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ÂËÀÑÒÈÂÎÑÒI ÓÇÀÃÀËÜÍÅÍÎÃÎ ÐÎÇÂ'ßÇÊÓ ÇÀÄÀ×I ÊÎØI
ÄËß ÐIÂÍßÍÍß ÒÅÏËÎÏÐÎÂIÄÍÎÑÒI ÍÀ ÏÐßÌIÉ Ç
ÂÈÏÀÄÊÎÂÎÞ ÏÐÀÂÎÞ ×ÀÑÒÈÍÎÞ Ç ÏÐÎÑÒÎÐÓ ÎÐËI×À

In this paper the heat equation with random right side are examined. In particular, we give
conditions for existence with probability one of the generalized solutions in the case when the right
side is a random field from the Orlicz space.

Â ðîáîòi äîñëiäæóþòüñÿ âëàñòèâîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ðiâíÿííÿ òå-
ïëîïðîâiäíîñòi íà ïðÿìié, êîëè ïðàâà ÷àñòèíà ¹ âèïàäêîâèì ïîëåì ç ïðîñòîðó Îðëi÷à.

1. Âñòóï. Ðiâíÿííÿ òåïëîïðîâiäíîñòi ç âèïàäêîâèìè ïî÷àòêîâèìè óìîâàìè ¹
êëàñè÷íîþ çàäà÷åþ ìàòåìàòè÷íî¨ ôiçèêè. Çîâñiì íåäàâíî, êiëüêà â÷åíèõ äî-
ñëiäæóâàëè ðîçâ'ÿçîê ðiâíÿííÿ òåïëîïðîâiäíîñòi â çàëåæíîñòi âiä ðiçíèõ òèïiâ
âèïàäêîâèõ óìîâ. Ðîáîòè Ðàòàíîâà Í. Å. òà ií. [1], Âîé÷iíñêîãî Â. À. [2], Ñóð-
ãàéëiñà Ä. i Âîé÷iíñêîãî Â. À. [3] ìiñòÿòü âàæëèâi ðåçóëüòàòè ïî äàíié òåìàòèöi.
Çîêðåìà, îòðèìàíi ãðàíè÷íi òåîðåìè äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi i ïîâ'ÿçàíi ç
íèì òàê çâàíi ðiâíÿííÿ Áþðãåðñà. Â ïðàöi Êîçà÷åíêàÞ.Â. òà Ëåîíåíêî Ã. Ì. äî-
ñëiäæó¹òüñÿ çàäà÷à Êîøi äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi, êîëè ïî÷àòêîâà óìîâà
¹ ñòðîãî ñóáãàóññîâèì âèïàäêîâèì ïðîöåñîì. Ó ñòàòòi Áåãií I., Êîçà÷åíêà Þ. òà
ií. [4] äîñëóäæóâàëîñü ëiíiéíå ðiâíÿííÿ òåïëîïðîâiäíîñòi íåïàðíîãî ïîðÿäêó ç
âèïàäêîâèìè ïî÷àòêîâèìè óìîâàìè. Ó ðîáîòàõ Êîçà÷åíêà Þ. Â. òà Âåðåø Ê.
É. [5�7] îá ðóíòîâàíî çàñòîñóâàííÿ ìåòîäó Ôóð'¹ äëÿ îäíîðiäíîãî ïàðàáîëi÷íî-
ãî ðiâíÿííÿ ç âèïàäêîâèìè ïî÷àòêîâèìè óìîâàìè ç ïðîñòîðó Îðëi÷à, çíàéäåíi
îöiíêè ðîçïîäiëó ñóïðåìóìó ðîçâ'ÿçêó îäíîðiäíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi ç
âèïàäêîâèìè ïî÷àòêîâèìè óìîâàìè ç ïðîñòîðó Îðëi÷à, à òàêîæ íåîäíîðiäíîãî
ðiâíÿííÿ òåïëîïðîâiäíîñòi ç âèïàäêîâîþ ïðàâîþ ÷àñòèíîþ iç ïðîñòîðiâ Îðëi÷à.
Â ðîáîòàõ [8, 9] îòðèìàíî óìîâè iñíóâàííÿ ç iìîâiðíiñòþ îäèíèöÿ êëàñè÷íîãî
ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi íà ïðÿìié ç âèïàäêîâîþ
ïðàâîþ ÷àñòèíîþ.

Ó ìîíîãðàôi¨ [10] ìîæíà çíàéòè ïîñèëàííÿ i íà iíøi ðîáîòè, ÿêi ïðîâîäèëèñÿ
â äàíîìó íàïðÿìêó.

Â ðîáîòi äîñëiäæó¹òüñÿ íåîäíîðiäíå ðiâíÿííÿ òåïëîïðîâiäíîñòi íà ïðÿìié ç
âèïàäêîâîþ ïðàâîþ ÷àñòèíîþ.

Äëÿ äàíî¨ çàäà÷i çíàéäåíî äîñòàòíi óìîâè iñíóâàííÿ ç iìîâiðíiñòþ îäèíèöÿ
óçàãàëüíåíîãî ðîçâ'ÿçêó, êîëè ïðàâà ÷àñòèíà ¹ âèïàäêîâèì ïîëåì ç ïðîñòîðó
Îðëi÷à.

2. Îñíîâíèé ðåçóëüòàò. Ðîçãëÿíåìî íåîäíîðiäíå ðiâíÿííÿ òåïëîïðîâiäíî-
ñòi, ÿêå çàäàíå íà ïðÿìié:

∂u(x, t)

∂t
= a2

∂2u(x, t)

∂x2
+ ξ(x, t), (1)

−∞ < x < +∞, t > 0,
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ç ïî÷àòêîâîþ óìîâîþ

u(x, 0) = 0, −∞ < x < +∞. (2)

Íåõàé â óìîâàõ äàíî¨ çàäà÷i ξ(x, t) = {ξ(x, t), x ∈ R, t > 0} � âèáiðêî-
âî íåïåðåðâíå ç iìîâiðíiñòþ îäèíèöÿ âèïàäêîâå ïîëå ç ïðîñòîðó Îðëi÷à, òàêå
ùî Eξ(x, t) = 0, E(ξ(x, t))2 < +∞. B(x, t, z, s) = Eξ(x, t)ξ(y, s) � êîâàðiàöiéíà
ôóíêöiÿ âèïàäêîâîãî ïðîöåñó ξ(x, t). Íåõàé B(x, t, z, s) íåïåðåðâíà ôóíêöiÿ.

Íàâåäåìî äåÿêi íåîáõiäíi äàíi ç òåîði¨ iíòåãðàëiâ Ôóð'¹.

Òåîðåìà 1. [11] Íåõàé ôóíêöiÿ f(x) ¹ íåïåðåðâíîþ i àáñîëþòíî iíòåãðîâ-
íîþ íà âñié ÷èñëîâié îñi i íåõàé â òî÷öi x âîíà ¹ äèôåðåíöiéîâíîþ. Òîäi

f(x) =
1√
2π

v.p.

+∞∫
−∞

f̂(ξ)eiξxdξ = lim
N→+∞

N∫
−N

f̂(ξ)eiξxdξ.

Çàóâàæåííÿ 1. Çàïèñ v.p. îçíà÷à¹ "ãîëîâíå çíà÷åííÿ"iíòåãðàëó.

ßê âèïëèâà¹ ç äàíî¨ òåîðåìè [11] (ñò. 90), ÿêùî ôóíêöiÿ f(x) ¹ äèôåðåíöiéîâ-
íà, íåïåðåðâíîþ i àáñîëþòíî iíòåãðîâíîþ íà âñié ÷èñëîâié îñi, òî ïåðåòâîðåííÿ
Ôóð'¹

F : f → f̂ = Ff,

f̂(x) =
1√
2π

+∞∫
−∞

f(ξ)eiξxdξ

ìà¹ îáåðíåíå ïåðåòâîðåííÿ

F (−1) : f̂ → f = F (−1)f,

f(x) =
1√
2π

v.p.

+∞∫
−∞

f̂(ξ)eiξxdξ.

Ðîçãëÿíåìî

G(y, t) =
1√
2π

t∫
0

e−a
2y2(t−τ)ξ̃(y, τ)dτ,

ξ̃(y, τ) =
1√
2π

+∞∫
−∞

cos yxξ(x, τ)dx,

i

u(x, t) =

+∞∫
−∞

cos yxG(y, t)dy. (3)

Íåõàé D = {(x, t) : x ∈ [−A,A], t ∈ [0, T ]} . Ââåäåìî ïîçíà÷åííÿ

uan(x, t) =

+an∫
−an

cos yxG(y, t)dy. (4)
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Îçíà÷åííÿ 1. Áóäåìî íàçèâàòè óçàãàëüíåíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1) ïðè
óìîâi (2) ôóíêöiþ u(x, t), ùî çîáðàæåíà ó âèãëÿäi (3), ÿêà ¹ ãðàíèöåþ ðiâíîìið-
íî çáiæíî¨ ç iìîâiðíiñòþ îäèíèöÿ â îáëàñòi D ïîñëiäîâíîñòi (4) i çàäîâîëüíÿ¹
óìîâó (2).

Ëåìà 1. [8] Íåõàé ξ(x, t) � âèáiðêîâî íåïåðåðâíå ç iìîâiðíiñòþ îäèíèöÿ
âèïàäêîâå ïîëå, äëÿ ÿêîãî ïðè êîæíîìó t > 0 ç iìîâiðíiñòþ îäèíèöÿ iñíó¹
íåïåðåðâíà ïîõiäíà ∂ξ(x,t)

∂x
ïðè âñiõ x ∈ R òà t > 0 âèêîíó¹òüñÿ óìîâà∫

R

√
E(ξ2(x, t))dx <∞, (5)

òîäi äëÿ ξ(x, t) ïðè êîæíîìó t > 0 ç iìîâiðíiñòþ îäèíèöÿ iñíó¹ iíòåãðàëüíå
ïåðåòâîðåííÿ Ôóð'¹

ξ̃(y, τ) =
1√
2π

+∞∫
−∞

cos yxξ(x, τ)dx,

òà ñïðàâäæó¹òüñÿ ðiâíiñòü

ξ(x, t) =
1√
2π

+∞∫
−∞

cos yxξ̃(y, t)dy.

Ëåìà 2. Íåõàé ξ(x, t) � âèáiðêîâî íåïåðåðâíå âèïàäêîâå ïîëå ç ïðîñòî-
ðó Îðëi÷à iç çàäàíîþ êîâàðiàöiéíîþ ôóíêöi¹þ B(x, t, v, s). Íåõàé äëÿ âñiõ t >
0, s > 0 âèêîíóþòüñÿ óìîâà:

+∞∫
−∞

+∞∫
−∞

|B(x, t, v, s)| dxdx 6 B <∞.

Òîäi ç iìîâiðíiñòþ îäèíèöÿ iñíóþ¹ iíòåãðàë Ëåáåãà

+∞∫
−∞

cos yxG(y, t)dy.

Äîâåäåííÿ. Äîâåäåìî iñíóâàííÿ iíòåãðàëó

+∞∫
−∞

cos yxG(y, t)dy.

Äëÿ òîãî, ùîá äàíèé iíòåãðàë iñíóâàâ ç iìîâiðíiñòþ îäèíèöÿ, äîñòàòíüî ùîá
iñíóâàâ iíòåãðàë

+∞∫
−∞

E|G(y, t)|dy.
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Ìà¹ ìiñöå íåðiâíiñòü

+∞∫
−∞

E|G(y, t)|dy 6
+∞∫

−∞

√
E(G(y, t))2dy.

Ðîçãëÿíåìî

E(G(y, t))2 =
1

2π

t∫
0

t∫
0

e−a
2y2(t−τ)e−a

2y2(t−s)E(ξ̃(y, τ)ξ̃(y, s))dτds.

E(ξ̃(y, τ)ξ̃(y, s)) =
1

2π

+∞∫
−∞

+∞∫
−∞

cos yx cos yvE(ξ(x, τ)ξ(v, s))dxdv =

=
1

2π

+∞∫
−∞

+∞∫
−∞

cos yx cos yvB(x, τ, v, s)dxdv.

∣∣∣E(ξ̃(y, τ)ξ̃(y, s))∣∣∣ 6 1

2π

+∞∫
−∞

+∞∫
−∞

|B(x, t, v, s)| dxdv 6 1

2π
·B.

Òîäi

E(G(y, t))2 =
(

1

2π

)2

·B
t∫

0

t∫
0

e−a
2y2(t−τ)e−a

2y2(t−s)dτds =

=

(
1

2π

)2

· 1

a4y4
B(1− ea

2y2t)2.

Îòæå, ïðè y ̸= 0,

+∞∫
−∞

√
E(G(y, t))2dy 6

√
B(4, 2, 2)

2πa

+∞∫
−∞

(
1− e−a

2y2t
)

y2
dy.

Îñòàííié iíòåãðàë ¹ çáiæíèì ïðè äîâiëüíîìó y ∈ R.

Òåîðåìà 2. [6] Íåõàé Rk � k-âèìiðíèé ïðîñòið,

d(t, s) = max
1≤i≤k

|ti − si| ,

T = {0 ≤ ti ≤ Ti, i = 1, 2, . . . , k}, Xn = {Xn(t), t ∈ T}, n = 1, 2, . . . � ïîñëiäîâ-
íiñòü âèïàäêîâèõ ïðîöåñiâ, ùî íàëåæàòü ïðîñòîðó Îðëi÷à LU(Ω) âèïàäêîâèõ
âåëè÷èí, äå äëÿ ôóíêöi¨ U âèêîíó¹òüñÿ g-óìîâà. Íåõàé âèêîíóþòüñÿ óìîâè:

1) ïðîöåñè Xn(t) � ñåïàðàáåëüíi;

2) Xn(t) → X(t) ïðè n→ ∞, t ∈ T çà éìîâiðíiñòþ;
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3) sup
d(t,s)≤h

sup
n=1,∞

∥Xn(t)−Xn(s)∥LU
≤ σ(h), äå σ = {σ(h), h > 0} òàêà íåïåðåðâ-

íà ìîíîòîííà çðîñòàþ÷à ôóíêöiÿ, ùî σ(h) → 0 êîëè h→ 0;

4) äëÿ äåÿêîãî ε > 0

ε∫
0

U (−1)

(
k∏
i=1

(
Ti

2σ(−1)(u)
+ 1

))
du <∞,

äå σ(−1)(u) � ôóíêöiÿ îáåðíåíà äî σ(u).

Òîäi ïðîöåñè Xn(t) çáiãàþòüñÿ çà éìîâiðíiñòþ â ïðîñòîði C(T ).

Òåîðåìà 3. Íåõàé ξ(x, t) � âèáiðêîâî íåïåðåðâíå ç iìîâiðíiñòþ îäèíèöÿ
âèïàäêîâå ïîëå ç ïðîñòîðó Îðëi÷à, äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè ëåìè 1 i ëåìè
2 i

sup
|x−xi|≤h
|t−t1|≤h

τφ
(
un(x, t)− u(nx1, t1)

)
≤ σ(h),

äå σ (h) � íåïåðåðâíà ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ, òàêà ùî σ (h) → 0 ïðè
h→ 0, i âèêîíó¹òüñÿ óìîâà:∫ ε

0+

U (−1)

((
A

σ(−1)(u)
+ 1

)(
T

2σ(−1)(u)
+ 1

))
du <∞ (6)

äå σ(−1)(ε) � îáåðíåíà ôóíêöiÿ äî σ(ε).
Òîäi ôóíêöiÿ u(x, t), ùî çîáðàæåíà ó âèãëÿäi (3) áóäå óçàãàëüíåíèì ðîçâ'ÿç-

êîì çàäà÷i (1)�(2).

Äîâåäåííÿ. Äàíà òåîðåìà âèïëèâà¹ ç òåîðåìè 2.

Ïðèêëàä 1. Íåõàé ξ(x, t) � ñòðîãî îðëi÷åâi âèïàäêîâi ïîëÿ ç ïðîñòîðó
LU(Ω). Íåõàé U(x) òàêà ôóíêöiÿ, ùî U(x) = |x|p äëÿ p > 2 i |x| > 1. Óìîâà (6)
òåîðåìè 3 âèêîíó¹òüñÿ, êîëè σ(h) = C|h|δ äëÿ 0 < δ ≤ 1. Â öüîìó âèïàäêó äëÿ
ε > 0 ìà¹ìî:

I =

ε∫
0

U (−1)

((
A

σ(−1)(u)
+ 1

)(
T

2σ(−1)(u)
+ 1

))
du <∞,

I ≤
ε∫

0

(
AC

1
δ

u
1
δ

· TC
1
δ

2u
1
δ

) 1
2

du ≤ D

ε∫
0

1

u
2
pδ

du.

îñòàííié iíòåãðàë ¹ çáiæíèì äëÿ δ > 2
p
.

Òåîðåìà 4. Íåõàé ξ(x, t) � âèáiðêîâî íåïåðåðâíå ç iìîâiðíiñòþ îäèíèöÿ
ñòðîãî îðëi÷åâå âèïàäêîâå ïîëå ç ïðîñòîðó LU(Ω), äå U(x) òàêà ôóíêöiÿ, ùî
U(x) = |x|p äëÿ p > 2 i |x| > 1. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 1 i ëåìè 2 i
äëÿ äåÿêîãî Θ > 0

+∞∫
−∞

(
E |ξ(x, τ)|2

) 1
2 dx < Θ.
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Òîäi ôóíêöiÿ u(x, t), ùî çîáðàæåíà ó âèãëÿäi (3) áóäå óçàãàëüíåíèì ðîçâ'ÿçêîì
çàäà÷i (1)�(2).

Äîâåäåííÿ. Äëÿ òîãî, ùîá ôóíêöiÿ u(x, t), ùî çîáðàæåíà ó âèãëÿäi (3) áóëà
óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)�(2), ïîòðiáíî, ùîá iíòåãðàë (4) çáiãàâñÿ çà
éìîâiðíiñòþ äî iíòåãðàëó

+∞∫
−∞

cos(yx)G(y, t)dy,

äëÿ |x| ≤ A, 0 ≤ t ≤ T.
Âèêîðèñòîâóþ÷è òåîðåìó 2 i ïðèêëàä 1, äëÿ òîãî, ùîá iíòåãðàë (4) çáiãàâñÿ

çà éìîâiðíiñòþ â C(D) ïîòðiáíî ùîá âèêîíóâàëàñÿ óìîâà

∥uan(x, t)− uan(x1, t1)∥LU
≤ Chα,

äå

un(x, t) =

an∫
−an

cos(yx)G(y, t)dy,

∥uan(x, t)− uan(x1, t1)∥LU
≤ Ĉ∆1

(
E |uan(x, t)− uan(x1, t1)|

2) 1
2 .

Âèêîðèñòîâóþ÷è óçàãàëüíåíó íåðiâíiñòü Ìiíüêîâñüêîãî, îòðèìà¹ìî(
E |uan(x, t)− uan(x1, t1)|

2) 1
2 =

=

E

∣∣∣∣∣∣
an∫

−an

cos(yx)G(y, t)dy −
an∫

−an

cos(yx1)G(y, t1)dy

∣∣∣∣∣∣
2

1
2

=

=

E

∣∣∣∣∣∣
an∫

−an

[cos(yx)G(y, t)− cos(yx1)G(y, t1)] dy

∣∣∣∣∣∣
2

1
2

=

=

E

∣∣∣∣∣∣
an∫

−an

[(cos(yx)− cos(yx1))G(y, t1)+

+(G(y, t)−G(y, t1)) cos(yx)] dy|2
) 1

2 6

6
∞∫

−∞

[
|cos(yx)− cos(yx1)|

(
|G(y, t1)|2

) 1
2 +

(
E|G(y, t)−G(y, t1)|2

) 1
2

]
dy.

Çàñòîñîâóþ÷è íåðiâíiñòü | sinx| ≤ |x|α äëÿ 0 < α ≤ 1 ïðè äîñòàòíüî ìàëîìó h,
|x− x1| ≤ h ìè îòðèìà¹ìî

|cos(yx)− cos(yx1)| ≤ 2

∣∣∣∣sin y(x− x1)

2

∣∣∣∣ ≤ 21−α|y|αhα.
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Ðîçãëÿíåìî

(
E|G(y, t1)|2

) 1
2 =

1√
2π

E

∣∣∣∣∣∣
t1∫
0

e−a
2y2(t1−τ)ξ̃(y, τ)dτ

∣∣∣∣∣∣
2

1
2

≤

6 1√
2π

t1∫
0

e−a
2y2(t1−τ)

(
E|ξ̃(y, τ)|2

) 1
2
dτ.

(
E|ξ̃(y, τ)|2

) 1
2
=

1√
2π

E

∣∣∣∣∣∣
+∞∫

−∞

cos(yx) ξ(x, τ)dx

∣∣∣∣∣∣
2

1
2

≤

6 1√
2π

+∞∫
−∞

(
E |ξ(x, τ)|2

) 1
2 dx <

1√
2π

Θ.

Îòæå, (
E|G(y, t1)|2

) 1
2 ≤ 1

2π

t1∫
0

Θe−a
2y2(t1−τ)dτ 6

6 1

2π
Θ

1
2

1

a2y2

∣∣∣1− e−a
2y2t1

∣∣∣ .
Íåõàé t1 < t, òîäi (

E|G(y, t)−G(y, t1)|2
) 1

2 =

=
1√
2π

E

∣∣∣∣∣∣
t∫

0

e−a
2y2(t−τ)ξ̃(y, τ)dτ −

t1∫
0

e−a
2y2(t1−τ)ξ̃(y, τ)dτ

∣∣∣∣∣∣
2

1
2

=

=
1√
2π

E

∣∣∣∣∣∣
t1∫
0

[
e−a

2y2(t−τ) − e−a
2y2(t1−τ)

]
ξ̃(y, τ)dτ+

+

t∫
t1

e−a
2y2(t−τ)ξ̃(y, τ)dτ

∣∣∣∣∣∣
2

1
2

=

=
1√
2π

 t1∫
0

[∣∣∣e−a2y2(t−τ) − e−a
2y2(t1−τ)

∣∣∣ (E|ξ̃(y, τ)|2) 1
2

]
dτ+

+

t∫
t1

e−a
2y2(t−τ)

(
E|ξ̃(y, τ)|2

) 1
2
dτ

 .

Ç ëåìè 3.21 ðîáîòè [10](ñò. 227) âèïëèâà¹∣∣∣e−a2y2(t−τ) − e−a
2y2(t1−τ)

∣∣∣ = ∣∣∣e−a2y2(t1−τ)∣∣∣ ∣∣∣e−a2y2(t−t1) − 1
∣∣∣ 6
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6 e−a
2y2(t1−τ) max(1, a2)y2α|t− t1|α ≤ e−a

2y2(t1−τ)max(1, a2)y2αhα.

Îòæå, (
E|G(y, t)−G(y, t1)|2

) 1
2 ≤

6 1

2π

 t∫
0

e−a
2y2(t1−τ)max(1, a2)y2αhαΘ

1
2dτ +

t∫
t1

e−a
2y2(t−τ)Θ

1
2dτ

 =

=
Θ

2π

max(1, a2)y2αhα
1

a2y2

∣∣∣1− e−a
2y2t1

∣∣∣+ t∫
t1

e−a
2y2(t−τ)dτ

 =

=
Θ

2π

max(1, a2)
hα

a2y2(1− α)

∣∣∣1− e−a
2y2t1

∣∣∣+ t∫
t1

e−a
2y2(t−τ)dτ

 .

Òîäi (
E |uan(x, t)− uan(x1, t1)|

2) 1
2 6

6 Θ

2π

+∞∫
−∞

[
21−α|yαhα| 1

a2y2

∣∣∣1− e−a
2y2t1

∣∣∣+
+hαmax(1, a2)

hα

a2y2(1− α)

∣∣∣1− e−a
2y2t1

∣∣∣+
+

t∫
t1

e−a
2y2(t−τ)dτ

 dy =
Θ

π

+∞∫
0

[
21−α

hα

a2y2−α

∣∣∣1− e−a
2y2t1

∣∣∣ +
+ hαmax(1, a2)

hα

a2y2(1− α)

∣∣∣1− e−a
2y2t1

∣∣∣+ t∫
t1

e−a
2y2(t−τ)dτ

 dy =

=
Θ

π


1∫

0

[
21−α

hα

a2y2−α

∣∣∣1− e−a
2y2t1

∣∣∣ +
+hαmax(1, a2)

hα

a2y2(1− α

∣∣∣1− e−a
2y2t1

∣∣∣+
+

t∫
t1

e−a
2y2(t−τ)dτ

 dy + +∞∫
1

[
21−α

hα

a2y2−α

∣∣∣1− e−a
2y2t1

∣∣∣ +
+ hαmax(1, a2)

hα

a2y2(1− α)

∣∣∣1− e−a
2y2t1

∣∣∣+ t∫
t1

e−a
2y2(t−τ)dτ

 dy
 =

=
Θ

π
(I1 + I2) .
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Ðîçãëÿíåìî

I1 =

1∫
0

[
21−α

hα

a2y2−α

∣∣∣1− e−a
2y2t1

∣∣∣ +
+hαmax(1, a2)

hα

a2y2(1− α)

∣∣∣1− e−a
2y2t1

∣∣∣+
+

t∫
t1

e−a
2y2(t−τ)dτ

 dy =
21−αhα

a2

1∫
0

1

y2−α

∣∣∣1− e−a
2y2t1

∣∣∣ dy+
+
hα

a2
max(1, a2)

1∫
0

1

y2(1−α)

∣∣∣1− e−a
2y2t1

∣∣∣ dy+
+

1∫
0

 t∫
t1

e−a
2y2(t−τ)dτ

 dy =

=
21−αhα

a2
I11 +

hα

a2
max(1, a2)I12 + I13.

Îñêiëüêè
∣∣∣1− e−a

2y2t1

∣∣∣ ≤ a2y2t1 ≤ a2y2T , òî

I11 =

1∫
0

1

y2(1−α)

∣∣∣1− e−a
2y2t1

∣∣∣ dy ≤ a2T

α + 1
.

I12 =

1∫
0

1

y2(1−α)

∣∣∣1− e−a
2y2t1

∣∣∣ dy ≤ a2T

2α+ 1
.

Âèêîðèñòîâóþ÷è e−a
2y2(t−τ) ≤ 1, áóäåìî ìàòè

I13 =

1∫
0

 t∫
t1

e−a
2y2(t−τ)dτ

 dy ≤
1∫

0

(t− t1)dy ≤ h ≤ hαT 1−α.

Îòæå, ìè îòðèìàëè

I1 ≤ hα
(
21−αT

α + 1
+

max(1, a2)T

2α + 1
+ T 1−α

)
.

I2 =

+∞∫
1

[
21−α

hα

a2y2−α

∣∣∣1− e−a
2y2t1

∣∣∣ dy +
+ hαmax(1, a2)

hα

a2y2(1− α)

∣∣∣1− e−a
2y2t1

∣∣∣+ t∫
t1

e−a
2y2(t−τ)dτ

 dy =
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=
21−αhα

a2

+∞∫
1

1

y2−α

∣∣∣1− e−a
2y2t1

∣∣∣ dy+
+
hα

a2
max(1, a2)

+∞∫
1

1

y2(1−α)

∣∣∣1− e−a
2y2t1

∣∣∣ dy+
+

+∞∫
1

 t∫
t1

e−a
2y2(t−τ)dτ

 dy =

21−αhα

a2
I21 +

hα

a2
max(1, a2)I22 + I23.

I21 =

+∞∫
1

1

y2−α

∣∣∣1− e−a
2y2t1

∣∣∣ dy ≤
+∞∫
1

1

y2−α
dy =

1

1− α
.

I22 =

+∞∫
1

1

y2(1−α)

∣∣∣1− e−a
2y2t1

∣∣∣ dy ≤
+∞∫
1

1

y2(1−α)
dy =

1

1− 2α
.

I23 =

+∞∫
1

 t∫
t1

e−a
2y2(t−τ)dτ

 dy =
1

a2

+∞∫
1

1

y2

(
1− e−a

2y2(t−t1)
)
dy ≤

6 hα

a2
max 1, a2

+∞∫
1

dy

y2(1−α)
=
hα

a2
max(1, a2)

1

1− 2α
.

Òîìó

I2 =

(
21−α

a2
· 1

1− α
+

2max(1, a2)

a2

)
hα.

Òîäi äëÿ 0 < α < 1
2
, áóäåìî ìàòè

||uan(x, t)− uan(x1, t1)∥LU
≤ Chα,

äå

C =
ΘĈ∆1

π

(
21−αT

α + 1
+

max(1, a2)T

2α + 1
+ T 1−α +

+
21−α

α2
· 1

1− α
+

2max(1, a2)

a2

)
.

Çãiäíî òåîðåìè 2, óìîâè òåîðåìè 4 âèêîíóþòüñÿ äëÿ 0 < α < 1
2
.
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