïàäà¹ íà (0, e−1], à 0 < κn ≤ c < e−1, òî

∣∣fn (t√n)∣∣ ≤ e
−t2

4

(
1 + t2

1

6

√
−2clnc

)
≤ e−t

2( 1
4
− 1

6

√
−2clnc ) = ec21t

2

.

Iç óìîâè 0 < c ≤ e−1 i òîãî, ùî xlnx ñïàäà¹ íà (0, e−1], âèïëèâà¹√
−2clnc ≤

√
2e−1. Òîìó c21 = 1

4
− 1

6

√
−2clnc ≥ 1

4
− 1

6

√
2e−1 > 0.

Íåõàé κn ≤ c, |t| > T21. Îñêiëüêè κn ≤ c ≤ e−1, lnκn ≤ lnc ≤ −1, òî

T21 =
√

−2lnκn ≥
√
2.

Iç (11) i (1)

∣∣fn (t√n)∣∣ ≤ e
−t2

2 + ωn (t) ≤ e
−t2

2 + κn
|t|3

6
≤ e−

(T21)
2

2 + κn
|t|3

6
=

= κn

(
1 +

|t|3

6

)
≤ κn|t|3

(
1

2
√
2
+

1

6

)
.

Íåõàé κn > c, |t| ≤ T22, òîäi iç (11) i (1) ëåìè 1 (T22 < 1)

∣∣fn (t√n)∣∣ ≤ e
−t2

2 +
|t|3

6
κn = e

−t2

2

(
1 + e

t2

2
|t|3

6
κn

)
≤

≤ e
−t2

2

(
1 + t2e

(T22)
2

2
T22
6

κn
)

≤ e
−t2

2

(
1 + t2

√
e

6
c

)
≤ ec22t

2

.

Ëåìà äîâåäåíà.

Ëåìà 2.3. Íåõàé c ∈ (0, 2−4) , ν
(2)
n0 ≤ c, νn0 (y) = max

{
ν
(1)
n0 (y) ; ν

(2)
n0 (y)

}
.

ßêùî νn0 (y) ≤ c i |t| ≤ X1 =
√

−2lnνn0 (y), äå∣∣fn (t√n)∣∣ ≤ e−c1t
2

, (15)

äå c1 =
1
4
−

√
c > 0, à ïðè νn0 (y) ≤ c i |t| > X1, òî∣∣fn (t√n)∣∣ ≤ 3νn0 (y) , (16)

ÿêùî æ νn0 (y) > c, òî ïðè |t| ≤ X2 =
c

ν
(1)
n0 (y)

, òî

∣∣fn (t√n)∣∣ ≤ e−c2t
2

, (17)

äå c2 =
1
2
− 7

6
c
√
e > 0.

Äîâåäåííÿ. Íåõàé νn0 (y) ≤ c, |t| ≤ X1. Òîäi iç (11) i (5) ëåìè 1∣∣fn (t√n)∣∣ ≤ e−
t2

4

(
e−

t2

4 + e
t2

4 ωn (t)
)
≤ e−

t2

4

(
1 + e

t2

4
t2

2

(
ν
(1)
n0 (y) + ν

(2)
n0 (y)

))
≤

≤ e−
t2

4

(
1 + e

X1
2

4 t2νn0 (y)

)
= e−

t2

4

(
1 + t2

√
νn0 (y)

)
≤
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≤ e−
t2

4

(
1 + t2

√
c
)
≤ e−c1t

2

.

ßêùî νn0 (y) ≤ c i |t| > X1, òî iç (11) i (3) ëåìè 1∣∣fn (t√n)∣∣ ≤ e−
X1

2

2 + ν
(1)
n0 (y) + ν

(2)
n0 (y) ≤ 3νn0 (y) .

Ó âèïàäêó νn0 (y) > c iç óìîâ ëåìè 2.3 âèïëèâà¹, ùî ν(1)n0 (y) > c. Iç (4) ëåìè
1 i (11) ïðè |t| ≤ X2 (X2 < 1)∣∣fn (t√n)∣∣ ≤ e−

t2

2

(
1 + e

t2

2 ωn (t)
)
≤

≤ e−
t2

2

(
1 +

√
e

(
|t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y)

))
≤ e−c2t

2

.

≤ e−
t2

2

(
1 +

√
e

(
c

ν
(1)
n0 (y)

t2

6
ν
(1)
n0 (y) + t2c

))
≤ e−c2t

2

.

Ëåìà äîâåäåíà.
Äîâåäåííÿ òåîðåìè 1. Âèêîðèñòà¹ìî íåðiâíiñòü ( [3], ñò.299):

sup
x

|F (x)−G(x)| ≤ 2

π

∫ T

0

|f (t)− g(t)| dt
t
+

24

πT

∣∣∣∣sup
x
G′(x)

∣∣∣∣ . (18)

Ïîêëàäåìî â äàíié íåðiâíîñòi

F (x) = Ôn (x) ; G (x) = Φ (x) ; f (t) = (fn (t))
n; g (t) = e

−t2

2 .

Òîäi

ρn = sup
x

|Φn (x)− Φ(x)| ≤ 2

π

∫ T

0

∣∣∣fnn (t)− e
−t2

2

∣∣∣ dt
t
+

24

π
√
2πT

.

Çðîáèìî çàìiíó t = z
√
n â iíòåãðàëi iç ïðàâî¨ ÷àñòèíè íåðiâíîñòi, òîäi

ρn≤
2

π

∫ T√
n

0

∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣ dt
t
+

24

π
√
2πT

. (19)

Âèêîðèñòà¹ìî ðiâíiñòü

an − bn = (a− b)
n∑
k=1

an−kbk−1,

äå ïîêëàäåìî a = fn (t
√
n) , b = e

−t2

2 , òîäi∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣ ≤ ωn (t)

n∑
k=1

∣∣fn (t√n)∣∣n−k · e−t2

2
(k−1). (20)
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Iç (2) ëåìè 1 i (8), (10) ëåìè 2.1 ïðè |t| ≤ T1m (m = 1 ïðè κn0 ≤ c i m = 2
ïðè κn0 > c)

∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣ ≤ |t|3

6
κn0

n∑
k=1

e−c1mt
2(n−k)e

−t2

2
(k−1) ≤ (21)

≤ |t|3

6
κn0 · ne−c1mt

2(n−1).

Ìè âèêîðèñòàëè, ùî c1m ≤ 1
2
.

Íåõàé n ≥ 2, κn0 > c. Ó (19) ïîêëàäåìî T = T12
√
n, à â íåðiâíîñòi (21)

m = 2, òîäi îäåðæèìî òàêó îöiíêó:

I =

∫ T12

0

∣∣∣fnn (z√n)− e
−z2

2
n
∣∣∣dt
t
≤ κn0n

6

∫ T12

0

t2e−c12t
2(n−1)dt ≤

≤ κn0
n

12[c12 (n− 1)]3/2

∫ ∞

0

z1/2e−zdz ≤ κn0√
n
·

√
2

6
√
c312

Γ

(
3

2

)
. (22)

Òîäi iç (19) äëÿ n ≥ 2 îäåðæèìî

ρn ≤ κn0√
n
C4,

C4 =

√
2

6
√
πc312

+
24

π
√
2πc

.

Íåõàé n ≥ 2 , κn0 ≤ c, X = κ
− n

n+1

n0 c, T
′
= min (T11, X) . Ïîêëàäåìî â (19)

T = X
√
n. Òîäi

I =

∫ X

0

∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣dt
t
=

=

∫ T
′

0

∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣dt
t
+

∫ X

T ′

∣∣fnn (t√n)∣∣ dtt +

∫ X

T ′
e

−t2

2
ndt

t
= I1+I2+I3. (23)

Áóäåìî ðîçãëÿäàòè âèïàäîê T
′
= T11, áî iíàêøå I2 = 0, I3 = 0 i äîâåäåííÿ

ñòà¹ î÷åâèäíèì. Iç íåðiâíîñòi (21), àíàëîãi÷íî äî (22),

I1 ≤
κn0√
n
C5, (24)

äå C5 =
1
12

√
2π
c311
.

Îöiíèìî ñïî÷àòêó iíòåãðàë I2 =
∫ X
T ′ |fnn (t

√
n)|dt

t
.

Iç íåðiâíîñòi (2) ëåìè 1 i íåðiâíîñòi (9) ëåìè 2.1 ïðè n ≥ 2

I2 ≤ (2κn0)
n

∫ X

T11

tn
dt

t
≤ (2κn0)

nX
n

n
=
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=
1

n
(2c)nκ

n
n+1

n0 ≤ (κn0)
n

n+1

√
n

(2c)2√
2
. (25)

Çàëèøèëîñü îöiíèòè I3. Âðàõîâó¹ìî, ùî T11 > 1. Òîäi

I3 =

∫ X

T11

e−
t2

2
ndt

t
≤
∫ ∞

T11

e−
t2

2
ndt

t
=

∫ ∞

T11
√
n

e−
t2

2
dt

t
≤

≤ 1

(T11
√
n)

2 e
− 1

2(T11
√
n)

2

≤ (κn0)n

n
≤ κn0√

n

c√
2
. (26)

Iç (19), (23)�(26) âèïëèâà¹ ñïðàâåäëèâiñòü ïåðøîãî òâåðäæåííÿ òåîðåìè ó
âèïàäêó κn0 ≤ c, n > 1.

Íåõàé n = 1. ßêùî κn0 > c, òî ρ1 ≤ 1 ≤ κn0

ñ
.

ßêùî κn0 ≤ c. Òîäi iç (2) ëåìè 1, íåðiâíîñòi (19), ó ÿêié ïîêëàäåìî T = X,

ρ1 = sup |Φ1 (x)− Φ (x)| ≤ 2

π

∫ T

0

∣∣∣f1 (t)− e−
t2

2

∣∣∣dt
t
+

24

π
√
2πT

≤

≤ 2

π

∫ X

0

κ10t
dt

t
+

24

π
√
2π

(κ10)
1
2

c
=

2

π
κ10X +

24

π
√
2π

(κ10)
1
2

c
=

=
2

π
κ10κ

− 1
2

10 c+
24

π
√
2π

(κ10)
1
2

c
= (κ10)

1
2

(
2

π
c+

24

π
√
2πc

)
.

Ïåðøå òâåðäæåííÿ òåîðåìè ïîâíiñòþ äîâåäåíå.
Äðóãå òâåðäæåííÿ òåîðåìè äîâîäèòüñÿ ïîâíiñòþ àíàëîãi÷íî. Ëèøå âiäçíà-

÷èìî, ùî ó âèïàäêó n ≥ 2 , κn ≤ c ó (19) âèáèðà¹ìî T = X
√
n, äå X =

c(κn)−
n

3n+1 , T
′
= min (T21, X) .

Äîâåäåííÿ òåîðåìè 2. Áóäåìî ââàæàòè, ùî ν
(2)
n0 (y) ≤ c, áî ó âèïàäêó

ν
(2)
n0 (y) > c

ρn ≤ 1 ≤ ν
(2)
n0 (y)

c
i òåîðåìà 2 ñòà¹ î÷åâèäíîþ.
Iç ëåì 1 i 2.3, íåðiâíîñòi (4). (15), (17), ïðè |t| ≤ Xm (m = 1 ïðè νn0 (y) ≤ c i

m = 2 ïðè νn0 (y) > c) îäåðæèìî∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ ≤ ωn (t)

n∑
k=1

∣∣fn (t√n)∣∣n−k · e−t2

2
(k−1) ≤

≤

(
|t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y)

)
n∑
k=1

e−cmt
2(n−k)e

−t2

2
(k−1) ≤

≤ n

(
|t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y)

)
e−cmt

2(n−1). (27)

Íåõàé n ≥ 2, νn0 (y) > c. Òîäi â (19) ïîêëàäåìî T = X2

√
n, à â îñòàííié

íåðiâíîñòi m = 2, òîäi çi (27) îäåðæèìî

ρn ≤ 2

π

∫ X2

0

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣dt
t
+

24

π
√
2πc

ν
(1)
n0 (y)√
n

≤
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≤ 2

π
n

∫ X2

0

(
|t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y)

)
e−c2t

2(n−1)dt

t
+

24

π
√
2πc

ν
(1)
n0 (y)√
n

≤

≤ n

3π
ν
(1)
n0 (y)

∫ ∞

0

t2e−c2t
2(n−1)dt+

2n

π
ν
(2)
n0 (y)

∫ ∞

0

te−c2t
2(n−1)dt+

+
24

π
√
2πc

ν
(1)
n0 (y)√
n

= ν
(1)
n0 (y)

n

3π
· 1

2 [c2 (n− 1)]3/2

∫ ∞

0

z1/2e−zdz+

+ν
(2)
n0 (y)

n

π
· 1

c2 (n− 1)
+

24

π
√
2πc

ν
(1)
n0 (y)√
n

≤

≤ C6
ν
(1)
n0 (y)√
n

+ C7ν
(2)
n0 (y) , (28)

äå C6 =
√
2

6
√
πc32

+ 24
π
√
2πc
, C7 =

2
c2
.

Ïðè n = 1i νn0 (y) > c

ρn ≤ 1 ≤ ν
(2)
n0 (y)

c
≤ 1

c

(
ν
(1)
n0 (y) + ν

(2)
n0 (y)

)
.

Îòæå, ó âèïàäêó νn0 (y) > c, òåîðåìà 2 äîâåäåíà.
Íåõàé n ≥ 2, νn0 (y) ≤ c, òîäi â (26) ïîêëàäåìî T = Y

√
n, Y = c

νn0(y)
i

X
′
= min {X1, Y } . Iíòåãðàë ó (19)

I =

∫ T√
n

0

∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣dt
t
≤
∫ X

′

0

∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣ dt
t
+

+
2

π

∫ Y

X
′

∣∣fn (t√n)∣∣ndt
t
+

∫ Y

X
′
e

−t2

2
n dt

t
=J1 + J2 + J3. (29)

Äëÿ îöiíêè iíòåãðàëà J1, àíàëîãi÷íî äî (28), iç (27) (m = 1) îäåðæèìî

J1 ≤
2

π
n

∫ X
′

0

(
|t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y)

)
e−c1t

2(n−1)dt

t
≤

≤ C8
ν
(1)
n0 (y)√
n

+ C9ν
(2)
n0 (y) , (30)

äå C8 =
√
2

6
√
πc31
, C9 =

2
c1
.

Áóäåìî ââàæàòè, ùî X
′
= X1, áî iíàêøå J2 = 0, J3 = 0 i (??) äëÿ n ≥ 2 ¹

î÷åâèäíîþ.
Iç ëåìè 2.2, íåðiâíiñòü (??), îäåðæèìî

J2 =
2

π

∫ Y

X′

∣∣fn (t√n)∣∣ndt
t
≤ 2

π
(3νn0 (y))

n

∫ Y

X′

dt

t
≤ 2

π
(3νn0 (y))

n Y

X ′ .
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Îñêiëüêè, νn0 (y) ≤ c < 1
16
, òî X1 =

√
−2lnνn0 (y) ≥

√
−2lnc > 2.

Òîìó,

J2 ≤
2

π
(3νn0 (y))

n−1 · 3c
2

≤ 3νn0 (y) ·
3c

π
· (3c)n−2 ≤

≤

(
ν
(1)
n0 (y)√
n

+ ν
(2)
n0 (y)

)
1

πc

√
n(3c)n.

Ïðè n ≥ 2, âèðàç
√
n(3c)n ¹ îáìåæåíèì, òîìó iñíó¹ òàêà ñòàëà C10, ùî

J2 ≤ C10

(
ν
(1)
n0 (y)√
n

+ ν
(2)
n0 (y)

)
. (31)

Îöiíèìî J3 íàñòóïíèì ÷èíîì,

J3 =
2

π

∫ Y

X
′
e

−t2

2
n dt

t
≤ 2

π

∫ ∞

X1
2n
2

e−u
du

u
≤ 1

π

(
X1

2n

2

)−1

· e−
X1

2n
2 ≤

≤ 1

2πn
(νn0 (y))

n ≤ νn0 (y)√
n

· c

2π
≤ c8

(
ν
(1)
n0 (y)√
n

+ ν
(2)
n0 (y)

)
. (32)

Iç (19), (29)�(??) îäåðæó¹ìî ñïðàâåäëèâiñòü òåîðåìè 2 ïðè n ≥ 2 ó âèïàäêó
νn0 (y) ≤ c. Íåõàé n = 1, òîäi

ρ1 = sup
x

|Φ1 (x)− Φ (x)| = sup
x

|H1 (x)| ≤
∫ ∞

−∞
|dH1 (x)| =

=

∫
|x|≤y

|dH1 (x)|+
∫
|x|>y

|dH1 (x)| ≤ ν
(1)
10 (y) + ν

(2)
20 (y) .

Òåîðåìà 2 äîâåäåíà.
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