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ÏÎÁÓÄÎÂÀ ËIÍIÉÍÈÕ ÁÀÃÀÒÎÊÐÎÊÎÂÈÕ ÌÅÒÎÄIÂ
ÐÎÇÂ'ßÇÀÍÍß ÇÀÄÀ×I ÊÎØI ÌÅÒÎÄÎÌ ÍÅÂÈÇÍÀ×ÅÍÈÕ
ÊÎÅÔIÖI�ÍÒIÂ

The present paper proposes a scheme for constructing a wide range of linear multi-step methods for
solving the Cauchy problem for ordinary differential equations using the method of undetermined
coefficients. The implementation of the predictor-corrector method with arbitrary accuracy is
shown.

Ó ðîáîòi çàïðîïîíîâàíî ñïîñiá ïîáóäîâè øèðîêîãî ñïåêòðó ëiíiéíèõ áàãàòîêðîêîâèõ ìåòîäiâ
ðîçâ'ÿçàííÿ çàäà÷i Êîøi äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç âèêîðèñòàííÿì ìåòîäó
íåâèçíà÷åíèõ êîåôiöi¹íòiâ. Ïîêàçàíî ðåàëiçàöiþ ñõåìè ïðåäèêòîð-êîðåêòîð ç äîâiëüíîþ íà-
ïåðåä çàäàíîþ òî÷íiñòþ.

Äëÿ ïîáóäîâè ëiíiéíèõ áàãàòîêðîêîâèõ ìåòîäiâ ðîçâ'ÿçàííÿ çàäà÷i Êîøi äëÿ
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü íàìè çàïðîïîíîâàíî ¹äèíèé ïiäõiä, ñóòü
ÿêîãî ïîëÿãà¹ â íàñòóïíîìó. Ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi äëÿ çâè÷àéíîãî äèôå-
ðåíöiàëüíîãî ðiâíÿííÿ ïåðøîãî ïîðÿäêó

y′ = f(t, y), y(t0) = y0. (1)

ßê âiäîìî, ëiíiéíi áàãàòîêðîêîâi ìåòîäè äëÿ ðîçâ'ÿçàííi çàäà÷i (1) áóäóþòü íà
îñíîâi ôîðìóëè

yn+1 =

p∑
j=0

ajyn−j + h

q∑
i=s

bif(tn−i, yn−i), (2)

äå aj, j = 0, p, bi, i = s, q � íåâiäîìi êîåôiöi¹íòè. ßêùî s = 0, òî ìåòîä (1)
íàçèâà¹òüñÿ ÿâíèì, à ÿêùî s = −1 i b−1 ̸= 0 � íåÿâíèì.

Â ëiòåðàòóði [1�3], äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ aj i bi çàäà÷ó (1) çàìiíþþòü
åêâiâàëåíòíèì iíòåãðàëüíèì ñïiââiäíîøåííÿì

y(tn+1) = y(tn) +

tn+1∫
tn

f(t, y(t))dt,

ïiñëÿ ÷îãî ïiäiíòåãðàëüíó ôóíêöiþ çàìiíþþòü iíòåðïîëÿöiéíèì ïîëiíîìîì Ëà-
ãðàíæà àáî Íüþòîíà. Äàëi, íà ïiäñòàâi ïåâíèõ ìiðêóâàíü îäåðæóþòüñÿ âiäîìi
â ëiòåðàòóði áàãàòîòî÷êîâi ìåòîäè.

Ìè ïðîïîíó¹ìî ïîáóäóâàòè òàêó ñèñòåìó ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü, ç
ÿêî¨ êîæåí ç âiäîìèõ íà ñüîãîäíi ëiíiéíèõ áàãàòîòî÷êîâèõ ìåòîäiâ (ÿê ÿâíîãî,
òàê i íåÿâíîãî òèïó) ìîæíà îäåðæàòè ÿê ÷àñòêîâèé âèïàäîê.

Iäåÿ çàïðîïîíîâàíîãî ïiäõîäó ïîëÿãà¹ â íàñòóïíîìó: ÿêùî çàäà÷à Êîøi (1)
ìà¹ òî÷íèé ðîçâ'ÿçîê ó âèãëÿäi ïîëiíîìà ñòåïåíi k:

y(t) = α0 + α1t+ α2t
2 + . . .+ αkt

k,
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äå αi, i = 0, k � êîíñòàíòè, òî öåé ðîçâ'ÿçîê ìîæíà çíàéòè òî÷íî çà ôîðìóëîþ

yn+1 =

j2∑
j=j1

ajyn−j + hb−1y
′
n+1 + h

q∑
i=0

biy
′
n−i, (3)

äå aj i bi (0 ≤ j1 ≤ j ≤ j2, −1 ≤ i ≤ q) � íåâiäîìi êîåôiöi¹íòè, à y′k = f(tk, yk) �
çíà÷åííÿ ïîõiäíî¨ øóêàíî¨ ôóíêöi¨.

Íåâiäîìi êîåôiöi¹íòè aj, bi, j = j1, j2, i = 1, q áóäåìî øóêàòè ç óìîâè, ùî
ôîðìóëà (3) ¹ òî÷íîþ äëÿ âñiõ ïîëiíîìiàëüíèõ ðîçâ'ÿçêiâ, ñòåïiíü ÿêèõ íå ïå-
ðåâèùó¹ k. Çà òàêi ïîëiíîìè âiçüìåìî ïîëiíîìè âèãëÿäó:

y(t)=
1

h0
(tn+1−t)0=1, ÿêùî m=0; y(t)=

1

hm
(tn+1−t)m, ÿêùî m=1, 2, . . . , k; (4)

y′(t)=0, ÿêùî m=0; y′(t)=− m

hm
(tn+1− t)m−1, ÿêùî m=1, 2, . . . , k. (5)

Äëÿ ïîáóäîâè øóêàíî¨ ñèñòåìè ôîðìóëó (3) ïåðåïèøåìî ó âèãëÿäi

j2∑
j=j1

ajyn−j + hby′n+1 + h

q∑
i=0

biy
′
n−i = yn+1, (6)

çâiäêè ç (4), (5) ïðèm = 0, 1, 2, . . . , k îäåðæóþòüñÿ ðÿäêè (k+1)×(k+1)-âèìiðíî¨
ìàòðèöi ñèñòåìè.

Âiäìiòèìî, ùî ôîðìóëà (6) ìà¹ ÷îòèðè ñêëàäîâi: ïåðøà � ñóìà, êîåôiöi¹í-
òàì aj, ÿêî¨ ó ïîáóäîâàíié ñèñòåìi ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü áóäóòü âiä-
ïîâiäàòè ïåðøi j2 + 1 − j1 ñòîâïöiâ ìàòðèöi A (îäèí ñòîâïåöü ÿêùî j1 = j2,
0 ≤ j1 ≤ j2); äðóãà ñêëàäîâà � äîäàíîê ç êîåôiöi¹íòîì b, ÿêîìó áóäå âiäïîâiäà-
òè íàñòóïíèé ñòîâïåöü ìàòðèöi. Òðåòüîþ ñêëàäîâîþ ¹ ñóìà, ÿêié âiäïîâiäàþòü
íàñòóïíi q ñòîâïöiâ ìàòðèöi B. ×åòâåðòîþ ñêëàäîâîþ ¹ ïðàâà ÷àñòèíà, ÿêié ó
ñèñòåìi ðiâíÿíü áóäå âiäïîâiäàòè âåêòîð d. Âèõîäÿ÷è ç öüîãî, ñèñòåìó (6) çàïè-
øåìî ó ìàòðè÷íî-âåêòîðíîìó âèãëÿäi

Cx = d, (7)

äå ìàòðèöÿ C ôîðìó¹òüñÿ ïðè¹äíàííÿì äî ìàòðèöi A ñïðàâà ñòîâïöÿ b i ìàòðè-
öi B . Êiëüêiñòü ñòîâïöiâ ó ìàòðèöÿõ A, B i íàÿâíiñòü àáî âiäñóòíiñòü ñòîâïöÿ
b çàëåæàòü âiä ÷èñëîâîãî ìåòîäó òà éîãî ïîðÿäêó òî÷íîñòi. Òàê, äëÿ ÿâíèõ
ìåòîäiâ ñòîâïåöü b âiäñóòíié, à ÿêùî q = 0, òî âiäñóòíÿ ìàòðèöÿ B. Ïðè öüîìó
C ¹ êâàäðàòíîþ (k + 1)-âèìiðíîþ ìàòðèöåþ, äå k � ïîðÿäîê òî÷íîñòi ìåòîäó,
ÿêèé îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

k =

{
j2 − j1 + q, if s = 0,
j2 − j1 + q + 1, if s = 1.

(8)

Âèêîðèñòîâóþ÷è ïîëiíîìè (4) ïîáóäó¹ìî ñêëàäîâi ñèñòåìè ëiíiéíèõ àëãåáðà-
¨÷íèõ ðiâíÿíü (6) òàêèì ÷èíîì: ñòîâïåöü, ÿêèé âiäïîâiäà¹ êîåôiöi¹íòó aj � öå
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çíà÷åííÿ ïîëiíîìiâ ym(t) ó âóçëi tn−j:

y0(tn−j)=
1
h0
(tn+1−(tn − jh))0=1, ÿêùî m=0;

ym(tn−j)=
1
hm

(tn+1−(tn−jh))m=(j+1)m, ÿêùî m= 1, k.
(9)

Àíàëîãi÷íî îá÷èñëþ¹òüñÿ ìàòðèöÿ B: åëåìåíòè ñòîâïöÿ, ÿêèé âiäïîâiäà¹
êîåôiöi¹íòó bi ðiâíi çíà÷åííÿì ïîõiäíèõ y′m(t) ïîëiíîìiâ (5) ó âóçëi tn−i:

y′0(tn−i) = 0, ÿêùî m = 0;

y′m(tn−i) = − m
hm

(tn+1 − (tn − ih))m−1 = −m
h
(i+ 1)m−1, ÿêùî m = 1, k.

Ðèñ. 1. Òåêñòè ïðîãðàì Am(j1, j2, k), Bv(k), Bm(m, k), Dv(k)

Åëåìåíòè âåêòîðà b âèçíà÷àþòüñÿ çíà÷åííÿìè ïîõiäíî¨ y′n+1, à êîåôiöi¹íòè
âåêòîðà d � çíà÷åííÿìè ôóíêöi¨ yn+1 i îá÷èñëþþòüñÿ çà ôîðìóëàìè:

y′n+1=y
′
m(tn+1)=

{
−1, ÿêùî m=1,

0, ÿêùî m ̸= 1;
yn+1=ym(tn+1)=

{
1, ÿêùî m=0,

0, ÿêùî m ̸= 0.
(10)

Îá÷èñëåííÿ ìàòðèöü A i B, ñòîâïöiâ b i d çäiéñíþ¹òüñÿ çà äîïîìîãîþ ïðî-
ãðàì Am(j1, j2, k), Bm(m, k), Bv(k) i Dv(k), ðåàëiçîâàíèõ â ïàêåòi Mathcad, ÿêi
íàâåäåíî íà ðèñ. 1. Íà ¨õ îñíîâi ñêëàäåíà ïðîãðàìà JNBM(j1, j2, s, q) (ðèñ. 2),
ÿêà äà¹ ìîæëèâiñòü îäåðæàòè ÷èñëî k � ïîðÿäîê òî÷íîñòi ìåòîäó, ìàòðèöi A
i B, ñòîâïöi b i d, êîìïîíó¹ ìàòðèöþ C òà çíàõîäèòü x � ðîçâ'ÿçîê ñèñòåìè
(7). Êîåôiöi¹íòè âåêòîðà x ¹ øóêàíèìè êîåôiöi¹íòàìè ôîðìóë ðiçíèõ ëiíiéíèõ
áàãàòîêðîêîâèõ ìåòîäiâ ÿê ÿâíîãî, òàê i íåÿâíîãî òèïiâ.

Íèæ÷å íàâåäåíî ïðèêëàäè òîãî, ÿê âiäîìi ëiíiéíi áàãàòîêðîêîâi ìåòîäè ÿâ-
íîãî òà íåÿâíîãî òèïiâ ðîçâ'ÿçàííÿ çàäà÷i Êîøi îäåðæóþòüñÿ çà äîïîìîãîþ
ðîçðîáëåíîãî íàìè ìåòîäó.
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Ðèñ. 2. Òåêñò ïðîãðàìè JNBM(j1, J2, s, q)

1. ßâíèé ìåòîä Àäàìñà-Áàøôîðòà 5-ãî ïîðÿäêó îäåðæó¹òüñÿ çà äîïî-
ìîãîþ çâåðòàííÿ:

j1:=0 j2:=0 s=0 q :=5 (k A b B C d x) :=JNBM(j1, j2, s, q) k=5.

Ïðè öüîìó âiäïîâiäíi ìàòðèöi òà âåêòîðè ìàþòü òàêèé âèãëÿä:

A =


1
1
1
1
1
1

, B =


0 0 0 0 0
−1 −1 −1 −1 −1
−2 −4 −6 −8 −10
−3 −12 −27 −48 −75
−4 −32 −108 −256 −500
−5 −80 −405 −1280 −3125

.

ßê i â êîæíîìó ÿâíîìó ìåòîäi, ìàòðèöÿ C ñêëàäà¹òüñÿ òiëüêè ç ìàòðèöü A i B,
i íå ìiñòèòü ñòîâïöÿ b:

C =


1 0 0 0 0 0
1 −1 −1 −1 −1 −1
1 −2 −4 −6 −8 −10
1 −3 −12 −27 −48 −75
1 −4 −32 −108 −256 −500
1 −5 −80 −405 −1280 −3125

, d =


1
0
0
0
0
0

 . (11)

Ðîçâ'ÿçêîì ñèñòåìè (7), äå C, d ìàþòü âèãëÿä (11) ¹

xT =

(
1
1901

720
− 1387

360

109

30
− 637

360

251

720

)
.

Åëåìåíòè öüîãî âåêòîðà ¹ êîåôiöi¹íòàìè ÿâíîãî ìåòîäó Àäàìñà-Áàøôîðòà:

yn+1 = yn + h

(
1901

720
fn −

1387

360
fn−1 +

109

30
fn−2 −

637

360
fn−3 +

251

720
fn−4

)
.
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2. Íåÿâíèé ìåòîä Àäàìñà-Ìóëòîíà 6-ãî ïîðÿäêó îäåðæó¹òüñÿ çà äîïî-
ìîãîþ çâåðòàííÿ:

j1:=0 j2:=0 s=1 q :=5 (k A b B C d x) :=JNBM(j1, j2, s, q) k=6.

Ïðè òàêèõ çíà÷åííÿõ âõiäíèõ ïàðàìåòðiâ ç ïðîãðàìè JNBM(j1, j2, s, q) îòðè-
ìó¹ìî òàêi ìàòðèöi òà êîåôiöi¹íòè:

A =



1
1
1
1
1
1
1


, b =



0
−1
0
0
0
0
0


, B =



0 0 0 0 0
−1 −1 −1 −1 −1
−2 −4 −6 −8 −10
−3 −12 −27 −48 −75
−4 −32 −108 −256 −500
−5 −80 −405 −1280 −3125
−6 −192 −1458 −6144 −18750


,

C =



1 0 0 0 0 0 0
1 −1 −1 −1 −1 −1 −1
1 0 −2 −4 −6 −8 −10
1 0 −3 −12 −27 −48 −75
1 0 −4 −32 −108 −256 −500
1 0 −5 −80 −405 −1280 −3125
1 0 −6 −192 −1458 −6144 −18750


, d =



1
0
0
0
0
0
0


,

xT =

(
1

95

288

1427

1440
− 133

240

241

720
− 173

1440

3

160

)
,

yn+1=yn+h

(
95

288
fn+1+

1427

1440
fn−

133

240
fn−1+

241

720
fn−2−

173

1440
fn−3+

3

160
fn−4

)
.

Àíàëîãi÷íî çà äîïîìîãîþ âèáîðó ïàðàìåòðiâ j1, j2, s i q ó ïðîãðàìi
JNBM(j1, j2, s, q) ìîæíà îòðèìàòè ôîðìóëè iíøèõ âiäîìèõ ëiíiéíèõ áàãàòî-
êðîêîâèõ ìåòîäiâ ÿê ÿâíîãî, òàê i íåÿâíîãî òèïiâ áóäü-ÿêîãî ïîðÿäêó òî÷íîñòi.

3. ßâíèé ìåòîä Ìiëíà 5-ãî ïîðÿäêó òî÷íîñòi:

j1:=5 j2:=5 s=0 q :=5 (k A b B C d x) :=JNBM(j1, j2, s, q) k=5,

xT = (1 33
10

− 21
5

39
5

− 21
5

33
10
),

yn+1 = yn + h
(
33
10
fn − 21

5
fn−1 +

39
5
fn−2 − 21

5
fn−3 +

33
10
fn−4

)
.

4. Íåÿâíèé ìåòîä Ìiëíà 6-ãî ïîðÿäêó òî÷íîñòi:

j1:=4 j2:=4 s=1 q :=5 (k A b B C d x) :=JNBM(j1, j2, s, q) k=6,

xT = (1 95
288

125
96

125
144

125
144

125
96

95
288

),

yn+1 = yn + h
(

95
288
fn+1 +

125
96
fn +

125
144
fn−1 +

125
144
fn−2 +

125
96
fn−3 +

95
288
fn−4

)
.

Çà äîïîìîãîþ çàïðîïîíîâàíîãî â äàíié ðîáîòi ïiäõîäó ìîæíà îòðèìàòè iíøi
ôîðìóëè ëiíiéíèõ áàãàòîêðîêîâèõ ìåòîäiâ.
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5. Íîâèé ÿâíèé áàãàòîêðîêîâèé ìåòîä

j1:=0 j2:=2 s=0 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=2,

xT =(3 − 3 1), yn+1 = 3yn − 3yn−1 + yn−2.

j1:=0 j2:=3 s=0 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=3,

xT =(4 − 6 4 − 1),

yn+1 = 4yn − 6yn−1 + 4yn−2 − yn−3.

j1:=0 j2:=4 s=0 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=4,

xT =(5 −10 10 −5 1),

yn+1 = 5yn − 10yn−1 + 10yn−2 − 5yn−3 + yn−4.

j1:=0 j2:=5 s=0 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=5,

xT =(6 −15 20 −15 6 −1),

yn+1 = 6yn − 15yn−1 + 20yn−2 − 15yn−3 + 6yn−4 − yn−5.

j1:=0 j2:=6 s=0 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=6,

xT =(7 −21 35 −35 21 −7 1, )

yn+1 = 7yn − 21yn−1 + 35yn−2 − 35yn−3 + 21yn−4 − 7yn−5 + yn−6.

6. Íîâèé íåÿâíèé áàãàòîêðîêîâèé ìåòîä

j1:=0 j2:=1 s=1 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=2,

xT =(4
3

− 1
3

2
3
).

yn+1 =
4
3
yn − 1

3
yn−1 + h · 2

3
fn+1.

j1:=0 j2:=2 s=1 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=3,

xT =(18
11

− 9
11

2
11

6
11
),

yn+1 =
18
11
yn − 9

11
yn−1 +

2
11
yn−2 + h 6

11
fn+1.

j1:=0 j2:=3 s=1 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=4,

xT =(48
25

− 36
25

16
25

− 3
25

12
25
),

yn+1 =
48
25
yn − 36

25
yn−1 +

16
25
yn−2 − 3

25
yn−3 + h12

25
fn+1.
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j1:=0 j2:=4 s=1 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=5,

xT =(300
137

− 300
137

200
137

− 75
137

12
137

60
137

),

yn+1 =
300
137
yn − 300

137
yn−1 +

200
137
yn−2 − 75

137
yn−3 +

12
137
yn−4 + h 60

137
fn+1.

j1:=0 j2:=5 s=1 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=6,

xT =(120
49

− 150
49

400
49

− 75
49

24
49

− 10
147

20
49
),

yn+1 =
120
49
yn − 150

49
yn−1 +

400
49
yn−2 − 75

49
yn−3 +

24
49
yn−4 − 10

147
yn−5 + h29

49
fn+1.

Ðèñ. 3. Òåêñò ïðîãðàìè R_K_4(t0, y0, h, f,m)

Ïðèêëàä. Íà îñíîâi îòðèìàíèõ ôîðìóë ìåòîäiâ 5 i 6 ïîáóäó¹ìî ìåòîä ïðî-
ãíîçó i êîðåêöi¨ (ïðåäèêòîð-êîðåêòîð). Äëÿ iëþñòðàöi¨ ðîçãëÿíåìî çàäà÷ó Êîøi

y′ = −y + sin(ty), y(0) = 1, 5. (12)

Íà ðèñ. 3 íàâåäåíî ïðîãðàìó R_K_4(t0, y0, h, f,m) ðåàëiçàöi¨ ìåòîäó Ðóíãå-
Êóòòè äëÿ îäåðæàííÿ çíà÷åíü ðîçâ'ÿçêó â m ïî÷àòêîâèõ òî÷êàõ (m � ïîðÿäîê
òî÷íîñòi).

Ó ðåçóëüòàòi ¨¨ ðîáîòè îòðèìà¹ìî òî÷êè ðîçáèòòÿ � âåêòîð t i çíà÷åííÿ
ðîçâ'ÿçêó yp â öèõ òî÷êàõ:

t⊤ = (0 0.01 0.02 0.03 0.04 0.05 0.06) yp⊤ =

(
3

2

150

101

25

17

150

103

75

52

3603

2522

242

171

)
.

Ïiñëÿ öüîãî çâåðòàííÿì

j1:=0 j2:=m s=0 q :=0 (k A b B C d xj) :=JNBM(j1, j2, s, q) k=5

j1:=0 j2:=m−1 s=1 q :=0 (k A b B C d xn) :=JNBM(j1, j2, s, q) k=5,

çà äîïîìîãîþ ïðîãðàìè R_K_KI(h, n, f, t, yp, xj, xn) ç ðèñ. 4 îòðèìó¹ìî ðîçâ'ÿ-
çîê çàäà÷i Êîøi (12). Ãðàôiê ðîçâ'ÿçêó íàâåäåíî íà ðèñ. 5.
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Ðèñ. 4. Òåêñò ïðîãðàìè R_K_KI(h, n, f, t, yp, xj, xn)
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