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Kostenko E., Kuznichenko V. M., Lapshyn V. I. Generalized continuous linear model of international trade

The probability-based approach to the linear model of international trade based on the theory of Markov processes with continuous time is analysed. A generalized
continuous model of international trade is built, in which the transition of the system from state to state is described by linear differential equations. The methodology
of how to obtain the intensity matrices, which are differential in nature, is shown, and the same is done for their corresponding transition matrices for processes of
purchasing and selling. In the process of the creation of the continuous model, functions and operations of matrices were used in addition to the Laplace transform,
which gave the analytical form of the transition matrices, and therefore the expressions for the state vectors of the system. The obtained expressions simplify
analysis and calculations in comparison to other methods. The values of the continuous transition matrices include in themselves the results of discrete model of
international trade at moments in time proportional to the time step. The continuous model improves the quality of planning and the effectiveness of control of

international trade agreements.
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Kocmenko E., Ky3HuveHko B. M., /lanwuH B. U. 0606weHHas
HenpepbigHas modenb mexdyHapoOHoii mopaoenu

PaccmompeH 8eposmHocmHbIl 100X00 K AuHeliHol modenu mexoyHapoo-
Holl mopaoenu Ha 6ase Meopuu MAapKOBCKUX MPOUECCO8 C HEmpepbleHbIM
gpemeHem. locmpoeHa 0606weHHas HenpepoieHas aAuHeliHaA Modesnb
MexdyHapoOHol mopaosnu, 8 Komopoli nepexod cucmembl U3 COCMOAHUA
8 COCMOSHUE 0nuCbIBaemcs AUHeliHbIMU QU pepeHyUanbHbIMU ypagHeHUS-
mu. [okazaHa MemoOduKa nony4yeHus Mampuy uHmeHcusHocmed, Komopele
AsnAoMcA OuphepeHyuanbHeIMU, U CO0MeEMCMeyoWUX UM NepexooHbIX
mampuy 0118 npoyeccos npodax U 3akynoK. [ns co30aHus HenpepbigHol
Mo0esnu UCrob308aUCh (YHKYUU U OMepayuu om mampuy, a makde npe-
o06pasosarue flannaca, Komopoe M0380/u0 Halimu aHanumMu4eckuli ud
019 nepexo0HbIX MAMPUUY, a 3HAYUM U BbIPaXeHUA 0717 8eKMOPOB COCMOSA-
Hus cucmembl. losy4yeHHble BbIPAMEHUA YNPOWAom aHaau3 u pacyem co-
cmosAHuli cucmemel Mo cPagHeHUKO ¢ Opy2umu Memodamu. 3HaYeHUs Herpe-
DbIBHbIX MePeXO0HbIX MAMPUU, 8KAYAOM pe3ynbmamsl QuckpemHol mode-
AU MexOyHapoOHol mopa06nu 8 MOMeHMbI BpEMEHU, PagHble KpamHocmu
8pemeHu Wwaza. HernpepbigHas Modesb y1yquaem Ka4ecmao naaHUpo8aHus
U 3¢hheKmusHOCMb KOHMPOSIA MEHOYHAPOOHbIX MOP208bIX OMHOWEHUU.

Knrovessle cnoea: yenu Mapkosa, nuHeliHble OugepeHyuanbHble ypasHe-
HuS, Z-npeobpasosaHue, npeobpazosaHue flanaaca
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KocmeHko 0., Ky3HiveHko B. M., flanwuH B. . Y3azanvHeHa 6e3nepepeHa
NiHiliHa Modenb mixHapodHoi mopeieni

Po3enaHymo imosipHicHull nioxid do niitiHoi modeni mixHapoOHoi mopeaieni
Ha 6a3i meopii MapkigceKux npoyecis i3 besnepepsHum Yyacom. [lobydosaHo
y3a2anbHeHy besnepepsHy AiHiliHy Modenb MiXHapooHoi mopeaieni, 8 AKil
nepexio cucmemu i3 CmaHy 8 CMaH 0MUCYEMbCA AiHiliHUMU dugbepeHyians-
HUMU PigHAHHAMU. [TOKA3aHO MemoduKy OMPUMAHHA MAMPUYb iHMeHcus-
Hocmeli, AKi € OuhepeHyianbHUMU, | nepexioHux Mampuys, wo 8ionosida-
tomb im, 013 npoyecie npodaxis i 3akynigens. [na cmeopeHHs besnepeps-
Hoi modeni sukopucmosysanucs GyHKuii i onepayii 8id Mampuyb, a MaKoH
nepemesoperHs Jlanaaca, ske 003804us10 3Halimu aHaaimuyHuli 8ud 0515 ne-
PEXiOHUX MaMPUYb, a 3HAYUMb, | BUPAXEHHS 0718 BEKMOpi8 CMaHy cucme-
Mu. OmpumMaHi 8Upa3su CAPOWYIOMb QHANI3 | PO3PAXYHOK CMAHie cucmemu
M0PIBHAHO 3 iHWUMU Memodamu. 3Ha4eHHs be3nepepsHuUxX nepexioHux ma-
mpuyb eK/1K0YAOMb pesyabmamu duckpemHoi Modesi MixHapoOHoi mop-
2ieni 8 MOMeHMU Yacy, pisHi KpamHocmi Yacy Kpoky. besnepepeHa modesns
MOKPAWYE AKICMb NAGHYBAHHA | eheKMUBHICMb KOHMPOK MiMHAPOOHUX
Mop208uX 8iOHOCUH.
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Formulation of the problem. One of the key elements
of a country’s international activity is its trade, which also has a
significant impact on its external politics. Integration process-
es in the global economy are related to the creation of trans-
national corporations, euroregions and regional unifications
[1, 2], which require good planning and constant control to
facilitate interaction between partners. This, in turn, increases
the organizational standards of international trade. For these
reasons, the improvement of models of international trade is
very important.

Many Ukrainian scientists such as O. I. beaopyc,
A. C. Taapumuckuit, A. I. Aykbszenko, [0. B. Mararoun and
A. C. Ouaunenxo [3-10] have studied Ukraine’s international
trade - it’s characteristic values, it’s peculiarities and meth-
ods of its development. The studies over the last few years
have shown the presence of a new step in the development
of international trade relations in the post-crisis period. Data
from 2010-2011 shows that the volume of world trade is on the
rise. At the same time, the formation of an import structure
is an important problem for Ukraine [11, 12]. In these analy-
ses of foreign economic activity, significant attention is paid
to transnational corporations and regional structures[1, 13,
14]. Their important role in the development of international
trade is noted. A noteworthy characteristic is the fact that trade
inside these regions is greater than its trade with the outside.
The small effect that the euroregions have on the economy of
Ukraine is explained by the small volumes of the investment
projects, which are related to the large risks of their realiza-
tions. Studies of the characteristics of international trade rela-
tions, as well as the importance that their diversification has for
Ukraine, are presented in articles [2, 15-18].

It is important to note the comparative lack of articles
on economic-mathematical models of international trade. The
application of international logistical systems to better control
material fluxes is analysed in [19]. The discrete linear model of
international trade, based on the Markov Chain Method, was
presented and analysed in [20-22] (deficit-less model) and in
[23] (generalized model, which includes both deficit-inclusive
and deficit-less models).

Formulation of the problem. The goal of the current
article is the creation of a generalized continuous linear model
for international trade from a probability-based approach. This
model will allow for the simultaneous analysis of operations,
specifically the buying and selling of goods, conducted between
the members of a multi-sided trade agreement. This will pro-
vide the means to plan and control the continuous commodity-
money relationships between trade partners.

Results of analysis. In the Markov Chain theory, the
transition of a system from one state to another is, for discrete
and continuous processes, described by equations (1) and (2)
respectively:

p(n)=pO)", n=0,1,2,.. 1)
d— —
——p(t)=p(t)A, 2
L PO=p(0) )

Here p(n) is the vector of probability of states after
steps, and p(t) is the vector of probability of states at the mo-
ment ¢. The matrix L is a stochastic, ergodic transition matrix,
in which the sum of the elements in a line is equal to one. The
elements of the intensity matrix A define the intensities of the
transitions between different states, and the diagonal elements
are found from the condition that the sum of elements in each
line of A is equal to zero. These matrices are called «differential
matrices».

Let’s apply the Laplace transform (p(t) <> P(s)) to equa-
tion (2):

sP(s)— p(0) = P(s)A
or

P(s)(sl — A) = p(0), 3)

where

P(s)= [ p(t)e™"'dt,
0

and [ is a unit matrix. From (3) it follows that:

P(s) = p(0)(sI— A)~". (4)

The matrix (s/—A)™" fully describes the behaviour of
Markov processes with continuous time.

It is known that the solution of the system (2) with the
initial conditions p(0) has the following form:

p(t)=p(0)e”", (5)

Here, the matrix function e’ must be understood as an
exponential power series

t2 t3
[+tA+—AZ +— A3+ ..
2! 3!

which converges to et .

Comparing (1) and (5) for discrete and continuous Mar-
kov processes at t = 1, we obtain the following equality:
A=t
or
A=InL (6)
The transformation of matrix functions into polynomials

is done with the help of the Cayley-Hamilton theorem, and is
described in detail in [24, 25].
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Let’s show how to get the intensity A, and A, as well
as their corresponding transition matrices H, and H, for con-
tinuous buying and selling processes in the simple case of three
trade partners.

111

2 4 4
13 1
L=B*Bl=|- = —|,
T2 g 408
111

4 4 2

> 11

6 12 12

1 1
B]—*if,
8 4 8
s

12 12 6

We will look at a discrete problem — the linear model of
international trade, for which the stochastic ergodic transition
matrices of a sales (L,) and purchases (L,) are defined in the
following way (note that the processes of sales and purchases
are considered to be unified) [23]:

25 5 13
48 24 48
- 7 17 7
L=B"Bi=| 22 % 28 7
13 5 5
48 24 48
5 3 23
% 16 96
r_| 115 1 ®
27132 16 32
23 3 5
9% 16 96

Applying the z-transformation [26] to (1) for L, and L,, we find the analytical form of the solution of the discrete problem:

L 1

4 2 4 4

— — 1 1 1 N 1
n=p, 0| — = —|+|=]| |-——
p;1(n)=py( )[4 > 7 (2) 2
L 1

4 2 4 4

7 51 S

24 12 4 24

— 7 5 1 N 7
M=p, O = = —|+[=| |-==
PAM=PR 00 12 4 (zj 24
7 5 1 =X

24 12 4 24

Let’s build the continuous model of this problem. To do
this, let’s first find the matrix A . The characteristic polynomial
of the

7WLE R
2 4 4
1 3 1 1 1
AL (AN)=| —— -2 = =DA=-)A——
() 3 2 (A=) 2)( 4) (11)
S|
4 4 2

All of the roots of the characteristic polynomial are
simple. Because of this, the characteristic polynomial coincides
with the minimal polynomial y(A)=A; (A). The spectre of
the matrix L; will be written as A;q, and it is equal to the fol-
lowing:

(12)

The function f(A)=In(L) is defined on the spectrum of
the matrix L; If the function f(A) is defined on the spectrum

_% % 1o -l

1 1 1Y 2 2

> +(Z) 0 0 0 )
101 L

S 2 2

5 5 1 ]

12 24 - 0 —

7 7 U 2 2

Lo o o o 1
12 24 (4) : : (10)
5 5 -— 0 -

12 24 2 2

of the matrix and g(A) is any polynomial that coincides with
f(A) on the spectrum of the matrix L; (asin, f(Ay)=g(A)
), then by definition

f(L1) =g(L,) (13)

This polynomial can be obtained in several ways. In
our case, the lowest-order polynomial 9A) defined on the

spectrum of the matrix b will have the following form:

g\)=ar®+bL+c.

Let’s compose the system of linear algebraic equations:

g)=f()=0=a+b+c

1 1 1
9c)= f(E) =InG

1 1
)=—a+—b+c
4 2

g(l)z f(l)zln(l)zia+lb+c

4 4 4 16 4 (14)

The solution of (14) has the following form: a =
8/3*In(1/2), b = -6*In(1/2), ¢ = 10/3*In(1/2).

Knowing a,b,c, we find
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5 1 3 5 1 3

2 2 2 s+zln2 —EInZ —ZInZ
8 > 10 1 1 1 1 1 1 1
A=In(ly)=(=L"-6L+—NIn(=)=In(2)] — —-— — A= —— — .

, =In(L,) (3 1 143 ) (2) (2) ) > 2 sl—A 4In2 s+2ln2 4In2 , (16)

3 1 5 3 1 5

2 5 n —ZInZ —EInZ s+zln2

. (15)
Let’s apply the Laplace [26] transform to equation (5), The inverse matrix (s/ - A,)"! has the following form:
thereby obtaining the matrix sI-A , :
24752+ 2?2 Lsin2+(n2)? 3 §in2+ 1 (in2)?
4 2 2 4 2

s(s+In2)(s+2In2) s(s+In2)(s+2In2) s(s+In2)(s+2In2)

lsIn2+1(In2)2 52+§5In2+(ln2)2 EsIn2+1(In2)2
4 2 4 2

(sl—A) " = 2 17)
s(s+In2)(s+2In2) s(s+In2)(s+2In2) s(s+In2)(s+2In2)

EsIn2+1(In2)2 lsIn2+(In2)2 52+Zs|n2+l(|n2)2
4 2 2 4 2

s(s+In2)(s+2In2) s(s+In2)(s+2In2) s(s+In2)(s+2In2)

Simplifying it, we obtain

T 1 1 1 T 1
- - - — 1 1
4 2 4 4 2 4 > 0 -
(s/—A1)*1:1 ALHL L O L L L (18)
s|4 2 4| (s+In2)] 4 2 41 (s+2In2) : :
111 i 11 -— 0 -
4 2 4 4 2 4 2 2

Let’s assume that the matrix Hy(t) is the inverse transformation of the matrix (s/—A)™". Then, the inverse transformation
transforms the equation (4) into

P;(t) = p;(0)H; (1) (19)
Using the Laplace transform, we obtain
L o] ! 1
4 2 4 4 2 4 - 0 —
— — 1T 1 1 1 1 1 2 2
6)=p,O — = —|+e """ — |+ 0 0 o0 | (20)
PRO=PON 5 4 2 4 : 1
11 1o 1ol
4 2 4 4 2 4 2 2

Comparing (5) with (20), we see that H;(t) defines the form of the matrix eMt

1 11 L
4 2 4 4 2 4 > 0 -
T 1 1) —em2| 11 1|, -2tin2

H)=|— — —|+e™| = = __l4e 00 0 1)
4 2 4 4 2 4 : 1
111 i 11 - 0 -
4 2 4 4 2 4 2 2

When t =n, we obtain the following:

11 11 1 1
4 2 4 4 2 4 5 0 -
111 —nin2 1 1 1 —2nin2

Hin=|— = —|+e —— = ——|+e 0 0 0 |=
4 2 4 4 2 4 : ;
11 11 -> 0 =
4 2 4 4 2 2
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11 1
4 2 4 4
11 1 (1Y 1
= — — —|+|[—=]-—
4 2 4| \2 4
11 1
4 2 2 4

Therefore, the expression (9) coincides with (20) when
t=n. This points to the fact that the sales transition matrix
H,(t) has been found. It is a component of the continuous mod-
el of international trade, and it includes in itself all of the values
of the discrete model.

We will now obtain the second component of the con-
tinuous model — the matrix of intensity of transitions A, and
the purchasing transition matrix H,(t).

First of all, let’s find the characteristic polynomial of the

matrix L, :
vt 11
2 4 4
1 3 1 1 1
AL MN)=|— A-= —|=A-DA-2)A-—) (23
, () 8 2 8( X 2)( 4)()
L
4 4 2

All of the roots of the characteristic polynomial are sim-
ple, and thus the characteristic polynomial coincides with the

minimal polynomial y(A)=A, (A). The spectrum of the ma-

trix L, will be written as A, , and it is equal to:

| |
1 1 1
4 LR
1 1 2 2
- +(7J 0 0 O (22)
4 4 1 1
1 P
2 2 2

f(Ly)=g(Ly) (25)

In our case, the lowest-order polynomial g(A) defined

on the spectrum of the matrix L, will have the following form:

g\)=ar?+bL+c.

The system of linear algebraic equations for a,b,c
coincides with (14), and their values are a = 8/3*In(1/2),
b =-6*In(1/2), ¢ = 10/3*In(1/2).

In the analysed case, the matrix A, has the following
form:

29 5 19
24 12 24
A =In(L2)=(§L22 —6L2+?I)In(%)=ln(2) % —% %
19 5 29
24 12 24

(26)

Let’s apply the Laplace transform to equation (5) and
obtain the matrices sI-A, and (s/-A 2)'1:

29 5 19
s+—In2 ——In2 ——In2
1 1 24 12 24
AL=157 57] (24) 7 7 7
4 2 sl-Ay=| ——In2 s+—In2 —-—In2 |, (27)
24 12 24
i = i 7 2
The function f(A)=In(A) is defined on the spectrum of 2 —ilnz s+—9ln2
the matrix L, . As with the matrix L; , we have, by definition, 24 12 24
7 7 7 7 7 7 !
s+—In2 ——In2 ——In2 —-—1In2 ——In2 s+—In2
12 24 | 24 24 24 12
—iInZ s+§In2 —Elnz s+§In2 —Elnz —ilnz
12 24 24 24 24 12
s(s+In2)(s+2In2) s(s+In2)(s+2In2) s(s+In2)(s+2In2)
—ilnz —Blnz s+§ln2 —Elnz s+§ln2 —ilnz
| 12 24 24 24 12
—ilnz s+§ln2 —lInZ s+§In2 —llnz —ilnz
(SI—AZ)_1 _ 12 24 24 24 24 12 (28)
s(s+In2)(s+2In2) s(s+In2)(s+2In2) s(s+In2)(s+2In2)
—iInZ —EInZ s+§ln2 —Elnz s+§In2 —iInZ
12 24 24 24 24 12
s+lln2 —lInZ —lInZ —llnz —llnz s+lln2
12 24 24 24 24 12

s(s+In2)(s+2In2)

s(s+In2)(s+2In2)

s(s+In2)(s+2In2)
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Simplifying it, we obtain

7 s 7 5 5 3 1
24 12 24 24 12 24 50—
(sI—AZ)_1=l AT U A R (29)
s|24 12 24| (s+In2)| 24 12 24| (s+2In2) ]
7 5 7 5 5 5 LS
24 12 24 24 12 24 2 2

Let's assume that the matrix H,(t) is the inverse transformation of the matrix (s/—A,)™". Then, the inverse transformation

transforms the equation (4) into

P, (t)=p,(0)Hs (1) (30)
Using the Laplace transform, we obtain
7 5 7 S5 5 5 1 1
24 12 24 24 12 24 5 0
- - 7 5 7 —tin2| 7 7 7 —2tIn2
t)=p,0)f| — — — |+e -—— — ——|+e 0 0 01 31
P2(1)=p2(0) 24 12 24 24 12 24 1 (3D
7 5 7 S5 5 5 -~ 0 -
2 12 24 2% 12 24 2 2
Comparing (5) with (31), we see that H,(t) defines the form of the matrix et
7 5 7 S5 5 5 1 1
24 12 24 24 12 24 5 0
M= L 2 Lleetn2| L T _ 7| 2l g o g (32)
2 24 12 24 24 12 24 : 1
7 5 7 S5 5 5 - 0 =
24 12 24 2% 12 24 2 2
Whent = N, we obtain the following from (32):
7 5 7 S5 5 5 1 1
24 12 24 24 12 24 5 0
7 5 7| _ 7 7 7| _
Hyn)=| — — —|yem2|_ L L _ Ll e2M2) g o o |= (33)
24 12 24 24 12 24 : 1
7 5 7 S5 5 5 -- 0 -
24 12 24 2% 12 24 2 2

Therefore, the expression (9) coincides with (20) when

t = N. This points to the fact that the sales transition matrix
H,(t) has been found. It is a component of the continuous mod-
el of international trade, and it includes in itself all of the values
of the discrete model.

From (33) it follows that the formulas (10) and (32) co-
incide at t =n . This points to the fact that the purchase transi-
tion matrix has been found. It is a component of the continuous
model of international trade, and it includes in itself all of the
values of the discrete model.

Conclusions. The generalized continuous linear model
of linear trade has been built. It allows us to simultaneously
analyse operations, specifically the buying and selling of goods,
conducted between the members of a multi-sided trade agree-
ment. It also allows us to obtain the balance in their trade rela-
tions. The method of derivation of the intensity matrices and
their corresponding transition matrices for the buying and sell-
ing processes was shown. The values of the continuous transi-
tion matrices include all of the results of the discrete model
of international trade at the moments of time proportional to

the time step. The continuous model improves the quality of
planning and the effectiveness of control in international trade
relations.
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