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ØÂÈÄÊIÑÒÜ ÇÁIÆÍÎÑÒI Â ÖÃÒ ÄËß ÏÎÑËIÄÎÂÍÎÑÒI
ÑÅÐIÉ ÂÈÏÀÄÊÎÂÈÕ ÂÅËÈ×ÈÍ

The paper containse the estimotes of rate of convergence to the normal law in series scheme.

Ó ðîáîòi ìiñòÿòüñÿ îöiíêè ùâèäêîñòi çáiæíîñòi äî íîðìàëüíîãî çàêîíó ó ñõåìi ñåðié.

Ó ðîáîòi [3] îäåðæàíî äîñèòü çàãàëüíi îöiíêè øâèäêîñòi çáiæíîñòi â ÖÃÒ â òåð-
ìiíàõ ïñåâäîìîìåíòiâ, ïiçíiøå öi ðåçóëüòàòè ââiéøëè ó ìîíîãðàôiþ [2]. Öi ðå-
çóëüòàòè âèêëèêàëè íîâèé iíòåðåñ äî ðiçíèõ óçàãàëüíåíü. Çîêðåìà, ó ðîáîòi [3]
ðåçóëüòàòè iç [3] óçàãàëüíþþòüñÿ íà ïîñëiäîâíiñòü ñåðié íåçàëåæíèõ âèïàäêî-
âèõ âåëè÷èí. Âèêîðèñòîâóþ÷è iäå¨ ç [1], ó äàíié ðîáîòi ìè ïðîäîâæó¹ìî òàêi
äîñëiäæåííÿ.

Íåõàé çàäàíî ïîñëiäîâíiñòü ñåðié âèïàäêîâèõ âåëè÷èí ξn1, ..., ξnn. Ïðè nôiêñî-
âàíîìó âèïàäêîâi âåëè÷èíè ξni íåçàëåæíi i îäíàêîâî ðîçïîäiëåíi, Mξni = 0;
Dξni =

1
n
; Fn(x) � ôóíêöiÿ ðîçïîäiëó ξni; fn(t) � õàðàêòåðèñòè÷íà ôóíêöiÿ ξni.

Ïîçíà÷èìî Sn = ξn1 + · · · + ξnn (òîäi DSn = 1), Φn(x) � ôóíêöiÿ ðîçïîäiëó
ñòàíäàðòíîãî íîðìàëüíîãî çàêîíó.

Ââåäåìî ïñåâäîìîìåíòè

νn0(r) =

∞∫
−∞

max(1, |x|r)
∣∣∣∣d(Fn( x√

n

)
− Φ(x)

)∣∣∣∣ ,

κn0(r) =

∞∫
−∞

max(1, r|x|r−1)

∣∣∣∣(Fn( x√
n

)
− Φ(x)

)∣∣∣∣ dx,
κn(r) = r

∞∫
−∞

|x|r−1

∣∣∣∣Fn( x√
n

)
− Φ(x)

∣∣∣∣ dx,
äå r ∈ (2, 3].

Òåîðåìà. Äëÿ âñiõ n ≤ 1 ñïðàâåäëèâi íåðiâíîñòi

ρn = sup
x

|Φn(x)− Φ(x)| ≤ C(1)νn0(r)

n
r−2
2

, (1)

ρn ≤ C(2)max

{
κn0(r)

n
r−2
2

;
κ

n
n+1

n0 (r)√
n

}
, (2)

ρn ≤ C(3)max

{
κn(r)

n
r−2
2

;
κ

n
rn+1
n (r)√

n

}
, (3)

äå C(1), C(2), C(3) � äåÿêi ñòàëi.
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Ëåìà 1. Íåõàé ωn(t) =
∣∣∣fn(t√n)− e−

t2

2

∣∣∣. Äëÿ áóäü-ÿêèõ t ∈ R ìàþòü ìiñöå

íàñòóïíi íåðiâíîñòi :

ωn(t) ≤ νn0(r)min

(
1,

|t|r

6r−2

)
, (4)

ωn(t) ≤ κn(r)
25−2r|t|r

r
, (5)

ωn(t) ≤ κn0(r)min

(
|t|, 2

5−2r|t|r

r

)
. (6)

Äîâåäåííÿ çäiéñíþ¹òüñÿ àíàëîãi÷íî äî [1], çîêðåìà, ïðè äîâåäåííi òâåðäæåíü
(5) i (6) âèêîðèñòîâó¹òüñÿ îöiíêà

|ωn(t)| =
∣∣∣fn(t√n)− e−

t2

2

∣∣∣ =
∣∣∣∣∣∣

∞∫
−∞

eitxd

(
Fn

(
x√
n

)
− Φ(x)

)∣∣∣∣∣∣ =
=

∣∣∣∣∣∣
∞∫

−∞

(
eitx − 1− it− (itx)2

2

)
d

(
Fn

(
x√
n

)
− Φ(x)

)∣∣∣∣∣∣ =
=

∣∣∣∣∣∣−it
+∞∫

−∞

eitx
(
Fn

(
x√
n

)
−Φ(x)

)
dx

∣∣∣∣∣∣=
∣∣∣∣∣∣−it

+∞∫
−∞

(eitx−1−it)
(
Fn

(
x√
n

)
−Φ(x)

)
dx

∣∣∣∣∣∣. (7)
Ëåìà 2. Íåõàé c ∈ (0; e−6). Íåõàé äëÿ äåÿêèõ θn > 0 i s ∈ [0; r], äå 2 < r ≤ 3,

i äëÿ áóäü-ÿêîãî t ∈ R âèêîíó¹òüñÿ óìîâà

ωn(t) =
∣∣∣fn(t√n)− e−

t2

2

∣∣∣ ≤ θnmin(|t|s, |t|r). (8)

ßêùî θn ≤ c i |t| ≤ T1 =
√
−2 ln θn, òî∣∣fn(t√n)∣∣ ≤ e−c1t

2

, (9)

äå c1 =
1
4
−

√
c(−2 ln c)

r−2
2 > 0.

À ÿêùî θn ≤ c i |t| > T1, òî∣∣fn(t√n)∣∣ ≤ θn (1 + |t|s) . (10)

ßêùî æ θ̄n > c, òî ïðè |t| ≤ T2 =
(
c
θn

) 1
r−2

∣∣fn(t√n)∣∣ ≤ e−c2t
2

, (11)

äå c2 =
1
2
− c

√
e > 0.

Äîâåäåííÿ ëåìè 2 ìiñòèòüñÿ ó [1].
Ëåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 2. Òîäi äëÿ âñiõ n ≥ 2

ρn ≤ Cmax

{
θn

n
r−2
2

;
θpn√
n

}
,
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äå C � äåÿêà àáñîëþòíà ñòàëà, p = min
{
1, n

sn+1

}
.

Äîâåäåííÿ. Âèêîðèñòà¹ìî íåðiâíiñòü ( [4], ñòîð. 299):

sup
x

|F (x)−G(x)| ≤ 2

π

T∫
0

|f(t)− g(t)| dt
t
+

24

πT

∣∣∣∣sup
x
G′(x)

∣∣∣∣ .
Ïîêëàäåìî â äàíié íåðiâíîñòi

F (x) = Φn(x); G(x) = Φ(x); f(t) = φn(t); g(t) = e−
t2

2 .

Òîäi

ρn = sup
x

|Φn(x)− Φ(x)| ≤ 2

π

T∫
0

∣∣∣fnn (t)− e−
t2

2

∣∣∣ dt
t
+

24

π
√
2πT

.

Çðîáèìî çàìiíó t = z
√
n â iíòåãðàëi ïðàâî¨ ÷àñòèíè öi¹¨ íåðiâíîñòi. Òîäi

ρn ≤ 2

π

T√
n∫

0

∣∣∣fnn (z√n)− e−
z2

2
n
∣∣∣ dt
t
+

24

π
√
2πT

. (12)

Âèêîðèñòàâøè ðiâíiñòü

an − bn = (a− b)
n∑
k=1

an−k · bk−1,

äå ó íàøîìó âèïàäêó a = fn(t
√
n), b = e−

t2

2 , îäåðæèìî:∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ ≤ ∣∣∣fn(t√n)− e−

t2

2
n
∣∣∣ n∑
k=1

∣∣fn(t√n)∣∣n−k e− t2

2
(k−1) (13)

Iç óìîâ ëåìè, íåðiâíîñòåé (10) i (11) ëåìè 2 i (13) îäåðæèìî: ÿêùî |t| ≤ Tm
(m = 1 ïðè θn ≤ c i m = 2 ïðè θn > c), òî∣∣∣fnn (t√n)− e−

t2

2
n
∣∣∣ ≤ θn|t|r

n∑
k=1

e−cmt
2(n−k)e−

t2

2
(k−1) ≤ θn|t|rne−cmt

2(n−1). (14)

Ìè âðàõóâàëè, ùî cm ≤ 1
2
.

Íåõàé n ≥ 2, θn > c. Ó (12) ïîêëàäåìî T = T2
√
n.

Áóäåìî ââàæàòè, ùî
1

T2
√
n
≤ θn

n
r−2
2

, (15)

1

T2
√
n
>

θn

n
r−2
2

,

(
θn
c

) 1
r−2 1√

n
>

θn

n
r−2
2

,
(θn)

3−r
r−2 c

−1
r−2

n
3−r
2

> 1

i
θn

n
r−2
2

cr−3 > 1. (16)
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Îñêiëüêè
ρn = sup

x
|Φn(x)− Φ(x)| ≤ 1,

òî iç (16) îäåðæèìî

ρn ≤ 1 <
θn

n
r−2
2

cr−3

i íåðiâíiñòü (1) âèêîíó¹òüñÿ.
Iç (14) äëÿ iíòåãðàëà ó (12) îäåðæó¹ìî (m = 2)

I =

T2∫
0

∣∣∣fnn (z√n)− e−
t2

2
n
∣∣∣ dt
t
≤

T2∫
0

θn|t|rne−cmt
2(n−1)dt

t
= θnn

T2∫
0

tr−1e−c2t
2(n−1)dt =

= θnn
1

2 (c2(n− 1))
r
2

c2T 2
2 (n−1)∫
0

z
r
2
−1e−zdz ≤ θn

n
r−2
2

2
r−2
2 (c2)

− r
2Γ
(r
2

)
. (17)

Òîäi iç (17), (15) i (12) äëÿ n ≥ 2

ρn ≤ C3
θn

n
r−2
2

.

ßêùî θ1 > c, òî ρ1 ≤ 1 < θ1
c
. Ó âèïàäêó θn > c òåîðåìà äîâåäåíà.

Íåõàé θn ≤ c, n ≥ 2. Ïîêëàäåìî ó (17) T = X
√
n, äå X = c(θn)

−p,
p = min

{
1; 1

sn+1

}
. Òîäi

I =

T√
n∫

0

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t
=

=

T ′∫
0

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t
+

X∫
T ′

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t
= I1 + I2, (18)

äå T ′ = min(T1, X).
Áóäåìî ðîçãëÿäàòè âèïàäîê T ′ = T1, áî iíàêøå I2 = 0 i äîâåäåííÿ âèïëèâà¹

iç îöiíêè iíòåãðàëà I1.

I1 ≤
θn

n
r−2
2

2
r−2
2 (c2)

− r
2Γ
(r
2

)
= C4

θn

n
r−2
2

. (19)

I2 =

X∫
T1

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t
≤

X∫
T1

∣∣fnn (t√n)∣∣ dtt +

X∫
T1

e−
t2

2
ndt

t
= I ′2 + I ′′2 . (20)

Iç (10) (âðàõîâó¹ìî, ùî T1 ≥
√
12)

I ′2 ≤ (θn)
n

X∫
T1

(1 + |t|s)ndt
t
≤ (2θn)

n

X∫
T1

tsn−1dt.
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Ó âèïàäêó s ≥ 1
3

I ′2 ≤ (2θn)
nX

sn

sn
≤ 3

n
(θn)

(1−sp)n(2c1)
n ≤ C5

(θn)
p

√
n
. (21)

ßêùî n ≥ 2 i s < 1
3
, òî p = 1, êðiì òîãî n− 1− sn− 1

3
> 0. Òîäi

I ′2 ≤ (2θn)
n

X∫
T1

tsn−1dt = (2θn)
n

X∫
T1

tsn−
2
3
dt
3
√
t
≤ (2θn)

n

3

√
T1
(
sn+ 1

3

)Xsn+ 1
3 ≤

≤ θn
2n3
6
√
12

(θn)
n−1−sn− 1

3 csn+
1
3 ≤ θn

n
r−2
2

3

c 6
√
12
n
r−2
2 (2c)n ≤ C6

θn

n
r−2
2

. (22)

Çàëèøèëîñü îöiíèòè I ′′2 :

I ′′2 =

X
√
n∫

T1
√
n

e−
t2

2
dt

t
≤ 1

(T1
√
n)2

e−
(T1

√
n)2

2 ≤ (θn)
n

12n
≤ θn√

n

c

12
√
2
. (23)

Iç (7), (18)�(23) âèïëèâà¹, ùî ó âèïàäêó θn ≤ c, n ≥ 2 ëåìà äîâåäåíà.
Íåõàé n = 1, θ1 ≤ c, s > 0. Òîäi iç (7) i óìîâ ëåìè

ρ1 ≤
2

π

X∫
0

∣∣∣f1(z)− e−
z2

2

∣∣∣ dt
t
+

24

π
√
2πX

≤ 2

π
θ1

X∫
0

ts−1dt+
24(θ1)

p

π
√
2πc

=

=
2

π

(θ1)
1−spcs

s
+

24(θ1)
p

π
√
2πc

≤ C7

(
1 +

1

s

)
(θ1)

1
s+1 .

Ëåìà äîâåäåíà.
Äîâåäåííÿ òåîðåìè. Âèêîðèñòîâó¹ìî ëåìó 1. Ïîêëàäåìî ó ëåìi 3

θn = κn(r), s = r. Òîäi

ρn ≤ C(3)max

{
κn(r)

n
r−2
2

;
(κn(r))

n
rn+1

√
n

}
.

Ïîêëàäåìî ó ëåìi 3 θn = κn0(r), s = 1. Òîäi îäåðæèìî

ρn ≤ C(2)max

{
κn0(r)

n
r−2
2

;
(κn0(r))

n
n+1

√
n

}
.

Ïîêëàäåìî ó ëåìi 3 θn = νn0(r), s = 0. Òîäi äëÿ âñiõ n ≥ 2

ρn ≤ C(1)νn0(r)

n
r−2
2

i ρ1 ≤ ν10(r).

Òåîðåìà äîâåäåíà.
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