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FIRST BAIRE CLASS FUNCTIONS IN THE PLURI-FINE TOPOLOGY

Let B1(,R) be the first Baire class of real functions in the pluri-fine topology on an open set  C C™
and let Hy(Q2,R) be the first functional Lebesgue class of real functions in the same topology. We
prove the equality B1(Q2,R) = H{(2,R) and show that for every f € B1(Q2,R) there is a separately
continuous function g : Q% — R in the pluri-fine topology on Q? such that f is the diagonal of g.
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1. Introduction.

The first Baire class functions is a classical object for the studies in Real Analysis,
General Topology and Descriptive Set Theory. There exist many interesting characte-
rizations of these functions. Let us denote by I the closed interval [0, 1].

Theorem 1.1. The following conditions are equivalent for every f : 1 — I.
1. The function f is a Baire one function.

2. There is a separately continuous function g : I x I — I such that f is the diagonal
of g.

3. Each nonvoid closed set F' C I contains a point x such that the restriction f|p is
continuous at x.

4. The sets f~Y(a,1] and f=10,a) are F, for every a € I.

5. Foralla, b € I with a < b and for every non-void subset F' C I, the sets f~1[0, a
and f~1[b,1] cannot be simultaneously dense in F.

It is a classical result in the real function theory that the diagonals of separately
continuous functions of n variables are exactly the (n — 1) Baire class functions. See
R. Baire [1] for the original proof in the case where n = 2, and H. Lebesgue |9, 10| and
H. Hahn [6] for arbitrary n > 2. A proof of the equivalence of (1), (3), (4) and (5) in the
situation of a metrizable strong Baire space can be found, for example, in [11, Theorem
2.12, p. 55|. The goal of our paper is to find similar characterizations of the first Baire
class functions on the topological space (€2, 7), where €2 is an open subset of C" and 7
is the pluri-fine topology on . The pluri-fine topology 7 is the coarsets topology on
Q such that all plurisubharmonic functions on €2 are continuous. The topology 7 was
introduced by B. Fuglede in [5] as a basis for a fine analytic structure in C". E. Bedford
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and B. A. Taylor note in [2] that the pluri-fine topology is Baire and has the quasi-
Lindelof property. S. El. Marzguioui and J. Wiegerinck proved in [14] that 7 is locally
connected and, consequently, the connected components of open sets are open in 7 (see
also [15]). It should be noted that 7 is not metrizable (see Corollary 1.8 below). Thus,
it is not clear whether the above formulated characterizations of the first Baire class
functions are valid for (€2, 7).

Let us recall some definitions.

Let X be an arbitrary nonvoid set. For integer m > 2 the set A,, of all m-
tuples (z,...,z), x € X, is by definition, the diagonal of X™. The mapping d,, :
X — X" dp(x) = (x,...,x), is called the diagonal mapping and, for every function
f:X™ =Y, the composition f od,,,

Xoz— f(z,..,z) €Y

is, by definition, the diagonal of f.

Let X and Y be topological spaces. A function f : X — Y is a first Baire class
function if there exists a sequence (f,)nen of continuous functions f, : X — Y such
that the limit relation

J@) = Tim f() 1)

holds for every x € X. Similarly, for an integer number m > 2, a function f: X - Y
belongs to the m-Baire class functions, if (1) holds with a sequence (fy,)nen such that
each of f,, is in a Baire class less than m. A function f : X — Y is a first functional
Lebesgue class function, if for every open subset G of the space Y, the inverse image
f~1(G) is a countable union of functionally closed subsets of X. We will denote by
Bi(X,Y) (by Hf (X,Y)) the set of first Baire (first functional Lebesgue) class functions
from X to Y and by F} (G}) the set of all countable unions (countable intersections)
of functionally closed (functionally open) subsets of X. Thus

(f e Hi(X,Y)) & (f 1G) € F for all open G CY) (2)

& (fY(F) € G} for all closed F CY).

Recall that a subset A of a topological space X is functionally closed, if there is a
continuous function f: X — I such that A = f~1(0).

m
Definition 1.2. Let p be a topology on the Cartesian product X = [[ X; of

=1
nonvoid sets X1, ..., X;n, m > 2, and let Y be a topological space. A function f : X - Y
is called separately continuous if, for each m-tuple (z1,...,x,,) € X, the restriction of
f to any of the sets

{(z,22,...;xm) rx € X}, {(z1,2,...;xm) :x € Xo}, ., {(z1, o, Tm—1,2) 1 € Xi}

is continuous in the subspace topology generated by .
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If a = (a1,a2,...,a,) € C", b= (b1, bo,...,b,) € C" and z € C, then we shall write
a + bz the for n-tuple (a1 + b1z, a2 + baz, ..., ap + bp2).

Definition 1.3. Let C", C and [—o00, 00) have the Euclidean topologies, n > 1 and
let 2 C C™ be a non-void open set. A function f :  — [—00,00) is plurisubharmonic
(psh) if f is upper semicontinuous and, for all a, b € C", the function

C3z+— fla+bz) € [—00,00)
is subharmonic or identically —oo on every component of the set

{zeC:a+bzeQ}.

In what follows, 7 denotes the pluri-fine topology on (2, i.e., the coarsest topology
in which all psh functions are continuous.

As was noted in [14], many results related to the classical fine topology which
were introduced by H. Cartan are valid for the pluri-fine topology. For example, 7 is
Hausdorff and completely regular. It is well known that Cartan’s fine topology is not
metrizable and all compact sets are finite in this topology. The topology 7 also has
these properties.

Let mj : Q™ — € be the j-th projection of Q™ on Q, j € {1,...,m}. We identify Q™
with the corresponding subset of C""* and denote by 7, the pluri-fine topology on ™.

Lemma 1.4. All projections 7j : (0", 7)) — (Q,7), j = 1,...,m, are continuous.

Proof. Let Y be a topological space. It follows form a general result on the continuity
of the mappings to a topological space X with a topology generated by a family § of
functions f on X (see [4, p. 31]), that ¥: ¥ — X is continuous if and only if the
composition f o1 is continuous for every f € F. Hence, we need to show that the
functions

am 0 Ly [moo, 00) (3)

are continuous in the topology 7, for every psh function f. Note that all projections =;
are analytic. Consequently, in (3) we have a composition of an analytic function with
a psh function. Since such compositions are psh (see, for example, |7, p. 228]), they are
continuous by the definition of pluri-fine topology. [

Substituting C instead of 2 and n instead of m we obtain the following

Corollary 1.5. All projections m; : C* — C, j = 1,...,n, are continuous mappings
with respect to the pluri-fine topologies on C™ and C.

Proposition 1.6. Let Q be a non-void open subset of C™ and let A be a compact
set in (Q,7). Then A is finite, |A| < oc.

Proof. If f is a psh function on C", then the restriction f|q is psh on Q. Hence
it is sufficient to show that |A| < oo for the case & = C". By Corollary 1.5 every
projection ; is continuous. Hence the sets A; = m;(A4), j = 1,...,n, are compact.
As was mentioned above, every compact set in (C, ) is finite. Consequently, we have

n

|Aj| < o0, j=1,...,n. These inequalities and |A| < |A;| imply that A is finite. O

J=1
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Proposition 1.7. Let Q) be a non-void open subset of C"™. The pluri-fine topology
T s not first-countable for any n > 1.

Proof. Suppose, contrary to our claim, that 7 is first-countable. The topology 7 is
Hausdorff. Since (2, 7) is not discrete, €2 contains an accumulation point a which is the
limit of a non-constant sequence (ay)ren of points of €. It is clear that the set

A= {a}U (U{ak}>

k=1
is an infinite compact subset of 2. The last statement contradicts Proposition 1.6. [J

Corollary 1.8. The pluri-fine topology T on a non-void open set Q@ C C™ is not
metrizable for any integer n > 1.

Proof. Since every metrizable topological space is first countable, the corollary
follows from Proposition 1.7. [J

M. Brelot in [3] considers a fine topology generated by a cone of lower-semicontinuous
functions of the form f : X — (—o0, o0]. Every plurisuperharmonic function satisfies
these conditions and such functions are just the negative of plurisubharmonic functions.
Thus, the pluri-fine topology 7 is an example of fine topologies studied in [3].

2. Separately continuous functions and the first Baire functions in the
pluri-fine topology.
The following is a result from Mykhaylyuk’s paper [17] (see also [16]).

Lemma 2.1. Let X be a topological space and let X™ be a Cartesian product of
m = 2 copies of X with the usual product topology. Then for every (m — 1)-Baire class
function g : X — R there is a separately continuous function f : X™ — R such that
f(z,...,x) = g(x) holds for every xz € X.

Let us denote by ¢t the Tychonoff topology (= product topology) on the product
of m copies of the topological space (€2, 7). The topology " is the coarsest topology on
Q™ making all projections m; : " — ), j = 1,...,m, continuous. Lemma 2.1 directly
implies the following.

Lemma 2.2. Let m > 2 be an integer. For every (m — 1)-Baire class function g :
Q — R in the pluri-fine topology T there is a separately continuous function f : Q™ — R
in the Tychonoff topology t™ such that g is the diagonal of f.

The following theorem gives a “pluri-fine” analog of the first implication from
Theorem 1.1.

Theorem 2.3. Let € be a non-void open subset of C*, n > 1 and let m > 2 be an
integer. For every (m — 1) Baire class function g : Q — R, in the pluri-fine topology
T, there is a separately continuous function f : Q™ — R, in the pluri-fine topology Tm,
such that

g=fodm, (4)
where dy, is the corresponding diagonal mapping.

Proof. By Lemma 2.2, it is sufficient to show that ¢t"* is weaker than 7,,. From the
definition of Tychonoff topology it follows at once that ¢ is weaker than 7, if and only
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if all projections 7;: Q™ — Q, j € {1,...,m}, are continuous mappings on (2", 7,,).
The continuity of these projections follows from Lemma 1.4. [J

Proposition 2.4. The equality

holds for every topological space X.

Proof. Let X be a topological space and let Y be an arcwise connected, locally
arcwise connected, metrizable space. Then every f € Hy(X,Y'), with separable f(X),
belongs to B1(X,Y) (see [8]). Hence Hf (X,R) C B;(X,R) holds.

It still remains to make sure that

Hi(X,R) 2 B1(X,R) (6)

is valid for every topological space X. The following is a simple modification of well
known arguments.

Let f € Bi1(X,R). Consider a sequence (fy)nen of continuous real valued functions
on X such that the limit relation f(x) = nh_)n;o fn(x) holds for every z € X. Let (€1)men

be a strictly decreasing sequence of positive real numbers with

lim &, =0. (7)

m—00

Let us prove the equality

f_l(_oova) = U U

m=1p=1 \k=

o0

fi (00,0 — em]) (8)

for every a € R. It is sufficient to show that for every x € f~!(—o0,a) there are m,
p € N such that

[e.9]

T € ﬂfk_l(—oo,a—z-:m]. 9)

k=p
Let z € f~1(—o00,a). Then we have li_>m fn(x) < a. The last inequality and (8) imply
n oo
li_>m fu(z) < a — &, for some my. Consequently, there is p € N such that f,(x) <
n oo

a — €m, for all n > p, that is
oo
x € ﬂ fit(—o0,a — em).
k=p

Since the sequence (g, )men is strictly decreasing, the inclusion
(~00,a — &m) € (~09,@ — Emy1]

follows for every m. Hence (9) holds with m = m; + 1.
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Note now that f, Y(—00, a—e,,] is functionally closed as a zero-set of the continuous

function
gk,m,a(x) = min(max(f(:v) - f(a - Em)S O); 1)-

Since each countable intersection of functionally closed sets is functionally closed [4,
p. 42-43], equality (8) implies f~!(—o00,a) € F*. Moreover, if g = —f and b = —a,
then f~!(a,o0) = g~!(—o0,b) holds. Hence, the set f~!(a, o) belongs to Fy.

We can now easily prove (6). Indeed, it is sufficient to show that {z : a < f(z) < b}
is a countable union of functionally closed sets for every f € B1(X,R) and every interval
(a,b) C R. Using (8), we obtain

FYa,b) = <U H) N (U F) = |J#NE), (10)

i=1 ij=1

where all H; and F}; are functionally closed. It was mentioned above that the countable
intersection of functionally closed sets is functionally closed. Hence, by (10), f~(a,b) €
E, so that (6) follows. O

Corollary 2.5. The equality B1(Q2,R) = H{(Q,R) holds if the non-void open set
Q C C" is endowed by the pluri-fine topology T.
This corollary and Theorem 2.3 imply the following result.

Theorem 2.6. Let Q) be a non-void open subset of C*, n > 1, and let g : 2 — R be a
first functional Lebesgue class function on (Q, 7). Then there is a separately continuous
function f: Q% — R in the pluri-fine topology 7o on Q2 such that g is the diagonal of f.

The proof of the next proposition is a variant of Luke§-Zaji¢ek’s method from |12,
13].

Proposition 2.7. Let X be a topological space. Then, for every f : X — R, the
following conditions are equivalent.

1. The function f belongs to B1(X,R).

2. For each couple of real numbers a,b with a < b there are Hy, Hy € F} such that
f ' (a,+00) 2 Hy 2 f71(b,+00), (11)
fH(=00,b) 2 Hy 2 f(—00,a). (12)

Proof. 1t suffices to show that f € By(X,R) if (11) and (12) hold. (The converse
implication follows from (5) and (2).)
Using (6) and (10), it is easy to see that we need only to make sure the statements

fYa,+00) € Ff and f~'(—o0,a) € F}

for every a € R. Suppose (11) holds. Then, for every m € N, there is H™ € F} such
that

m+ 1

1 1
f1 <a+m,+oo> CH™C f1 <a++ ,+oo>.
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Consequently,
o0 1 [e.e]
1 1 - m
M a+00) = | S~ <a+m,+oo>gUH
m=1 m=1
b 1
- U f_l <a—|— 7n_i_l,—FOO) = f_l(a,+oo).
m=1
Thus,

fla—i—oo UHm

It implies f~!(a,+0o0) € F¥, because every countable union of sets from F? belongs
to .

Similarly, using (12), we can prove that f~!(—o0,a) € F}. O

In the following corollary we consider the classes B1(2,R) and F} with respect to
the pluri-fine topology 7 on €.

Corollary 2.8. Let Q be a non-void open subset of C*, n > 1, and let f be a real
valued function on Q. Then f belongs to B1(Q,R) if and only if, for each couple a,
b e R, with a < b, double inclusions (11) and (12) hold for some Hy, Hy € F}.
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A. Hosroureii, M. Kyuykaciaan, FO. Puuxenrayc
DyHKIMU epBoro kjgacca Bapa B TomoJsioruu, MOpoxKAeHHOM ILTIOPUCYOGrapMOHUYECKUMU

dbyHKIIUAMUU.

ITycrs B1(Q2,R) — muoxkecTBo byHKIMi IepBOro Kiacca Bspa B TOMOIOrUH, MOPOXKIECHHON ILIIOPH-
cybrapMonmdeckuMu pyHKIusMu Ha oTKpbiToM MHOXKecTBe 2 C C", u nycrs Hi (Q,R) — nepsbrit
dyHKIMOHATBHBIN Kaacc Jlebera BerecTBeHHO3HAYHBIX (DYHKIUN B TO# ke Tomosoruu. Mbl J0Ka3bI-
BaeM papeHcTBo B1(2,R) = H{(Q,R) u nokasbiBaem, uro mist Besikoit f € Bi(Q,R) cymecrsyer
pasienbHO HenpepbiBHast dyHKIms g : Q2 — R B TONOJIOrHH, HOPOXKIEHHOI ILIIOPUCYBrapMOHIYeCKH-

MU QYHKIUSIME U Takasi, 9T0 f sIBJISETCS JUArOHAJIbIO ¢.

Karouesvle caosa: naopucybeapmonuseckas Gynryua, nepsol xaace Bapa, paszdesvro nenpepueras
) ti
PYHKYUA, NOPOHCIEHHAA NAIOPUCYO2APMOHUYECKUMY PYHKUUAMU TONOA02UA, NEPEBLT GYHKUUOHAND-

Houll Kaace Jlebeeaa.

O. Hosrommwuii, M. Kyuaykacmaan, FO. Piixenrayc

dyHKIIiT mepmioro kKJjacy Bepa y ToroJiorii, 1o mopo/keHa mirpicyorapmMoHiiHuMu
dbyukIisMu.

Hexait B1(2,R) — muoxuHa yHKUi# nepmoro kiacy Bepa y Tonosoril, nopo/pkeniii mitopicy6rap-
MoHifinuMu dyHKIigMy Ha BigkpuTiit muoxuni Q C C™ ra nexait Hy (2, R) — nepmwuii dbyskunionaabanit
kaac Jlebera milicamx dbyHKIiH y Tiit ke Tomosorii. Mu gosommmo pisricts B1(Q,R) = Hi (2, R) Ta
nokasyemo, mo a1 koxkuoi f € B1(Q,R) icuye mapizno nenepepsna dynxmis g : Q2 — R y Tomosmorii,

10 TIOPO/IZKEHA TLTIOPiCyOrapMOHIHHUME (DYHKITISIMEA Ta Taka, Mo f € JlaroHa/uIo ¢.

Knaowost caosa: naropicybzapmonitina Gyrkyis, nepwut xkiac Bepa, Hapisno Henepepera GyHKyia,

nopoddicena Na0Picyb2apMOHITHUMY GYHKYLAMU TMON0A0ZIA, nepwul dynryionarvhul kaac Jlebeza.
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