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The correctness of the Dirichlet-type problem for the linear partial differential equations with
delay is investigated. The conditions of existence and uniqueness of the solution of the problem
are established. The metric theorems of the estimation of small denominators of the problem are
proved.

Äîñëiäæåíî êîðåêòíiñòü çàäà÷i òèïó Äiðiõëå äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ç âiäõèëå-
íèì àðãóìåíòîì. Âñòàíîâëåíî óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i. Äîâåäåíî ìåòðè÷íi
òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêó çàäà÷i.

Äèôåðåíöiàëüíi ðiâíÿííÿ ç âiäõèëåíèì àðãóìåíòîì ïîâ'ÿçóþòü çíà÷åííÿ íåâi-
äîìî¨ ôóíêöi¨ òà ¨¨ ïîõiäíèõ ïðè ðiçíèõ çíà÷åííÿõ àðãóìåíòó. Òàêi ðiâíÿííÿ
âèíèêàþòü ïðè ìàòåìàòè÷íîìó îïèñi áàãàòüîõ ñèñòåì, êîëè âðàõîâó¹òüñÿ, ùî
âçà¹ìîäiÿ ìiæ ÷àñòèíàìè ñèñòåìè âiäáóâà¹òüñÿ íå ìèòò¹âî, à ç äåÿêèì çàïiçíå-
ííÿì. Çàäà÷i, ïðè ìàòåìàòè÷íîìó îïèñi ÿêèõ ¹ ñóòò¹âèì âðàõóâàííÿ âiäõèëåíü
àðãóìåíòó, âèíèêàþòü ó òåîði¨ ÿäåðíèõ ðåàêòîðiâ, òåîði¨ àâòîìàòè÷íîãî ðåãó-
ëþâàííÿ, iìóíîëîãi¨, åïiäåìiîëîãi¨, ìàòåìàòè÷íié åêîíîìiöi òà iíøèõ îáëàñòÿõ
ïðèðîäíè÷èõ íàóê (äèâ. [1, 4, 5, 9] òà áiáëiîãðàôiþ â íèõ).

Ðiçíîìàíiòíèì àñïåêòàì òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ç âiäõèëåíèì àðãó-
ìåíòîì òà ¨¨ çàñòîñóâàííÿì ïðèñâÿ÷åíî îáøèðíó ëiòåðàòóðó [1, 4, 5, 9, 10].

Ó äàíié ðîáîòi ðîçãëÿäà¹ìî çàäà÷ó òèïó çàäà÷i Äiðiõëå äëÿ ðiâíÿííÿ ç ÷à-
ñòèííèìè ïîõiäíèìè ç âiäõèëåíèì àðãóìåíòîì

n∑
j=0

aj
∂2nu(t, x+ 2jh)

∂t2n−2j∂x2j
= 0, a0 = 1, (t, x) ∈ (0, T )× Ω, (1)

∂2j−2u(t, x)

∂t2j−2

∣∣∣
t=0

= φj(x), j = 1, n,

∂2j−2u(t, x)

∂t2j−2

∣∣∣
t=T

= φn+j(x), j = 1, n,

(2)

äå Ω = R/(2πZ) � êîëî îäèíè÷íîãî ðàäióñà, h ∈ [0, 2π), aj, j = 1, n, � òàêi
êîìïëåêñíi ÷èñëà, ùî an ̸= 0 i ðiâíÿííÿ

σn − a1σ
n−1 + . . .+ (−1)nan = 0

ìà¹ ðiçíi ïðîñòi êîðåíi σ1, . . . , σn, ÿêi ¹ âiäìiííèìè âiä íóëÿ, áî an ̸= 0.
Ó âèïàäêó h = 0 çàäà÷à (1), (2) âèâ÷àëàñÿ â ðîáîòàõ [2, 3, 6]. Ó öèõ ðîáîòàõ

âñòàíîâëåíî óìîâè êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i ç óìîâàìè (2) äëÿ ðiâíÿííÿ
(1) ïðè h = 0 (âiäõèëåííÿ àðãóìåíòó âiäñóòí¹) i äîâåäåíî, ùî òàêi óìîâè âèêî-
íóþòüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0 òà äëÿ ìàéæå
âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ a⃗ = (a1, . . . , an).
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Îñíîâíà ìåòà äàíî¨ ðîáîòè � çíàéòè óìîâè ðîçâ'ÿçíîñòi çàäà÷i (1), (2) (ïðè
h ̸= 0), äîñëiäèòè âïëèâ âiäõèëåííÿ h i ïîêàçàòè, ùî òàêi óìîâè âèêîíóþòüñÿ
äëÿ ìàéæå âñiõ (çà ìiðîþ Ëåáåãà) çíà÷åíü h ∈ [0, 2π).

1. Íèæ÷å âèêîðèñòîâó¹ìî òàêi ïîçíà÷åííÿ: mesA� ìiðà Ëåáåãà â R âèìiðíî¨
ìíîæèíè A ⊂ R; Hα (α ∈ R) � ïðîñòið, îòðèìàíèé â ðåçóëüòàòi ïîïîâíåííÿ
ïðîñòîðó òðèãîíîìåòðè÷íèõ ïîëiíîìiâ φ(x) =

∑
φke

ikx ñêií÷åííîãî ñòåïåíÿ çà
íîðìîþ

∥φ(x);Hα∥ =

√∑
|k|≥0

|φk|2w2
k(α), wk(α) = (1 + |k|)α, k ∈ Z;

Cn([0, T ];Hα) � ïðîñòið ôóíêöié u(t, x) =
∑
|k|≥0

uk(t)e
ikx, uk ∈ Cn[0, T ], k ∈ Z,

òàêèõ, ùî ïðè ôiêñîâàíîìó t ∈ [0, T ] ïîõiäíi ∂ju/∂tj ≡
∑
|k|≥0

u
(j)
k (t)eikx, 0 ≤ j ≤ n,

íàëåæàòü äî ïðîñòîðó Hα i ÿê åëåìåíòè öüîãî ïðîñòîðó ¹ íåïåðåðâíèìè çà t íà
[0, T ]; íîðìó â Cn([0, T ];Hα) çàäà¹ìî ôîðìóëîþ

∥u(t, x);Cn([0, T ];Hα)∥ =
n∑
j=0

max
t∈[0,T ]

∥∥∂ju(t, x)/∂tj;Hα

∥∥ .
2. Ðîçâ'ÿçîê çàäà÷i (1), (2) øóêà¹ìî ó âèãëÿäi ðÿäó

u(t, x) =
∑
|k|≥0

uk(t)e
ikx. (3)

Êîæíà ôóíêöiÿ uk(t), k ∈ Z, ¹ ðîçâ'ÿçêîì òàêî¨ äâîòî÷êîâî¨ çàäà÷i äëÿ çâè÷àé-
íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ:

n∑
j=0

aj(ik)
2jei2jhku

(2n−2j)
k (t) = 0, (4)

u
(2j−2)
k (0) = φj,k, j = 1, n,

u
(2j−2)
k (T ) = φn+j,k, j = 1, n,

(5)

äå φj,k, k ∈ Z, � êîåôiöi¹íòè Ôóð'¹ ôóíêöié φj(x), j = 1, 2n, âiäïîâiäíî. Äëÿ
k = 0 çàäà÷à (4), (5) ìà¹ ¹äèíèé ðîçâ'ÿçîê u0(t). Äiéñíî, ç ðiâíÿííÿ (4) ïðè k = 0
âèïëèâà¹, ùî ôóíêöiÿ u0(t) ¹ ìíîãî÷ëåíîì (2n−1)-ãî ñòåïåíÿ, êîåôiöi¹íòè ÿêîãî
îäíîçíà÷íî âèçíà÷àþòüñÿ ç óìîâ u(2j−2)

0 (0) = φj,0, j = 1, n, u(2j−2)
0 (T ) = φn+j,0,

j = 1, n, ÿêi âèïëèâàþòü ç óìîâ (5) ïðè k = 0.
ßêùî k ̸= 0, òî ðîçâ'ÿçîê çàäà÷i (4), (5) çîáðàæó¹òüñÿ ôîðìóëîþ

uk(t) =
n∑
q=1

Ck,q ch(λqkte
ikh) +

n∑
q=1

Dk,q sh(λqkte
ikh), (6)

äå λj =
√
σj, j = 1, n, à ãiëêó êîðåíÿ âèáðàíî òàê, ùî

√
1 = 1. Ç óìîâ (5)

âèïëèâà¹, ùî ñòàëi Ck,q, k ̸= 0, q = 1, n, çíàõîäÿòüñÿ iç ñèñòåìè ðiâíÿíü

n∑
q=1

Ck,q(λqke
ikh)2j−2 = φj,k, j = 1, n, (7)
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i äî òîãî æ îäíîçíà÷íî, áî ñèñòåìà (7) ìà¹ âiäìiííèé âiä íóëÿ âèçíà÷íèê

δ(k) =
∏

n≥j>q≥1

(
(λjke

ikh)2 − (λqke
ikh)2

)
= (keikh)n(n−1)

∏
n≥j>q≥1

(σj − σq),

à ñòàëi Dk,q, k ̸= 0, q = 1, n, ¹ ðîçâ'ÿçêàìè íàñòóïíî¨ ñèñòåìè ðiâíÿíü

n∑
q=1

Dk,q(λqke
ikh)2j−2 sh(λqkTe

ikh) =

= φn+j,k −
n∑
q=1

Ck,q(λqke
ikh)2j−2 ch(λqkTe

ikh), j = 1, n. (8)

×åðåç ∆(k), k ∈ Z\{0}, ïîçíà÷èìî âèçíà÷íèê ñèñòåìè (8):

∆(k) = det ∥(λqkeikh)2j−2 sh(λqkTe
ikh)∥nj,q=1.

Ëåãêî ïåðåâiðèòè, ùî

∆(k) = δ(k)
n∏
j=1

sh(λjkTe
ikh). (9)

Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîði C2n([0, T ];Hα)
íåîáõiäíî i äîñèòü, ùîá âèêîíóâàëàñü óìîâà( m∪

j=1

∪
k∈Z,
k ̸=0

{iλjkTeikh}
)
∩ πZ = ∅. (10)

Äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ òåîðåìè 2.1 ó [6, ñ. 97].
Çàóâàæåííÿ 1. Óìîâó (10) â òåîðåìi 1 ìîæíà çàïèñàòè ó âèãëÿäi

n∏
j=1

(
sin2(|λj|kT ) + cos2(kh+ θj)

)
̸= 0, k ̸= 0,

äå θj = argλj, j = 1, n.
Íàñòóïíå òâåðäæåííÿ îçíà÷à¹, ùî çà ðàõóíîê âèáîðó âiäõèëåííÿ h ìîæíà

äîáèòèñÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2).
Íàñëiäîê 1. ßêùî çàäà÷à ç óìîâàìè (2) äëÿ ðiâíÿííÿ (1) áåç âiäõèëåííÿ

(h = 0) ìà¹ áiëüø, íiæ îäèí ðîçâ'ÿçîê, òî iñíó¹ h0 ∈ [0, 2π) òàêå, ùî çàäà÷à
ç óìîâàìè (2) äëÿ ðiâíÿííÿ (1) ç âiäõèëåííÿì h = h0 ìîæå ìàòè íå áiëüøå
îäíîãî ðîçâ'ÿçêó.

Äîâåäåííÿ. Äëÿ êîæíîãî k ∈ Z\{0} ðîçãëÿíåìî ôóíêöi¨

gk(h) ≡
n∏
j=1

(
sin2(|λj|kT ) + cos2(kh+ θj)

)
.

Çðîçóìiëî, ùî êîæíà ôóíêöiÿ gk(h), k ∈ Z\{0}, ¹ àíàëiòè÷íîþ çà h, âiäìiííîþ
âiä òîòîæíîãî íóëÿ, i, îòæå, ìà¹ íå áiëüø, íiæ çëi÷åííó ìíîæèíóMk íóëiâ. Òîäi

äëÿ äîâiëüíîãî h0 ∈ R\
( ∪
k ̸=0

Mk

)
ìà¹ìî, ùî gk(h0) ̸= 0 äëÿ âñiõ k ∈ Z\{0}.
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Ïðîàíàëiçó¹ìî ìîæëèâiñòü âèêîíàííÿ óìîâè (10) äëÿ çàäà÷i òèïó çàäà÷i Äi-
ðiõëå äëÿ ðiâíÿííÿ Ëàïëàñà ç âiäõèëåíèì àðãóìåíòîì òà äëÿ ðiâíÿííÿ êîëèâà-
ííÿ ñòðóíè ç âiäõèëåíèì àðãóìåíòîì.

Ïðèêëàä 1. Äëÿ ðiâíÿííÿ Ëàïëàñà ç âiäõèëåíèì àðãóìåíòîì

∂2u(t, x)

∂t2
+
∂2u(t, x+ 2h)

∂x2
= 0, (11)

çàäà÷à ç óìîâàìè
u(0, x) = φ1(x), u(T, x) = φ2(x), (12)

çãiäíî ç òåîðåìîþ 1, ìîæå ìàòè íå áiëüøå îäíîãî ðîçâ'ÿçêó, òîäi i òiëüêè òîäi,
êîëè âèêîíó¹òüñÿ óìîâà:

sin2(kT ) + cos2(kh) ̸= 0, k ̸= 0. (13)

Äëÿ ðiâíÿííÿ Ëàïëàñà áåç âiäõèëåííÿ (h = 0) óìîâà (13) âèêîíó¹òüñÿ äëÿ
äîâiëüíîãî T > 0. Öÿ óìîâà âèêîíó¹òüñÿ äëÿ äîâiëüíîãî T > 0, ÿêùî h íå ¹
÷èñëîì âèãëÿäó

π(2m− 1)

2l
, m, l ∈ Z, l ̸= 0.

Óìîâà (13) ïîðóøó¹òüñÿ, ÿêùî T ∈ πQ, à ÷èñëî h ìà¹ âèãëÿä

h =
π(2m0 − 1)

2l0

äëÿ äåÿêèõ m0, l0 ∈ Z, l0 ̸= 0.
Ïðèêëàä 2. Ðîçãëÿíåìî çàäà÷ó ç óìîâàìè (12) äëÿ ðiâíÿííÿ êîëèâàííÿ

ñòðóíè ç âiäõèëåíèì àðãóìåíòîì

∂2u(t, x)

∂t2
− ∂2u(t, x+ 2h)

∂x2
= 0. (14)

Çà òåîðåìîþ 1 çàäà÷à (12), (14) ìîæå ìàòè íå áiëüøå îäíîãî ðîçâ'ÿçêó òîäi i
òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìîâà:

sin2(kT ) + sin2(kh) ̸= 0, k ̸= 0. (15)

Äëÿ ðiâíÿííÿ ìàëèõ êîëèâàíü ñòðóíè (ïðè h = 0) óìîâà (15) âèêîíó¹òüñÿ,
ÿêùî ÷èñëî T/π ¹ iððàöiîíàëüíèì. ßêùî æ îáèäâà ÷èñëà T/π, h/π � ðàöiî-
íàëüíi, òî óìîâà (15) ïîðóøó¹òüñÿ. ßêùî õî÷à á îäíå ç ÷èñåë T/π, h/π ¹ ið-
ðàöiîíàëüíèì, òî óìîâà (15) ñïðàâäæó¹òüñÿ. Òàêèì ÷èíîì, çà ðàõóíîê âèáîðó
âiäõèëåííÿ àðãóìåíòó ìîæíà äîáèòèñÿ âèêîíàííÿ óìîâè ¹äèíîñòi äëÿ çàäà÷i
òèïó Äiðiõëå äëÿ ðiâíÿííÿ ìàëèõ êîëèâàíü ñòðóíè.

Äëÿ çàäà÷ ç óìîâàìè (12) äëÿ ðiâíÿíü (11) òà (14) ñïðàâåäëèâà àëüòåðíàòèâà.
Òåîðåìà 2. Îäíîðiäíà çàäà÷à, ÿêà âiäïîâiäà¹ çàäà÷i (11), (12) (àáî çàäà÷i

(14), (12)) ìà¹ â ïðîñòîði C2([0, T ];Hα) ¹äèíèé íóëüîâèé ðîçâ'ÿçîê àáî çëi÷åííó
êiëüêiñòü ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ.

Äîâåäåííÿ ïðîâîäèòüñÿ çà ñõåìîþ, íàâåäåíîþ ó ðîáîòi [8].
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4. Ïðèïóñòèìî, ùî óìîâà (10) âèêîíó¹òüñÿ. Iç ôîðìóë (3), (6) îòðèìó¹ìî
ôîðìàëüíå çîáðàæåííÿ äëÿ ðîçâ'ÿçêó çàäà÷i (1), (2) ó âèãëÿäi ðÿäó

u(t, x) = u0(t) +
∑
|k|>0

exp(ikx)×

×
( n∑
q=1

δj,q(k)

δ(k)
φj,k ch(λqkte

ikh) +
n∑
q=1

∆j,q(k)

∆(k)
φq+n,k sh(λqkte

ikh)
)
, (16)

äå δj,q(k), ∆j,q(k), j, q = 1, n, � àëãåáðè÷íi äîïîâíåííÿ åëåìåíòiâ, ùî ñòîÿòü íà
ïåðåòèíi j-ãî ðÿäêà òà q-ãî ñòîâïöÿ âèçíà÷íèêiâ δ(k), ∆(k) âiäïîâiäíî.

Çáiæíiñòü ðÿäó (16), âçàãàëi, ïîâ'ÿçàíà iç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ,
îñêiëüêè |∆(k)|, áóäó÷è âiäìiííèì âiä íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî ìàëèõ
çíà÷åíü äëÿ íåñêií÷åííî¨ êiëüêîñòi öiëèõ ÷èñåë k.

Òåîðåìà 3. Íåõàé âèêîíó¹òüñÿ óìîâà (10) i íåõàé iñíó¹ òàêà ñòàëà δ, ùî
äëÿ âñiõ ÷èñåë k ∈ Z âèêîíó¹òüñÿ íåðiâíiñòü∣∣ sh (λjkTeikh)∣∣ ≥ (1 + |k|)−ωeT |Re(λjke

ikh)|, j = 1, n. (17)

ßêùî φj ∈ Hα+ω+2n, j = 1, 2n, òî â ïðîñòîði C2n([0, T ];Hα) iñíó¹ ¹äèíèé ðîçâ'ÿ-
çîê çàäà÷i (1), (2), ÿêèé íåïåðåðâíî çàëåæèòü âiä φj, j = 1, 2n.

Äîâåäåííÿ. Íåõàé φj ∈ Hα+ω+2n, j = 1, 2n. Ïîêàæåìî, ùî òîäi ðÿä (16)
íàëåæèòü äî ïðîñòîðó C2n([0, T ];Hα) i ¹ ðîçâ'ÿçêîì çàäà÷i (1), (2). Ïðàâèëüíèìè
¹ òàêi íåðiâíîñòi:

max
t∈[0,T ]

|u(q)k (t)| ≤ C1

2n∑
j=1

|φjk|(1 + |k|)ω+2n, q = 0, 2n. (18)

Ç íåðiâíîñòåé (18) âèïëèâà¹, ùî

∥∥u(t, x);C2n([0, T ];Hα)
∥∥ ≤ C2

2n∑
q=0

(∑
|k|≥0

max
t∈[0,T ]

|u(q)k (t)|2(1 + |k|)2α
)1/2

≤

≤ C3

n∑
j=1

(∑
|k|≥0

|φjk|2wk(α + ω + 2n)
)1/2

= C3

n∑
j=1

∥∥φj(x);Hα+ω+2n

∥∥ <∞. (19)

Ç íåðiâíîñòi (19) îòðèìó¹ìî òâåðäæåííÿ òåîðåìè 3.
5. Äîñëiäèìî ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ îöiíîê (17).
Òåîðåìà 4. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë h ∈ (0, 2π)

êîæíà ç íåðiâíîñòåé (17) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi)
÷èñåë k ∈ Z ïðè ω > 1.

Äîâåäåííÿ. Îñêiëüêè äëÿ äîâiëüíîãî z ∈ C âèêîíó¹òüñÿ îöiíêà

|ez − 1| ≥ max{1; eRe z} · | sin(Im z)|,

òî | sh z| ≥ 1
2
max{e−Re z; eRe z} · | sin(Im z)|. Òîìó äëÿ äîâåäåííÿ òåîðåìè äîñèòü

ïåðåâiðèòè, ùî ïðè ω > 1 äëÿ ìàéæå âñiõ çíà÷åíü h ∈ Ω êîæíà ç íåðiâíîñòåé

| sin(T Im(λjke
ikh))| ≥ (1 + |k|)−ω, j = 1, n.
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âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) öiëèõ ÷èñåë k. Ç
îãëÿäó íà ëåìó Áîðåëÿ�Êàíòåëëi [6] äëÿ öüîãî äîñèòü âñòàíîâèòè, ùî ïðè ω > 1
çáiãàþòüñÿ ðÿäè

∑
k∈Z

mesMj,ω(k), j = 1, n, äå

Mj,ω(k) ≡
{
h ∈ Ω : | sin(T Im(λjke

ikh))| ≤ (1 + |k|)−ω
}
, j = 1, n.

Íåõàé λj = |λj|eiηj , j = 1, n, äå ηj � àðãóìåíò êîìïëåêñíîãî ÷èñëà λj. Òîäi

Im(λje
ikh) = |λj| sin(kh+ ηj), j = 1, n.

Ðîçãëÿíåìî âèïàäîê, êîëè k > 0. Î÷åâèäíî, ùî

mesMj,ω(k) = k−1mes
{
H ∈ (0, 2πk) : | sin(T |λjk| sin(H + ηj))| ≤ (1 + |k|)−ω

}
=

= k−1mes
{
H ∈ (ηj, ηj + 2πk) : | sin(T |λjk sinH|) ≤ (1 + |k|)−ω

}
.

Äëÿ çàäàíîãî δ ∈ (0, ω−1) ðîçiá'¹ìî âiäðiçîê [ηj, ηj+2πk] íà òàêi íåïðîäîâæóâàíi
âiäðiçêè Iq (q = 1, N1(k)) òà âiäðiçêè Jq (q = 1, N2(k)), ùîá âèêîíóâàëèñü óìîâè

∀H ∈ Iq | cosH| ≥ 1

kδ+1
, q = 1, N1(k),

∀H ∈ Jq | cosH| ≤ 1

kδ+1
, q = 1, N2(k).

Äëÿ êiëüêîñòåé N1(k), N2(k) öèõ âiäðiçêiâ, î÷åâèäíî, ñïðàâäæóþòüñÿ îöiíêè

N1(k) ≤ C4k, N2(k) ≤ C5k.

Îñêiëüêè
mes Jq ≤ C6k

−δ−1, q = 1, N2(k),

òî mes
(∪N2(k)

q=1 Jq

)
≤ C7k

−δ. Î÷åâèäíî, ùî âèêîíóþòüñÿ îöiíêè

mes
{
H ∈ Iq : | sin(T |λjk| sinH)| ≤ (1 + |k|)−ω

}
≤

≤ k1+δmes
{
t ∈ sin(Iq) : | sin(T |λjk|t)| ≤ (1 + |k|)−ω

}
≤

≤ k1+δmes
{
t ∈ [−1; 1] : | sin(T |λjk|t)| ≤ (1 + |k|)−ω

}
.

Çà ëåìîþ 2.2 íà ñ. 15 ó [6]

mes
{
t ∈ [−1; 1] : | sin(T |λjk|t)| ≤ (1 + |k|)−ω

}
≤ C8(1 + |k|)−ω.

Òàêèì ÷èíîì, äëÿ k > 0 îòðèìó¹ìî

mesMj,ω(k) ≤ C9

N2(k)∑
q=1

mes
{
H ∈ Iq : | sin(T |λjk| sinH)| ≤ (1 + |k|)−ω

}
+

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÇÀÄÀ×À ÒÈÏÓ ÄIÐIÕËÅ ÄËß Ð×Ï Ç ÂIÄÕÈËÅÍÈÌ ÀÐÃÓÌÅÍÒÎÌ 27

+C10

N2(k)∑
q=1

mes Jq ≤ C11k
−1−δ + C12k

δ−ω.

Àíàëîãi÷íî ðîçãëÿäà¹òüñÿ âèïàäîê, êîëè k < 0. Òàêèì ÷èíîì, ïðè ω > 1 îòðè-
ìó¹ìî çáiæíiñòü ðÿäiâ

∑
|k|>0

mesMj,ω(k), j = 1, n.

Òåîðåìó äîâåäåíî.
Çàóâàæåííÿ 2. Ðåçóëüòàòè ðîáîòè ïåðåíåñåíî íà âèïàäîê çàäà÷i òèïó Äi-

ðiõëå äëÿ ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè iç âiäõèëåííÿì àðãóìåíòó.
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