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ÓÇÀÃÀËÜÍÅÍI ÒÅÎÐÅÌÈ ËÅÂI-ÁÀÊÑÒÅÐÀ ÄËß
ÏÑÅÂÄÎÃÀÓÑÎÂÈÕ ÂÈÏÀÄÊÎÂÈÕ ÂÅÊÒÎÐIÂ

This paper is devoted pseudo-Gaussian random vectors that are both sub-Gaussian and super-
Gaussian. For these vectors prove theorem generalized Levy-Baxter.

Ðîáîòà ïðèñâÿ÷åíà ïñåâäîãàóñîâèì âèïàäêîâèì âåêòîðàì, ÿêi ¹ îäíî÷àñíî ñóáãàóñîâèìè òà
ñóïåðãàóñîâèìè. Äëÿ òàêèõ âåêòîðiâ äîâåäåíî óçàãàëüíåíó òåîðåìó Ëåâi-Áàêñòåðà.

1. Âñòóï.Íåõàé (Ω, F, P )� ñòàíäàðòíèé éìîâiðíiñíèé ïðîñòið, (ξn,k, k = 1, . . . , pn)
� ïîñëiäîâíiñòü ñåðié öåíòðîâàíèõ âèïàäêîâèõ âåëè÷èí, äå (pn, n ≥ 1) � ïîñëi-
äîâíiñòü íàòóðàëüíèõ ÷èñåë, òàêà ùî:

pn → ∞, ïðè n→ ∞.

Êëàñè÷íi òåîðåìè Ëåâi-Áàêñòåðà � öå òâåðäæåííÿ ïðî àñèìïòîòè÷íó ïîâå-
äiíêó ñóì

S(2)
n =

pn∑
k=1

ξ2n,k, n ≥ 1.

Öiêàâèìè ¹ óìîâè, çà ÿêèõ

E
(
S(2)
n − ES(2)

n

)2 → 0, n→ ∞.

Íàéöiêàâiøèì ¹ âèïàäîê, êîëè S(2)
n → const ïðè n→ ∞.

Òåîðåìàì Ëåâi-Áàêñòåðà ïðèñâÿ÷åíî áàãàòî ðîáiò, çîêðåìà ðîáîòè [1] - [3].
Â îñíîâíîìó â öèõ ðîáîòàõ âèâ÷àëèñÿ óìîâè çáiæíîñòi äî íóëÿ â ñåðåäíüîìó
êâàäðàòè÷íîìó àáî ç éìîâiðíiñòþ 1.

Ó äàíié ðîáîòi ðîçãÿäàþòüñÿ óçàãàëüíåíi òåîðåìè Ëåâi-Áàêñòåðà, â ÿêèõ äî-
ñëiäæó¹òüñÿ ïîâåäiíêà ðiçíèöi ñóì êâàäðàòiâ ïñåâäîãàóñîâèõ âèïàäêîâèõ âåêòî-
ðiâ:

∑
n ξ

2
k −

∑
m ξ

2
k.

Êðiì öüîãî íàâîäèòüñÿ îöiíêà ðîçïîäiëó äëÿ êâàäðàòè÷íî¨ ôîðìè ïñåâäîãà-
óñîâîãî âèïàäêîâîãî âåêòîðà.

2. Áàçîâi âèçíà÷åííÿ. Ó öüîìó ðîçäiëi íàâåäåìî êiëüêà îçíà÷åíü, ÿêi
áóäóòü âèêîðèñòàíi ïðè äîâåäåííi îñíîâíèõ ðåçóëüòàòiâ.

Îçíà÷åííÿ 1 (äèâ. [1]). Âèïàäêîâó âåëè÷èíó ξ,Eξ = 0, áóäåìî íàçèâàòè
ñóáãàóñîâîþ, ÿêùî iñíó¹ òàêå a ≥ 0, ùî ∀λ ∈ R:

E exp{λξ} ≤ exp

{
a2λ2

2

}
.

Êëàñ ñóáãàóñîâèõ âèïàäêîâèõ âåëè÷èí ïîçíà÷àòèìåìî Sub(Ω).

×èñëîâà õàðàêòåðèñòèêà τ(ξ) = inf
{
a ≥ 0 : E exp{λξ} ≤ exp

{
λ2a2

2

}
;λ ∈ R

}
íàçèâà¹òüñÿ ñóáãàóñîâñüêèì ñòàíäàðòîì âèïàäêîâî¨ âåëè÷èíè.
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Îçíà÷åííÿ 2 (äèâ. [1]). Öåíòîðîâàíèé âèïàäêîâèé âåêòîð ξ⃗ ∈ Rn, n ≥ 1
íàçèâà¹òüñÿ ñóáãàóñîâèì, ÿêùî iñíó¹ ñèìåòðè÷íèé íåâiä'¹ìíî âèçíà÷åíèé îïå-
ðàòîð B : Rn → Rn, òàêèé ùî

E exp{(u⃗; ξ⃗)} ≤ exp

{
1

2
(Bu⃗; u⃗)

}
, u ∈ Rn.

Áóäåìî íàçèâàòè Â îïåðàòîðîì, ùî ñóïðîâîäæó¹ ñóáãàóñîâèé âåêòîð ξ⃗.

Îçíà÷åííÿ 3 (äèâ. [2]). Öåíòðîâàíà âèïàäêîâà âåëè÷èíà ξ íàçèâà¹òüñÿ
ñóïåðãàóñîâîþ, ÿêùî iñíó¹ òàêå r > 0, ùî ∀λ ∈ R∣∣E exp{iλξ}

∣∣ ≤ exp

{
−r

2λ2

2

}
.

Êëàñ ñóïåðãàóñîâèõ âèïàäêîâèõ âåëè÷èí ïîçíà÷àòèìåìî: Super(Ω).

Ôóíêöiîíàë r(ξ) = sup
{
r > 0 :

∣∣E exp{iλξ}
∣∣ ≤ exp

{
− r2λ2

2

}
;λ ∈ R

}
íàçèâà¹-

òüñÿ ñóïåðãàóñîâèì ñòàíäàðòîì âèïàäêîâî¨ âåëè÷èíè.

Îçíà÷åííÿ 4 (äèâ. [2]). Öåíòðîâàíèé âèïàäêîâèé âåêòîð ξ⃗ ∈ Rn, n ≥ 1 íà-
çèâà¹òüñÿ ñóïåðãàóñîâèì, ÿêùî iñíó¹ ñèìåòðè÷íèé äîäàòíüî âèçíà÷åíèé îïå-
ðàòîð R : Rn → Rn, òàêèé ùî:∣∣E exp{i(λ⃗; ξ⃗)}∣∣ ≤ exp

{
−1

2
(Rλ⃗; λ⃗)

}
, λ ∈ Rn.

Áóäåìî íàçèâàòè R îïåðàòîðîì, ùî ñóïðîâîäæó¹ ñóïåðãàóñîâèé âåêòîð ξ⃗.

Îçíà÷åííÿ 5 (äèâ. [1]). Íåõàé ξ⃗ � n-âèìiðíèé âèïàäêîâèé âåêòîð, n ≥ 1.

ßêùî ξ⃗ ¹ îäíî÷àñíî ñóáãàóñîâèì òà ñóïåðãàóñîâèì âèïàäêîâèì âåêòîðîì, òî ξ⃗
íàçèâà¹òüñÿ ïñåâäîãàóñîâèì. Ïðè n = 1, ξ � ïñåâäîãàóñîâà âèïàäêîâà âåëè÷èíà.

Êëàñ ïñåâäîãàóñîâèõ âèïàäêîâèõ âåêòîðiâ ïîçíà÷àòèìåìî Psg(Ω,Rn) =
= Sub(Ω,Rn)

∩
Super(Ω,Rn). Çà îçíà÷åííÿì iñíó¹ ñèìåòðè÷íèé íåâiä'¹ìíî âè-

çíà÷åíèé îïåðàòîð B : Rn → Rn òà iñíó¹ ñèìåòðè÷íèé äîäàòíüî âèçíà÷åíèé
îïåðàòîð R : Rn → Rn, òàêi ùî ∀λ ∈ Rn:∣∣E exp{(λ⃗; ξ⃗)}∣∣ ≤ exp

{
1

2
(Bλ⃗; λ⃗)

}
,

∣∣E exp{i(λ⃗; ξ⃗)}
∣∣ ≤ exp

{
−1

2
(Rλ⃗; λ⃗)

}
.

Îïåðàòîðè (ìàòðèöi) B òà R íàçèâàþòüñÿ îïåðàòîðàìè (ìàòðèöÿìè), ùî ñó-

ïðîâîäæóþòü ïñåâäîãàóñîâèé âåêòîð ξ⃗.
Ïîçíà÷èìî B � sub-îïåðàòîð, R � super-îïåðàòîð.

Òåîðåìà 1 (äèâ. [1]). Íåõàé ξ⃗ ∈ Psg ( Ω,Rn), R = (rij)
n
i,j=1, B = (bij)

n
i,j=1 �

ìàòðèöi, ùî ñóïðîâîäæóþòü âåêòîð ξ⃗. Òîäi ∀s ∈ (0, 1):

Eexp

{
s

2D̂n

n∑
k=1

(ξ2k − bkk)

}
≤ exp

{
−s
2

} 1√
1− s

,
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Eexp

{
s

2Ďn

n∑
k=1

(rkk − ξ2k)

}
≤ exp

{
s2

4

}
,

äå D̂n =
(∑n

i,j=1(bij)
2
) 1

2
, Ďn =

(∑n
i,j=1(rij)

2
) 1

2
.

3. Òåîðåìè ïðî ïñåâäîãàóñîâi âèïàäêîâi âåêòîðè.

Òåîðåìà 2. Íåõàé (ξ1, . . . , ξn, ξn+1, . . . , ξn+m)
T � ïñåâäîãàóñîâèé âèïàäêîâèé

âåêòîð, n,m ≥ 1, òàêèé ùî ∀λ⃗ ∈ Rn+m âèêîíó¹òüñÿ íàñòóïíå:

∣∣E exp{i(λ⃗; ξ⃗)}
∣∣ ≤ exp

{
−1

2
(Rλ⃗; λ⃗)

}
,

äå R = (rij)
n+m
i,j=1 � super-îïåðàòîð (ñèìåòðè÷íà äîäàòíüî âèçíà÷åíà ìàòðèöÿ),

òà ∣∣E exp{(λ⃗; ξ⃗)}∣∣ ≤ exp

{
1

2
(Bλ⃗; λ⃗)

}
,

äå B = (bij)
n+m
i,j=1 � sub-îïåðàòîð (ñèìåòðè÷íà íåâiä'¹ìíî âèçíà÷åíà ìàòðèöÿ),

ïðè÷îìó B = κR,κ ≥ 1.
Ðîçãëÿíåìî

In,m(s) = Eexp

{
s

2(Gn+m)1/2

n∑
k=1

(ξ2k − κrkk) +
n+m∑
k=n+1

(rkk − ξ2k)

}
,

äå Gn+m =
∑n+m

k,j=1 r
2
kj. Òîäi

In,m(s) ≤ exp
{
−sκ

2

}
(1− 2sκ)−1/4 ,

äå s < 1
2κ .

Äîâåäåííÿ. Äîâåäåìî îáìåæåííÿ íà In,m(s):

In,m(s) = Eexp

{
s

2(Gn+m)1/2

(
n∑
k=1

(ξ2k − κrkk) +
n+m∑
k=n+1

(rkk − ξ2k)

)}
=

= Eexp

{
s

2(Gn+m)1/2

n∑
k=1

(ξ2k − κrkk) +
s

2(Gn+m)1/2

n+m∑
k=n+1

(rkk − ξ2k)

}
≤

≤

(
Eexp

{
2s

2(Gn+m)1/2

n∑
k=1

(ξ2k − κrkk)

})1/2

×

×

(
Eexp

{
2s

2(Gn+m)1/2

n+m∑
k=n+1

(rkk − ξ2k)

})1/2

.

Ïîçíà÷èìî Rn, Rn+m � ìàòðèöi, òàêi ùî Rn = (rik)
n
i,k=1;Rn+m = (rik)

n+m
i,k=n+1.

Êðiì òîãî, Bn = κRn, gn =
∑n

k,j=1 r
2
kj, gn+m =

∑n+m
k,j=n+1 r

2
kj.

Ç òåîðåìè 1 ìà¹ìî:

Eexp

{
2s

2(Gn+m)1/2
κ(gn)1/2

κ(gn)1/2
n∑
k=1

(ξ2k − κrkk)

}
≤ exp

{
−2unκ

2

}
1√

1− 2unκ
,
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ÿêùî ïîçíà÷èòè un = s(gn)1/2

(Gn+m)1/2
, òà ïðè unκ ∗ 2 < 1.

Òàêîæ, ç òåîðåìè 1, ìà¹ìî:

Eexp

{
2s

2(Gn+m)1/2
(gn+m)

1/2

(gn+m)1/2

n+m∑
k=n+1

(rkk − ξ2k)

}
≤ exp

{
(2vn)

2

4

}
,

ÿêùî ïîçíà÷èòè vn = s(gn+m)1/2

(Gn+m)1/2
, òà ïðè 2vn < 1.

Îòæå,

In,m(s) ≤ exp
{
−unκ

2

} 1

(1− 2unκ)1/4
exp

{
2v2n
4

}
=

= exp

{
− sκ(gn)1/2

2(Gn+m)1/2
+

2s2gn+m
4Gn+m

}(
1− 2sκ(gn)1/2

(Gn+m)1/2

)− 1
4

.

Îñêiëüêè gn + gn+m ≤ Gn+m, òî gn+m ≤ Gn+m − gn. Çâiäñè ìà¹ìî íàñòóïíå:

gn+m
Gn+m

≤ Gn+m − gn
Gn+m

= 1− gn
Gn+m

.

Ïîçíà÷èìî fn =
(

gn
Gn+m

)1/2
, fn ≤ 1.

Òîäi

In,m(s) ≤ exp

{
−sκfn

2
+
s2

2
(1− f 2

n)

}
(1− 2sfnκ)−

1
4 =

= exp

{
s2

2

}
exp

{
−sfnκ

2
− s2f 2

n

2

}
(1− 2sfnκ)−

1
4 .

Ïîçíà÷èìî L(u) = exp
{
−uκ

2
− u2

2

}
(1− 2uκ)−

1
4 .

Ëåãêî áà÷èòè, ùî ìàêñèìóì öi¹¨ ôóíêöi¨ äîñÿãà¹òüñÿ â òî÷öi u = 1
2κ .

Ïiäñòàâèìî öå çíà÷åííÿ ó íåðiâíiñòü âèùå òà îòðèìà¹ìî íàñòóïíå:

In,m(s) ≤ exp

{
s2

2

}
exp

{
−sκ

2
− s2

2

}
(1− 2sκ)−

1
4 =

= exp
{
−sκ

2

}
(1− 2sκ)−

1
4 ,

äå s < 1
2κ .

Íàñòóïíà òåîðåìà âèïëèâà¹ ç òåîðåìè 2. Îñêiëüêè, ÿêùî ïåðåíîìåðóâàòè
âåëè÷èíè ξi âèïàäêîâîãî âåêòîðà ξ⃗, òî òâåðäæåííÿ òåîðåìè 2 íå çìiíèòüñÿ.

Òåîðåìà 3. Íåõàé ξ⃗ = (ξ1, . . . , ξN) � ïñåâäîãàóñîâèé âèïàäêîâèé âåêòîð,
N ≥ 1, iç ñóïðîâîäæóþ÷èìè ìàòðèöÿìè RN� ñóïåðãàóñîâà, BN� ñóáãàóñîâà:
BN = κNRN , äå κN ≥ 1, GN =

∑N
j,k=1(r

(N)
kj )2, äå r

(N)
k,j � åëåìåíòè ìàòðèöi RN .

Ïîçíà÷èìî

IZ+,Z−(s) = E exp

{
s

2(GN)1/2
YZ+,Z−

}
,
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äå YZ+,Z− =
∑

k∈Z+(ξ2k − κNr(N)
kk ) +

∑
k∈Z−(r

(N)
kk − ξ2k); òóò Z+, Z− � ìíîæèíè

öiëèõ ÷èñåë âiä 1 äî N òàêi, ùî Z+
∩
Z− = ∅, Z+

∪
Z− = (1, . . . , N).

Òîäi ïðè 0 ≤ s < 1
2κN

òà ∀Z−, Z+ ìà¹ìî:

IZ+,Z−(s) ≤ exp
{
−sκN

2

}
(1− 2sκN)−

1
4 . (1)

Íàñëiäîê 1. Ïîçíà÷èìî

ÎZ+,Z−(s) = E exp

{
s

2(GN)1/2
|YZ+,Z−|

}
.

Òîäi ïðè 0 ≤ s < 1
2κN

, ìà¹ ìiñöå íåðiâíiñòü:

ÎZ+,Z−(s) ≤ 2 exp
{
−sκN

2

}
(1− 2sκN)−

1
4 .

Äîâåäåííÿ. Äîâåäåìî òâåðäæåííÿ íàñëiäêó. Ìà¹ìî íàñòóïíå:

ÎZ+,Z−(s) = E exp

{
s

2(GN)1/2
|YZ+,Z−|

}
≤

≤ E exp

{
s

2(GN)1/2
YZ+,Z−

}
+ E exp

{
s

2(GN)1/2
(−YZ+,Z−)

}
.

Äëÿ ïåðøîãî äîäàíêó ñïðàâåäëèâà íåðiâíiñòü (1). Äëÿ äðóãîãî òàêîæ ñïðàâ-
äæó¹òüñÿ öÿ íåðiâíiñòü, îñêiëüêè âîíà íå çàëåæèòü âiä Z+, Z−.

Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3. Òîäi ∀x > 0 ñïðàâäæó-
¹òüñÿ íåðiâíiñòü:

P

{
s

2(GN)1/2
|YZ+,Z−| > x

}
≤ 2 exp

{
−xκN

2

}
(1− 2κNx)

1
4 .

Äîâåäåííÿ. Ç íåðiâíîñòi ×åáèøåâà ïðè x > 0, s > 0 âèïëèâà¹ íàñòóïíå:

P

{
1

2(GN)1/2
|YZ+,Z−| > x

}
=

= P

{
s

2(GN)1/2
|YZ+,Z−| > sx

}
≤

E exp
{

s
2(GN )1/2

|YZ+,Z−|
}

E exp{sx}
.

Ç òåîðåìè 3 ìà¹ìî:

P

{
s

2(GN)1/2
|YZ+,Z−| > x

}
≤ 2 exp

{
−(
sκN
2

+ sx)
}
(1− 2sκN)−

1
4 . (2)

Ìiíiìóì ïðàâî¨ ÷àñòèíè äîñÿãà¹òüñÿ ïðè s = κ2
Nx

1+2κNx
.

Ëåãêî áà÷èòè, ùî òóò s < 1
2κN

.
Ïiäñòàâèìî öå çíà÷åííÿ â (2) òà îòðèìà¹ìî òâåðäæåííÿ òåîðåìè.
4. Óçàãàëüíåíi òåîðåìè Ëåâi-Áàêñòåðà äëÿ ïñåâäîãàóñîâèõ âèïàä-

êîâèõ âåêòîðiâ.
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Òåîðåìà 5. Íåõàé ξ⃗N� ïîñëiäîâíiñòü ïñåâäîãàóñîâèõ âèïàäêîâèõ âåêòîðiâ,
N ≥ 1, äëÿ êîæíîãî ç ÿêèõ âèêîíóþòüñÿ óìîâè òåîðåìè 3.

Íåõàé iñíó¹ êîíñòàíòà c, òàêà ùî
∑

k∈Z+ κNr(N)
kk −

∑
k∈Z− r

(N)
kk → c, ïðè

N → ∞.
Ââåäåìî íàñòóïíi ïîçíà÷åííÿ: IZ+,Z−,N =

∑
k∈Z+ ξ2k −

∑
k∈Z− ξ2k òà FN =∑

k∈Z+ κNr(N)
kk −

∑
k∈Z− r

(N)
kk − c, äå r

(N)
kj � åëåìåíòè ìàòðèöi RN .

Òîäi
IZ+,Z−,N → c

çà éìîâiðíiñòþ, ÿêùî GN → 0, ïðè N → ∞, òà ñïðàâäæó¹òüñÿ íàñòóïíà
íåðiâíiñòü ïðè y > FN :

P

{∣∣∣∣∣∑
k∈Z+

ξ2k −
∑
k∈Z−

ξ2k − c

∣∣∣∣∣ > y

}
≤ 2 exp

{
−(y − FN)κN

8(GN)1/2

}(
1 +

2κN(y − FN)

(GN)1/2

) 1
4

,

äå GN =
∑N

j,k=1(r
(N)
kj )2.

Äîâåäåííÿ. Ç òåîðåìè 4 âèïëèâà¹, ùî

P

{∣∣∣∣∣∑
k∈Z+

ξ2k −
∑
k∈Z−

ξ2k − c

∣∣∣∣∣ > y

}
=

= P

{∑
k∈Z+ ξ2k −

∑
k∈Z− ξ2k − (

∑
k∈Z+ κNr(N)

kk −
∑

k∈Z− r
(N)
kk ) + FN

4(GN)1/2
>

>
y

4(GN)1/2

}
=

= P

{∑
k∈Z+ ξ2k −

∑
k∈Z− ξ2k − (

∑
k∈Z+ κNr(N)

kk −
∑

k∈Z− r
(N)
kk )

4(GN)1/2
>

>
y − FN
4(GN)1/2

}
≤

≤ 2 exp

{
−(y − FN)κN

8(GN)1/2

}(
1 + 2κN

(y − FN)

4(GN)1/2

) 1
4

.

Ç öi¹¨ íåðiâíîñòi âèïëèâà¹ òâåðäæåííÿ òåîðåìè.

Çàóâàæåííÿ 1. Óçàãàëüíåíà òåîðåìà Ëåâi-Áàêñòåðà ïðè Z− = ∅ íàáóâà¹
âèãëÿäó òåîðåìè Ëåâi-Áàêñòåðà.
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