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On the basis of the methods of the theory of elasticity, a mathematical de-

scription of the model of partial closure of a system of slits in a perforated 

isotropic medium with foreign transverse inclusions is given. Such a medium 

can be considered as a perforated unrestricted plate, reinforced by a system 

of stringers of a very narrow cross section. It is believed that the medium is 

weakened by a periodic system of circular holes and rectilinear variable 

width slits. The variable width of the slits is comparable to elastic deforma-

tions. A method of solving the periodic elastic problem and an explicit 

method of constructing complex potentials corresponding to the unknown 

normal displacements along rectilinear slits are applied. General represen-

tations of solutions are constructed, that describe a class of problems with a 

periodic distribution of stresses outside circular holes and slits with contact 

zones. To determine the unknown contact stresses and sizes of contact zones, 

a singular integral equation is obtained, that reduces to a system of nonlin-

ear algebraic equations. The system of algebraic equations can be solved by 

the method of successive approximations. As a result, the contact stresses 

and sizes of contact zones have been found.  

Keywords: perforated plate, stringers, rectilinear variable width slits, 

contact stresses, contact zones. 

Introduction 
The problem of closing the existing crack in a medium is of great interest in fracture theory. It is known 

[1−3] that stiffening ribs help to slow down the growth of a crack and even achieve its closure. Reducing defor-

mation in the direction perpendicular to the crack, stiffening ribs reduce the stress intensity factor in the vicinity 

of the crack end. As a result, a zone of compressive stresses may appear, sufficient for crack faces to come into 

contact. Problems of deformation of infinite plates reinforced by a regular system of ribs, whose cross-sections 

are very narrow rectangles, is dealt with in extensive literature [4–9]. Considerable attention is paid to the inves-

tigation of plate destruction, strengthened by a regular stringer system [10−15]. In the papers mentioned, the 

Griffiths fracture (model) is considered, i.e. a crack with non-interacting edges. At that, it is found that the stress 

intensity factors under the combined action of the tensile stress and reinforcement elements can have a negative 

value. This means the emergence of compressive stress zones in the vicinity of crack vertices, in which (in some 

areas) the crack faces come into contact, which leads to the appearance of contact stresses.  

The problems of the partial contacting of slit faces in a reinforced plate have by now been little studied. 

The contacting of crack faces, taking account their width variability, was considered in [16−25]. The main task 

of this paper is to construct a mathematical model of a partial closure of variable width slits in a perforated iso-

tropic plate reinforced by stiffening ribs.  

Formulation of the problem 
We consider an elastic isotropic medium with a system of foreign transverse rectilinear inclusions 

and circular holes. Such a medium can be considered as an infinite perforated unrestricted plate, reinforced 

by a system of stringers of very narrow cross-sections. 

It is considered that the stringers are riveted to the plate at discrete points at a fixed pitch along the 

entire length of the stringer, symmetrically relative to the plate surface (Fig. 1). The material of the stiffening 

ribs is assumed to be elastic. At infinity, the reinforced plate is subject to uniform stretching along the string-

ers by the stress 0σ=σ∞
y . The contours of the circular holes are free from external forces. From the contours 

of the holes, variable width symmetrical rectilinear slits emanate. It is assumed that slit widths are compara-

ble with elastic deformations. 
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Fig. 1. Calculation scheme of the problem  

With regard to stringers, the one-dimensional continuum hypothesis is accepted, i.e. the thickness of a 

stringer under deformation is considered unchanged, and its stress state is considered uniaxial. Stringers are not 

subject to bending and only work in tension. The following assumptions are accepted: a) in a medium (plate), a 

plane stress state is realized; b) neither the stringer truss reinforcing system nor the weakening of  stringers due 

to the mounting of attachment points is taken into account; c) the plate and stringers interact with each other in 

the same plane and only at the attachment points; d) all attachment points are identical and have the radius a0 

(clutch platform) which is small in comparison with their pitch and other characteristic dimensions. The action of 

the attachment points is replaced by the action of the equivalent unknown concentrated forces applied at the 

points corresponding to the centers of the attachment points.  

Let there be a reinforced isotropic medium with a periodic system of circular holes with a radius λ 

(λ<1) and centers:  

Pm = mω     (m = ±1,±2,…),    ω = 2. 

Under the action of the external tensile load 0σ
 
and unknown concentrated forces Fmn (m, n= ±1,±2,…), 

the slit faces will come into contact in some areas of the compressive stress region, where contact stresses will arise. 

Outside these areas, the slit faces will be free of loads. The contact area between the slit faces is unknown in ad-

vance, but it is obvious that it will always start from the end points of the slits in the compressive stress region. It is 

believed that the unknown size of the contact areas is comparable with the slit lengths. Thus, the problem set is an 

elasticity theory problem with an unknown boundary, which must be determined in the course of the solution.  

The problem under consideration consists in developing a mathematical model that makes it possible 

to determine the contact areas, contact stresses in the contact areas, magnitude of concentrated forces, and 

the medium stress-strain state outside circular holes and slits. 

The boundary conditions on slit faces have the form  

                       0=σ y ,  0=τ xy   in  L',  )(xpy =σ ,  0=τ xy ,   )()0,()0,( xhxx −=υ−υ −+   in  L'',   (1) 

on the contours of circular holes  

0=τ−σ θrr i . 

Here, L' is the set of load free slit zones; L" is the set of contact edge zones;
 

)0,()0,( xx −+ υ−υ  is the opening 

of slit faces; h(x) is the width of slits; σx, σy, τxy are the stress tensor components; u, υ are the vector dis-

placement components along the x, y axes, respectively; i
2
 = –1.  
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Because of the symmetry of the boundary conditions and geometry of the domain D occupied by the me-

dium, the stresses are periodic functions with the fundamental period ω. Based on the Kolosov-Muskhelishvili 

formulas [26] and the boundary conditions on the contours of circular holes and slit faces, the problem reduces to 

the determination (in the D domain) of two analytic functions Φ(z) and Ψ(z)  from the conditions  

 [ ] 0)()()()( 2 =τΨ+τΦ′τ−τΦ+τΦ θie ,           fxxxxx =Ψ+Φ′+Φ+Φ )()()()( , (2) 

where ω+λ=τ θ me i  (m= ±1, ±2,…); x is the affix of the points of slit faces; f=0 in L' and f=p(x) in L".  

Solution to the boundary value problem 
We seek the solution to the boundary value problem (1) −2) in the form  

 Φ(z) = Φ0(z) + Φ1(z) + Φ2(z), Ψ(z) = Ψ0(z) + Ψ1(z) + Ψ2(z).   (3) 

Here, the complex potentials Φ0(z) and Ψ0(z) determine the stress and strain field in a solid rein-

forced plate under the action of the tensile stress σ0 and the concentrated forces Fmn, and they can be deter-

mined by the following formulas: 
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where ∗h is the plate thickness; )1/()3( ν+ν−=κ  is the plate material Poisson's ratio; 01 inymLzС +−= ; 

02 inymLzС −−= ; 03 inymLС += . The summation symbol with a prime indicates that the summation ex-

cludes the index m=n=0.  

The functions Φ1(z) and Ψ1(z), corresponding to the unknown normal displacements along the slit, 

are sought in the explicit form 

 ∫ −
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The required function g(x) describes the derivative of the opening of slit faces 
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where µ is the shear modulus of the reinforced plate material. 

To find the complex potentials Φ2(z) and Ψ2(z), we represent the first of the boundary conditions (2)  

 [ ] )()()()()()()()( 2121
2

2222 θϕ+θϕ+θ+θ=τΨ+τΦ′τ−τΦ+τΦ θ iiffe i ,   (6) 

where [ ] θτΨ+τΦ′τ+τΦ−τΦ−=θ+θ i
eiff

2
000021 )()()()()()( , 

          [ ] θτΨ+τΦ′τ+τΦ−τΦ−=θϕ+θϕ i
ei

2
111121 )()()()()()( . 

To solve the boundary value problem (6), we seek the complex potentials Φ2(z) and Ψ2(z) in the form 
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From the symmetry conditions with respect to the coordinate axes, we find that  
Im α2k + 2 = 0,                 Im β2k + 2 = 0           k = 0, 1, 2,… . 

The relations (3) − (5), (7) define a class of symmetric problems with periodic stress distribution. From 

the condition for the constancy of the principal vector of all the forces acting on the arc joining two congruent 

points in the domain D, it follows that  

2
2

2

0
24

λβ
π

=α . 

The unknown coefficients α2k, β2k must be determined from the boundary condition (6). With respect 

to the functions f1(θ) + if2(θ) и φ1(θ) + iφ2(θ), we assume that on the contour |τ|=λ they expand into Fourier 

series, which in view of the symmetry of the problem have the form  
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The unknown function g (x) and the coefficients α2k, β2k of the functions Φ2(z), Ψ2(z) must be determined 

from the boundary conditions (2) and (6). Since the problem is periodic, the boundary conditions (6) degenerate 

into one functional equation, for example, on the contour τ=λe
iθ
, and the system of conditions (2) − to the bound-

ary condition in the basic period. To form the equations for the coefficients α2k, β2k, we expand the functions 

Φ2(z), Ψ2(z) into Laurent series in the neighborhood of the point z=0. W substitute the functions Φ2(z), Ψ2(z) in 

the left-hand part of the boundary condition (6) on the contour z=λexp(iθ) by their expansions into the Laurent 

series in the neighborhood of the zero point, and the functions f1(θ)+if2(θ) and φ1(θ)+iφ2(θ) in the right-hand part 

of said condition – by the Fourier series (8) and (9), respectively. Comparing the coefficients of the same powers 

of exp(iθ), we obtain two infinite systems of algebraic equations with respect to the coefficients α2k, β2k. After 

some transformations, we arrive at an infinite system of linear algebraic equations with respect to α2k + 2 

 

∑
∞

=

++ +α=α
0

22,22

k

jkkjj bA          (j  = 0, 1, 2,…),  (10) 

22

0
42

42
2

20
2

−−

∞

=
+

+
+∑

λ
−= k

k
k

k
k M

g
Mb , 

22
1

22
10

22
2

)12(

+

+
+

+

λ+
−=

j

j
j

jj
K

gMj
Mb ∑

∞

=

−−++

++
++

+

λ++
−

0

22422

422
2

2!)32(!)2(

)322(

k

kkj

kj
kj

M
kj

gkj
, 

222
,, )12(

++λγ+= kj
kjkj jA ,         ∑

∞

=

=
1

2

1
2

m
jj

m
g , 

∑
∞

=
+

+
+ λ+

+λ=γ
1

44

242
12

20,0
2

)12(

8

3

i
i

i
igi

g , 



APPLIED MATHEMATICS 

ISSN 0131–2928. Journal of Mechanical Engineering, 2018, vol. 21, no. 3 69 

+
++

λ++
+

++

++
−=γ

++

++

++

++

422

2
2

222

1

,
2!)22(!)22(

!)422(

2!)12(!)12(

!)222(
kj

kj

kj

jk

kj
kj

gkj

kj

gkj

kj

i
ikj

i
ikij

b
iikj

ggikij
,

0
4422

24
11

2!)2(!)12(!)12(!)12(

!)122(!)122(
+

+++

λ++++
+∑

∞

=
+++

+
++++

, 

0,0 =kb ,      00, =jb ,      

1
22

422

2
11

,
12

1
2

−

++

++










 λπ
−

λ
=

kj

kj

kj

gg
b     (j, k = 1, 2,…), 

kkk BAM 222 += . 

The constants β2k + 2 are determined from the following relations: 
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Requiring that the functions (3) satisfy the boundary condition (1), after some transformations, we 

obtain a singular integral equation with respect to the function g(x)  
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The singular integral equation (12), as well as the algebraic systems (10), (11) contain the unknown 

values of the concentrated forces Fmn(m=1,2,…; n=1,2,…). To determine them, we use Hooke's law and the 

method of pasting together two asymptotic forms of the desired solution. According to Hooke's law, the 

magnitude of the concentrated force Fmn, acting on each attachment point from the side of the stringer  

nm
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F ,

02
υ∆=               (m=1,2,…; n=1,2,…), 

where ES is the Young's modulus of the stringer material; AS is the cross-sectional area of the stringer; 2y0n is 

the distance between the attachment points; ∆υm,n is the mutual displacement of the considered attachment 

points, equal to the elongation of the corresponding stringer section.  

We assume that the mutual elastic displacement of the points z=mL+i(ny0–a0) and z=mL–i(ny0–a0) is 

equal to the mutual displacement of the attachment points ∆υm,n. This additional displacement compatibility 

condition makes it possible to find an effective solution to the problem set. Using the complex potentials (3) 

− (5), (7) and the Kolosov-Muskhelishvili formula for displacements [26], after performing the elementary 

calculations, we find the mutual displacement ∆υm,n in the following form:  
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,, rprprprp υ∆+υ∆+υ∆=υ∆ .  (13) 

In view of some cumbersomeness, the values )0(
,rpυ∆ , )1(

,rpυ∆ , and )2(
,rpυ∆  are not given.  

The required value of the force Fmn is determined using the formulas (13) from the infinite system  
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F ,

02
υ∆=        (p = 1,2,…; r = 1,2,…),   (14) 

degenerating into one infinite algebraic system because of the periodicity of the problem.  

The resulting equation (14), the algebraic systems (10), (11), and the singular integral equation (12) 

are connected and they must be solved jointly. Solving them together on condition that there is no opening of 

the slit faces in the contact edge zone and taking into account the condition of the limitedness of contact 

stresses, we find the required function p(x), the values Fmn, and the contact zone of the slit faces.  
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Numerical solution and its analysis 

Using the expansion ∑
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Taking into account that g(x)= –g(–x)  and changing the variables, we bring the equation (15) to the 

standard form  
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To construct the solution to the singular integral equation (16), the method of direct solution of such 

equations is used [27, 28]. The singular integral equation (16), in addition to the singularity in the Cauchy ker-

nel, has a fixed singularity at the exit point of the slit to the surface of a circular hole. At such points the func-

tion g (x) has the singularity x=±λ that differs from the root one. The character of this singularity can be estab-

lished from the analysis of the integral equation (16) [29].  

The integral ∫
λ

l

dttg )( , unlike the case of an internal slit, is equal to a non-zero constant, which is ex-

pressed through the opening of the slip on the surface of a circular hole and which must be determined after 

solving the singular integral equation (16).  

Because of the awkwardness of the expressions for the functions included into the singular integral 

equation, it is difficult to establish the true singularity of the function )(η∗g  at the end (16). Therefore, for its 

numerical solution, a simplified numerical method is used [27, 28, 30]. We represent the solution in the form  

2
0 1)()( η−η=η∗ gg , 

where g0(η) is an unknown regular function.  

Using quadrature formulas, the equation (16) can be reduced to the system of M+1 algebraic equations 
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The obtained algebraic system (17) satisfies the additional condition under which there exists a solu-

tion in the class of everywhere bounded functions [29]. The right-hand sides of the system (17) include the 

unknown values of the contact stresses )( mf η∗ at the node points belonging to the contact edge zone.  

The condition that determines the unknown contact stresses arising on the slit faces in the contact edge 

zones is the absence of slit opening in these zones (the second condition on L"). In the problem under considera-

tion, this additional condition can be more conveniently written for the derivative of the slit face opening dis-

placements 
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where x is the affix of the slit contact edge zone face points (l1,l2). 

Requiring that the conditions (18) be fulfilled at the node points contained in the contact edge zone (l1, l2), 

we obtain the missing equations for determining the approximate values of the contact stresses )(
1mtp

 
at the 

nodal points. 
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Due to the unknown size of the contact edge zone, the combined algebraic system consisting of (10), 

(11), (14), (17), (19) is nonlinear. The obtained systems of equations with respect to α2k, β2k, 
0
kg , Fmn, )(

1mtp ,and 

l2 make it  possible, at a given external tensile load, to find the stress-strain state of the perforated stringer plate in 

the presence of slits with partially contacting faces, contact stresses, as well as the size of the contact edge zone. 

The algebraic systems (10), (11), (14), (17), (19) were solved by the method of successive approximations in the 

following way. The system was solved from the equations (10), (11), (14), (19) and the M equations of the system 

(17) with respect to the unknowns α2k, β2k, 
0
1g , 0

2g ,…, 0
Mg , p1, p2,…, 

1Mp  and N1×N2  and unknown concen-

trated forces N1×N2 at some value ∗2l . Further, the found values ∗2l  were substituted into the unused equation of 

the combined system, i.e. into the M+1 equation of the system (17). Since the chosen parameter value ∗2l , the 

corresponding values α2k, β2k, 
0
1g , 0

2g ,…, 0
Mg , p1, p2,…, 

1Mp  и N1×N2 the values of concentrated forces will not 

generally satisfy this equation, then, selecting new parameter ∗2l values, the calculations are repeated until this 

equation is not satisfied with a given accuracy.  

Calculations were performed depending on the geometric parameters of the problem at ν=0,3; 

ε1=a0/L=0,01; ε=y0/L=0,25; E=7.1·10
4
 MPa (V95/В95 alloy); ES =11,5·10

4
 MPa (Al-steel composite),  

AS/y0h=1. The number of stringers and attachment points was assumed to be finite: 6, 10, 14. A parametric 

analysis of the contact stress p(x) dependence on the size of the slits and other geometric parameters of the 

problem was performed. The results of calculating the contact stresses p/σ0 for different values of the slip 

lengths along the edge zone are shown in figure 2. Curve 1 corresponds to the value of the hole radius λ=0.3; 

curve 2–λ=0.5. In the calculations, the dimensionless coordinates of x' were used: 

x
llll

x ′
−

+
+

=
22

1212 . 

The greatest values of contact stresses are in the middle part of the contact zone, where the slit faces close. 

 
а 

 
b 

Fig. 2. Dependence of contact stresses along the contact zone at different values of the relative sizes of the slits:  
а – l2/L = 0,5; b – l2/L = 0,7 
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Conclusions 

The analysis of the partial closure model of the varied width slit in a perforated isotropic plate rein-

forced by stringers is reduced to a parametric joint study of  the algebraic systems (10), (11), (14), (17), (19) 

at various geometric and physical parameters of the plate. The relations obtained make it possible to solve 

the inverse problem, i.e. determine the characteristics of the perforated plate reinforcement and its stress 

state, at which a given contact region of the slit faces is reached. 
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Моделювання часткового закриття системи щілин у перфорованому ізотропному середовищі, 

що підкріплене стрингерами 

Мір-Салім-заде М. В. 

Інститут математики та механіки НАН Азербайджану,  
Азербайджан, AZ1141, м. Баку, вул. Ф. Агаєва, 9 

На основі методів теорії пружності проведено математичний опис моделі часткового закриття си-

стеми щілин у перфорованому ізотропному середовищі зі сторонніми поперечними включеннями. Таке середо-

вище можна розглядати як перфоровану необмежену пластину, підсилену системою стрингерів надто вузько-

го поперечного перерізу. Вважається, що середовище послаблене періодичною системою кругових отворів і 

прямолінійних щілин змінної ширини. Змінну ширину щілин можна порівняти з пружними деформаціями. В ро-

боті застосовані метод розв’язання періодичної пружної задачі та метод побудови в явній формі комплексних 

потенціалів, що відповідають невідомим нормальним зміщенням вздовж прямолінійних щілин. Будуються зага-

льні подання розв’язків, що описують клас задач з періодичним розподілом напружень поза круговими отвора-

ми та щілин з контактними зонами. Для визначення невідомих контактних напружень та розмірів зон конта-

кту отримано сингулярне інтегральне рівняння, що зводиться до системи нелінейних алгебраїчних рівнянь. Си-

стема алгебраїчних рівнянь розв’язується методом послідовних наближень. В результаті знайдено контактні 

напруження та розміри зон контакту. 

Ключові слова: перфорована пластина, стрингери, прямолінійні щілини змінної ширини, контактні 

напруження, контактні зони. 
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