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It is described the Auslander algebra for the matrix representations of the semigroup of all
transformations of the two elements set over a �eld of any characteristic.

Îïèñàíà àëãåáðà Àóñëåíäåðà äëÿ ìàòðè÷íèõ çîáðàæåíü íàïiâãðóïè âñiõ ïåðåòâîðåíü äâîåëå-
ìåíòíî¨ ìíîæèíè íàä ïîëåì äîâiëüíî¨ õàðàêòåðèñòèêè.

Ìàòðè÷íi çîáðàæåííÿ ñêií÷åííèõ ãðóï íàä ïîëÿìè âèâ÷åíi äîñòàòíüî äîáðå. Ó
êëàñè÷íîìó âèïàäêó (êîëè õàðàêòåðèñòèêà p ïîëÿ K íå äiëèòü ïîðÿäêó ñêií-
÷åííî¨ ãðóïè), ãðóïà ìà¹ ñêií÷åííèé çîáðàæóâàëüíèé òèï; áiëüø òîãî, ó öüî-
ìó âèïàäêó êîæíå íåðîçêëàäíå çîáðàæåííÿ ¹ íåçâiäíèì i âñi âîíè âè÷åðïó-
þòüñÿ ïðÿìèìè äîäàíêàìè ðåãóëÿðíîãî çîáðàæåííÿ. Ó ìîäóëÿðíîìó âèïàäêó
(êîëè õàðàêòåðèñòèêà p äiëèòü ïîðÿäîê ãðóïè), ãðóïà ìà¹ ñêií÷åííèé çîáðà-
æóâàëüíèé òèï òîäi i ëèøå òîäi, êîëè ¨¨ ñèëiâñüêà p-ïiäãðóïà ¹ öèêëi÷íîþ.
Ó ìîäóëÿðíîìó âèïàäêó áiëüøiñòü ñêií÷åííèõ ãðóï ¹ äèêèìè, òîáòî çàäà÷à ïðî
îïèñ ¨õ çîáðàæåíü âêëþ÷à¹ â ñåáå çàäà÷ó ïðî êëàñèôiêàöiþ ïàð ìàòðèöü ç òî÷-
íiñòþ äî ïîäiáíîñòi; òî÷íi îçíà÷åííÿ ðó÷íèõ òà äèêèõ çàäà÷ äèâ. â [1]. Ðó÷íi òà
äèêi ãðóïè äëÿ öüîãî âèïàäêó ïîâíiñòþ îïèñàíi â ðîáîòi [2].

Ìàòðè÷íi çîáðàæåííÿ íàïiâãðóï íàä ïîëÿìè âèâ÷åíi íå â òàêié ìiði, ÿê çîá-
ðàæåííÿ ãðóï. Íàéáiëüøå ðîáiò ïðèñâÿ÷åíà âèâ÷åííþ íåçâiäíèõ çîáðàæåíü òà
êëàñiâ íàïiâãðóï, âñi íåðîçêëàäíi çîáðàæåííÿ ÿêèõ ¹ íåçâiäíèìè (äèâ., íàïð.,
ìîíîãðàôi¨ [3,4]), òîùî. Ñåðåä iíøèõ âèïàäêiâ âèäiëèìî âiäîìi ðåçóëüòàòè ç òåî-
ði¨ çîáðàæåíü àëãåáð, ÿêi ëåãêî ïåðåôîðìóëþâàòè â òåðìiíàõ çîáðàæåíü íàïiâ-
ãðóï (íàïðèêëàä, îïèñ çîáðàæåíü àëãåáðè < a, b | ab = ba = 0 > [5,6] ÷è àëãåáðè
< a, b | a2 = b2 = 0 > [7, 8]) i äåÿêi ðåçóëüòàòè ïðî íàïiâãðóïè ñêií÷åííîãî çîá-
ðàæóâàëüíîãî òèïó: âèïàäîê ñêií÷åííî¨ öiëêîì ïðîñòî¨ íàïiâãðóïè [9] òà äåÿêi
íåìîäóëÿðíi âèïàäêè íàïiâãðóï âñiõ ïåðåòâîðåíü ñêií÷åííî¨ ìíîæèíè [10,11].

Ó öié ñòàòòi ìè îïèñó¹ìî àëãåáðó Àóñëåíäåðà äëÿ ìàòðè÷íèõ çîáðàæåíü
íàïiâãðóïè T2 âñiõ ïåðåòâîðåíü ìíîæèíè iç äâîõ åëåìåíòiâ, ÿê ó çâè÷àéíîìó
âèïàäêó, êîëè õàðàêòåðèñòèêà ïîëÿ íå äîðiâíþ¹ 2, òàê i â ìîäóëÿðíîìó âèïàäêó,
êîëè õàðàêòåðèñòèêà ïîëÿ äîðiâíþ¹ 2. Íåðîçêëàäíi çîáðàæåííÿ ó öèõ âèïàäêàõ
îïèñàíî âiäïîâiäíî â ðîáîòàõ [10] i [12] (äèâ. íèæ÷å ïóíêò 2).

1. Íàïiâãðóïà representation type of the full transformation T2T2T2.
Íàïiâãðóïà âñiõ ïåðåòâîðåíü (âiäîáðàæåíü â ñåáå) äâîåëåìåíòíî¨ ìíîæèíè {1, 2}
ïîçíà÷à¹òüñÿ íàìè ÷åðåç T2. Âîíà ñêëàäà¹òüñÿ iç ÷îòèðüîõ åëåìåíòiâ e, a, b, c:

e(1) = 1, e(2) = 2; a(1) = 2, a(2) = 1;

b(1) = 2, b(2) = 2; c(1) = 1, c(2) = 1.

Îñêiëüêè e � îäèíè÷íèé åëåìåíò íàïiãðóïè i a2 = e, b2 = b, ab = b, ba = c,
c2 = c, ac = c, bc = c, ca = b, cb = b, òî e, a, b óòâîðþþòü ñèñòåìó òâiðíèõ iç
íàñòóïíèìè âèçíà÷àëüíèìè ñïiââiäíîøåííÿìè:
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1) e2 = e, ea = ae = a, eb = be = b;
2) a2 = e, b2 = b;
3) ab = b.
Ìàòðè÷íå çîáðàæåííÿ ðîçìiðíîñòi n íàïiâãðóïè T = T2 íàä ïîëåì K � öå

(çãiäíî çàãàëüíîãî îçíà÷åííÿ ìàòðè÷íîãî çîáðàæåííÿ íàïiâãðóïè) äîâiëüíèé
ãîìîìîðôiçì X : T → Mn(K) íàïiâãðóïè T â íàïiâãðóïó Mn(K) âñiõ êâàäðàò-
íèõ ìàòðèöü ðîçìiðó n × n íàä ïîëåì K (n � íàòóðàëüíå ÷èñëî). Çàóâàæèìî,
ùî â çàãàëüíîìó îçíà÷åííi íi÷îãî íå ãîâîðèòüñÿ ïðî îäèíè÷íèé åëåìåíò íàïiâ-
ãðóïè (áî éîãî ìîæå i íå áóòè), àëå ó âèïàäêó, êîëè îäèíèöÿ â íàïiâãðóïi ¹,
ïðàêòè÷íî ìîæíà ââàæàòè, ùî ãîìîìîðôiçì ïåðåâîäèòü ¨¨ ó îäèíè÷íó ìàòðèöþ
(äèâ. íèæ÷å); ìè áóäåìî ðîçãëÿäàòè ëèøå òàêi çîáðàæåííÿ). Òîäi çîáðàæåííÿ
X : T2 →Mn(K) íàïiâãðóïè T = T2 îäíîçíà÷íî çàäà¹òüñÿ ïàðîþ ìàòðèöü

R = {A = X(a), B = X(b)},

ùî çàäîâîëüíÿþòü íàñòóïíi ðiâíîñòi: A2 = E, B2 = B, AB = B.
Åêâiâàëåíòíiñòü ìàòðè÷íèõ çîáðàæåíüR = {A,B} i R′ = {A′, B′} íàïiâãðóïè

T2 îçíà÷à¹ iñíóâàííÿ îáîðîòíî¨ ìàòðèöi C òàêî¨, ùî A′ = CAC−1 i B′ = CBC−1

(àáî, ùî òå æ ñàìå, A′C = CA i B′C = CB, ùî ïðàêòè÷íî áiëüø çðó÷íiøå, áî
ìà¹ìî ëiíiéíi âiäíîñíî C ðiâíîñòi).

Ïðÿìà ñóìà ìàòðè÷íèõ çîáðàæåíü R = {A,B} i R′ = {A′, B′} íàïiâãðóïè T2
� öå ìàòðè÷íå çîáðàæåííÿ R⊕R′ = {A⊕ A′, B ⊕B′}, äå

A⊕ A′ =

(
A 0
0 A′

)
, B ⊕B′ =

(
B 0
0 B′

)
.

Çîáðàæåííÿ R íàçèâà¹òüñÿ ðîçêëàäíèì, ÿêùî âîíî åêâiâàëåíòíå ïðÿìié ñó-
ìi äâîõ çîáðàæåíü, i íåðîçêëàäíèì â iíøîìó ðàçi. Äëÿ ìàòðè÷íèõ çîáðàæåíü
íàïiâãðóïè T = T2 (ÿê i äëÿ áóäü-ÿêî¨ ñêií÷åííîâèìiðíî¨ àëãåáðè) ìà¹ ìiñöå
òåîðåìà Êðóëëÿ-Øìiäòà ïðî îäíîçíà÷íiñòü ðîçêëàäó äîâiëüíîãî ìàòðè÷íîãî
çîáðàæåííÿ â ïðÿìó ñóìó íåðîçêëàäíèõ.

Ìàòðè÷íå çîáðàæåííÿ íàïiãðóïè T = T2 íàçèâà¹òüñÿ ìîäóëÿðíèì, ÿêùî õà-
ðàêòåðèñòèêà ïîëÿ K, íàä ÿêèì âîíî ðîçãëÿäà¹òüñÿ, äîðiâíþ¹ 2 (áî íàïiâãðóïà
T2 ìà¹ ¹äèíó íåòðèâiàëüíó ïiäãðóïó, ïîðîäæåíó åëåìåíòîì a ïîðÿäêó 2).

Âèùå ìè ãîâîðèëè, ùî ó âèïàäêó, êîëè íàïiâãðóïà ìà¹ îäèíè÷íèé åëåìåíò,
ïðàêòè÷íî ìîæíà ââàæàòè, ùî ìàòðè÷íå çîáðàæåííÿ çiñòàâëÿ¹ éîìó îäèíè÷íó
ìàòðèöþ.

Áiëüø òî÷íî, ìà¹ ìiñöå íàñòóïíèé ôàêò.
ßêùî X : S → Mn(K) � ìàòðè÷íå çîáðàæåííÿ äåÿêî¨ íàïiâãðóïè S (äèâ.

âèùå âiäïîâiäíi ïîçíà÷åííÿ) i S ìiñòèòü îäèíè÷íèé åëåìåíò e, òî çîáðàæåííÿ
X åêâiâàëåíòíå ïðÿìié ñóìi çîáðàæåíü X1 i X2, òàêèõ ùî X1(e) � îäèíè÷íà
ìàòðèöÿ i X2(s) = 0 äëÿ äîâiëüíîãî s ∈ S. Iíøèìè ñëîâàìè, ÿêùî â îçíà÷åííi
ìàòðè÷íîãî çîáðàæåííÿ íàïiãðóïè ç îäèíèöåþ ìè äîäàòêîâî áóäåìî âèìàãà-
òè, ùîá îäèíè÷íîìó åëåìåíòó âiäïîâiäàëà îäèíè÷íà ìàòðèöÿ, òî ìè âòðàòèìî
ëèøå îäíå íåðîçêëàäíå çîáðàæåííÿ, à ñàìå çîáðàæåííÿ, âñi ìàòðèöi ÿêîãî ¹
íóëüîâèìè ïîðÿäêó 1.

Äiéñíî, îñêiëüêè ìàòðèöÿ Q = X1(e) iäåìïîòåíòíà, òî iç äîáðå âiäîìî¨ òåîðå-
ìè ïðî êàíîíi÷íó ôîðìó Æîðäàíà áåçïîñåðåäíüî âèïëèâà¹, ùî iñíó¹ îáîðîòíà
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ìàòðèöÿ C òàêà, ùî Q = CQ0C
−1, äå

Q0 =

(
E 0
0 0

)
;

òóò i íàäàëi E ïîçíà÷à¹ îäèíè÷íó ìàòðèöþ (äîâiëüíîãî ïîðÿäêó m ≥ 0).
Ðîçãëÿíåìî ìàòðè÷íå çîáðàæåííÿ X̂ : s → C−1X(s)C (åêâiâàëåíòíå çîáðà-

æåííþ X), ÿêå çiñòàâëÿ¹ îäèíè÷íîìó åëåìåíòó e ìàòðèöþ Q0. Iç ðiâíîñòåé
X̂(e)X̂(s) = X̂(s)X̂(e) = X̂(s) (äëÿ äîâiëüíîãî s ∈ S) i X̂(e) = Q0, âèïëèâà¹, ùî
â ìàòðèöi

X̂(s) =

(
X̂(s)11 X̂(s)12
X̂(s)21 X̂(s)22

)

(ðîçáèòî¨ íà ãîðèçîíòàëüíi òà âåðòèêàëüíi ñìóãè òàêèì æå ÷èíîì, ÿê i ìàòðèöÿ
Q0) áëîêè X̂(s)12, X̂(s)21, X̂(s)22 ¹ íóëüîâèìè, çâiäêè ìà¹ìî, ùî çîáðàæåííÿ
X̂(s) ¹ ïðÿìîþ ñóìîþ çîáðàæåííÿ X1 : s → X̂(s)11, ÿêå çiñòàâëÿ¹ îäèíè÷íîìó
åëåìåíòó e îäèíè÷íó ìàòðèöþ X̂(e)11, òà çîáðàæåííÿX2 : s→ X̂(s)22, äëÿ ÿêîãî
âñi ìàòðèöi X̂(s)22 ¹ íóëüîâèìè.

2. Îïèñ ìàòðè÷íèõ çîáðàæåíü íàïiâãðóïè T2T2T2. Ñêií÷åííîâèìiðíi íå-
ðîçêëàäíi ìîäóëi íàä íàïiâãðóïîâîþ àëãåáðîþ KT2 ó íåìîäóëÿðíîìó âèïàäêó
îïèñàíi (ç òî÷íiñòþ äî içîìîðôiçìó) â ðîáîòi [10]. Ïåðåôîðìóëþ¹ìî öåé ðåçóëü-
òàò íà ìîâi ìàòðè÷íèõ çîáðàæåíü ñàìî¨ íàïiâãðóïè T2.

Òåîðåìà 1. Íåðîçêëàäíi ìàòðè÷íi çîáðàæåííÿ íàïiâãðóïè T2 íàä ïîëåì
K õàðàêòåðèñòèêè p ̸= 2 âè÷åðïóþòüñÿ, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi,
íàñòóïíèìè (ïîïàðíî íååêâiâàëåíòíèìè) çîáðàæåííÿìè:

1) a→ 1, b→ 0;

2) a→ −1, b→ 0;

3) a→ 1, b→ 1;

4) a→
(

1 0
0 −1

)
, b→

(
1 1
0 0

)
.

Íåðîçêëàäíi ìàòðè÷íi çîáðàæåííÿ íàïiâãðóïè T2 ó ìîäóëÿðíîìó âèïàäêó
îïèñàíi â ðîáîòi [12].

Òåîðåìà 2. Íåðîçêëàäíi ìàòðè÷íi çîáðàæåííÿ íàïiâãðóïè T2 íàä ïîëåì K
õàðàêòåðèñòèêè 2 âè÷åðïóþòüñÿ, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi, íàñòóïíè-
ìè (ïîïàðíî íååêâiâàëåíòíèìè) çîáðàæåííÿìè:

1) a→ 1, b→ 0;

2) a→ 1, b→ 1;

3) a→
(

1 1
0 1

)
, b→

(
0 0
0 0

)
;

4) a→
(

1 1
0 1

)
, b→

(
1 0
0 0

)
;

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �1 (30)



56 Å. Ì. ÊÎÑÒÈØÈÍ

5) a→

 1 0 1
0 1 1
0 0 1

, b→

 1 0 0
0 0 0
0 0 0

.
3. Ôîðìóëþâàííÿ îñíîâíèõ òåîðåì. Àëãåáðîþ Àóñëåíäåðà àëãåáðè

ñêií÷åííîãî çîáðàæóâàëüíîãî òèïó (òîáòî, ÿêà ìà¹ ñêií÷åííå ÷èñëî êëàñiâ åêâi-
âàëåíòíîñòi íåðîçêëàäíèõ çîáðàæåíü) íàçèâà¹òüñÿ àëãåáðà åíäîìîðôiçìiâ ïðÿ-
ìî¨ ñóìè âñiõ íåðîçêëàäíèõ çîáðàæåíü (iç êîæíîãî êëàñó åêâiâàëåíòíîñòi íåðîç-
êëàäíèõ çîáðàæåíü òðåáà âçÿòè îäèí ïðåäñòàâíèê). ßêùî çîáðàæåííÿ ðîçãëÿ-
äàòè â ìàòðè÷íîìó âèãëÿäi, òî àëãåáðà Àóñëåíäåðà áóäå ðåàëiçîâóâàòèñü òàêîæ
â ìàòðè÷íîìó âèãëÿäi i â öüîìó âèïàäêó ïðèðîäíî íàçèâàòè ¨¨ ìàòðè÷íîþ àë-
ãåáðîþ Àóñëåíäåðà.

Íàãàäà¹ìî, ùî åíäîìîðôiçì ìàòðè÷íîãî çîáðàæåííÿ T àëãåáðû Λ � öå äî-
âiëüíà ìàòðèöÿ X òàêà, ùî T (y)X = XT (y) äëÿ áóäü-ÿêîãî y ∈ Λ.

Î÷åâèäíî, ùî ìàòðè÷íà àëãåáðà Àóñëåíäåðà íå çàëåæèòü âiä âèáîðó ïðåä-
ñòàâíèêiâ â êëàññàõ åêâiâàëåíòíîñòi ó òîìó ñåíñi, ùî âñi îòðèìàíi òàêèì ÷èíîì
àëãåáðè áóäóòü ñïðÿæåíi ÿê ïiäàëãåáðè âiäïîâiäíî¨ ïîâíî¨ ìàòðè÷íî¨ àëãåáðè.

Îñêiëüêè ìiæ çîáðàæåííÿìè íàïiâãðóïè òà çîáðàæåííÿìè ¨¨ íàïiâãðóïîâî¨
àëãåáðè iñíó¹ ïðèðîäíà âçà¹ìíî îäíîçíà÷íà âiäïîâiäíiñòü, òî ìîæíà ãîâîðèòè
ïðî àëãåáðó Àóñëåíäåðà íàïiâãðóï.

Ñôîðìóëþ¹ìî îñíîâíi ðåçóëüòàòè öi¹¨ ñòàòòi.

Òåîðåìà 3. ßêùî K � ïîëå õàðàêòåðèñòèêè p ̸= 2, òî ìàòðè÷íà àëãåáðà
Àóñëåíäåðà äëÿ íàïiâãðóïè T2 ñêëàäà¹òüñÿ ç óñiõ ìàòðèöü âèãëÿäó

X =


x11 0 x13 0 0
0 x11 0 0 0
0 0 x33 0 0
0 0 0 x44 0
0 x52 0 0 x55

 ,

äå xij− åëåìåíòè ïîëÿ K.

Òåîðåìà 4. ßêùî K � ïîëå õàðàêòåðèñòèêè 2, òî ìàòðè÷íà àëãåáðà
Àóñëåíäåðà äëÿ íàïiâãðóïè T2 ñêëàäà¹òüñÿ ç óñiõ ìàòðèöü âèãëÿäó

X =



x11 0 0 0 0 0 0 x18 0
0 x11 x23 0 x25 0 x27 0 x29
0 0 x11 0 0 0 0 0 0
x41 0 0 x44 0 0 0 x48 0
0 0 x41 0 x44 0 0 0 0
0 x62 x63 0 x65 x66 x67 0 x69
0 0 x62 0 0 0 x66 0 0
0 0 0 0 0 0 0 x88 0
0 0 x93 0 x95 0 x97 0 x99


,

äå xij− åëåìåíòè ïîëÿ K.
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4. Äîâåäåííÿ òåîðåìè 3. Ðîçãëÿíåìî íàñòóïíó ïðÿìó ñóìó íåðîçêëàäíèõ
çîáðàæåíü, âêàçàíèõ â òåîðåìi 1:

a→ A0 =


1 0 0 0 0
0 −1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 −1

 ,

b→ B0 =


1 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0

 .

Íåõàé X− åëåìåíò ìàòðè÷íî¨ àëãåáðè Àóñëåíäåðà, òîáòî ìàòðèöÿ

X =


x11 x12 x13 x14 x15
x21 x22 x23 x24 x25
x31 x32 x33 x34 x35
x41 x42 x43 x44 x45
x51 x52 x53 x54 x55


òàêà, ùî A0X = XA0, B0X = XB0. Ñêàëÿðíi ðiâíîñòi âèãëÿäó (A0X)ij =
(XA0)ij i (B0X)ij = (XB0)ij áóäåìî ïîçíà÷àòè âiäïîâiäíî (1; i, j) i (2; i, j).

Ðîçãëÿíåìî ñïî÷àòêó ðiâíiñòü A0X = XA0. Âîíà åêâiâàëåíòíà íàñòóïíèì
ñêàëÿðíèì ðiâíîñòÿì:

(1; 1, 2) : x12 = −x12, (1; 2, 4) : −x24 = x24, (1; 4, 5) : x45 = −x45,
(1; 1, 5) : x15 = −x15, (1; 3, 2) : x32 = −x32, (1; 5, 1) : −x51 = x51,
(1; 2, 1) : −x21 = x21, (1; 3, 5) : x35 = −x35, (1; 5, 3) : −x53 = x53,
(1; 2, 3) : −x23 = x23, (1; 4, 2) : x42 = −x42, (1; 5, 4) : −x54 = x54.

Îòæå, ìàòðèöÿ X ìà¹ âèãëÿä

X =


x11 0 x13 x14 0
0 x22 0 0 x25
x31 0 x33 x34 0
x41 0 x43 x44 0
0 x52 0 0 x55

 .

Òåïåð âèêîðèñòà¹ìî ðiâíiñòü B0X = XB0:

(2; 1, 2) : x22 = x11, (2; 3, 2) : 0 = x31, (2; 4, 1) : 0 = x41,
(2; 1, 4) : x14 = 0, (2; 3, 4) : x34 = 0, (2; 4, 3) : 0 = x43,
(2; 1, 5) : x25 = 0.
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Çâiäñè ìà¹ìî, ùî

X =


x11 0 x13 0 0
0 x11 0 0 0
0 0 x33 0 0
0 0 0 x44 0
0 x52 0 0 x55

 .

Òåîðåìà äîâåäåíà.

5. Äîâåäåííÿ òåîðåìè 4. Äîâåäåííÿ ïðîâîäèòüñÿ ïî òié æå ñõåìi, ùî i
äîâåäåííÿ ïîïåðåäíüî¨ òåîðåìè.

Ðîçãëÿíåìî íàñòóïíó ïðÿìó ñóìó íåðîçêëàäíèõ çîáðàæåíü, âêàçàíèõ â òåî-
ðåìi 2:

a→ A0 =



1 0 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 1 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1


,

b→ B0 =



1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0


.

Íåõàé X− åëåìåíò ìàòðè÷íî¨ àëãåáðè Àóñëåíäåðà, òîáòî ìàòðèöÿ

X =



x11 x12 x13 x14 x15 x16 x17 x18 x19
x21 x22 x23 x24 x25 x26 x27 x28 x29
x31 x32 x33 x34 x35 x36 x37 x38 x39
x41 x42 x43 x44 x45 x46 x47 x48 x49
x51 x52 x53 x54 x55 x56 x57 x58 x59
x61 x62 x63 x64 x65 x66 x67 x68 x69
x71 x72 x73 x74 x75 x76 x77 x78 x79
x81 x82 x83 x84 x85 x86 x87 x88 x89
x91 x92 x93 x94 x95 x96 x97 x98 x99


òàêà, ùî A0X = XA0, B0X = XB0. Ñêàëÿðíi ðiâíîñòi âèãëÿäó (A0X)ij =
(XA0)ij i (B0X)ij = (XB0)ij áóäåìî ïîçíà÷àòè âiäïîâiäíî (3; i, j) i (4; i, j).
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Ðîçãëÿíåìî ñïî÷àòêó ìàòðè÷íó ðiâíiñòü B0X = XB0. Âîíà åêâiâàëåíòíà
íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

(3; 1, 2) : x12 = 0, (3; 3, 1) : 0 = x31, (3; 5, 1) : 0 = x31, (3; 8, 2) : x82 = 0,
(3; 1, 3) : x13 = 0, (3; 3, 4) : 0 = x34, (3; 5, 4) : 0 = x34, (3; 8, 3) : x83 = 0,
(3; 1, 5) : x15 = 0, (3; 3, 8) : 0 = x38, (3; 5, 8) : 0 = x38, (3; 8, 5) : x85 = 0,
(3; 1, 6) : x16 = 0, (3; 4, 2) : x42 = 0, (3; 6, 1) : 0 = x61, (3; 8, 6) : x86 = 0,
(3; 1, 7) : x17 = 0, (3; 4, 3) : x43 = 0, (3; 6, 4) : 0 = x64, (3; 8, 7) : x87 = 0,
(3; 1, 9) : x19 = 0, (3; 4, 5) : x45 = 0, (3; 6, 8) : 0 = x68, (3; 8, 9) : x89 = 0,
(3; 2, 1) : 0 = x21, (3; 4, 6) : x46 = 0, (3; 7, 1) : 0 = x71, (3; 9, 1) : 0 = x91,
(3; 2, 4) : 0 = x24, (3; 4, 7) : x47 = 0, (3; 7, 4) : 0 = x74, (3; 9, 4) : 0 = x94,
(3; 2, 8) : 0 = x28, (3; 4, 9) : x49 = 0, (3; 7, 8) : 0 = x78, (3; 9, 8) : 0 = x98.

Îòæå, ìàòðèöÿ X ìà¹ íàñòóïíèé âèãëÿä:

X =



x11 0 0 x14 0 0 0 x18 0
0 x22 x23 0 x25 x26 x27 0 x29
0 x32 x33 0 x35 x36 x37 0 x39
x41 0 0 x44 0 0 0 x48 0
0 x52 x53 0 x55 x56 x57 0 x59
0 x62 x63 0 x65 x66 x67 0 x69
0 x72 x73 0 x75 x76 x77 0 x79
x81 0 0 x84 0 0 0 x88 0
0 x92 x93 0 x95 x96 x97 0 x99


.

Òåïåð âèêîðèñòà¹ìî ðiâíiñòü A0X = XA0:

(4; 1, 2) : x32 = 0, (4; 4, 2) : x52 = 0, (4; 6, 5) : x75 = 0,
(4; 1, 3) : x33 = x11, (4; 4, 3) : x53 = x41, (4; 6, 6) : x76 = 0,
(4; 1, 5) : x35 = x14, (4; 4, 5) : x55 = x44, (4; 6, 7) : x77 = x66,
(4; 1, 6) : x36 = 0, (4; 4, 6) : x56 = 0, (4; 6, 9) : x79 = 0,
(4; 1, 7) : x37 = 0, (4; 4, 7) : x57 = 0, (4; 8, 3) : 0 = x81,
(4; 1, 9) : x39 = 0, (4; 4, 9) : x59 = 0, (4; 8, 5) : 0 = x84,
(4; 2, 3) : x33 = x22, (4; 6, 2) : x72 = 0, (4; 9, 3) : 0 = x92,
(4; 2, 5) : x35 = 0, (4; 6, 3) : x73 = x62, (4; 9, 7) : 0 = x96,
(4; 2, 7) : x37 = x26.

Çâiäñè ìà¹ìî, ùî

X =



x11 0 0 0 0 0 0 x18 0
0 x11 x23 0 x25 0 x27 0 x29
0 0 x11 0 0 0 0 0 0
x41 0 0 x44 0 0 0 x48 0
0 0 x41 0 x44 0 0 0 0
0 x62 x63 0 x65 x66 x67 0 x69
0 0 x62 0 0 0 x66 0 0
0 0 0 0 0 0 0 x88 0
0 0 x93 0 x95 0 x97 0 x99


.

Òåîðåìà äîâåäåíà.
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