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We investigate the temperature dependence of the critical current and current-phase relation by taking into 
account the ferromagnetic scattering effect at interface in a d-wave superconductor (S)/ferromagnetic insulator 
layer (FI)/d-wave superconductor (S) junction. It is shown that both the barrier scattering and the roughness scat-
tering at the interface always suppress the Andreev reflection. The Josephson critical currents depend to a great 
extent on the effective exchange field of the interface and the crystal orientation of the d-wave superconductor. 
The exchange field can lead to the change of the junction from 0 to π states and the alteration of the oscillation 
periods. It can also enhance the Josephson critical current in the junction under certain conditions. 

PACS: 74.72.–h Cuprate superconductors; 
75.70.Cn Magnetic properties of interfaces (multilayers, superlattices, heterostructures). 
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1. Introduction 

The advance of Josephson effect has received a long-
standing interest in understanding unusual behavior in su-
perconductor/insulator/superconductor junction [1], it has 
been an interesting subject in condensed matter physics 
and studied in various situations [2–4]. Recently, super-
conductivity in the Cu–O high-Tc superconductors is at-
tracting much attention, particularly in view of the recent 
many experimental and theoretical are focus on the 

1.88 0.12 4La Sr CuO  and 1.85 0.15 4Sm Ce CuO −δ  again [5,6]. 
Some theoretical and experimental suggest 2 2x yd − -wave 
symmetry in the pair potential in these material [7], where 
a, b are defined as the 2CuO  plane of a and b axes. Using 
superconducting quantum-interference devices (SQUID), 
Josephson junctions [8] show results which are consistent 
with 2 2x yd − -wave symmetry of the pair potentials. 

Josephson junctions are building elements of many elec-
tronic and electromagnetic mesoscopic structures, which are 
proved to be promising elements of superconducting clas-
sical and quantum circuits [9,10]. In particular, junctions 
consisting of superconducting and ferromagnetic materials 
have been widely used as novel functional devices [11]. 
The ferromagnet (F) has been introduced to the Josephson 
tunnel structure, giving rise to some new physical effects. 
As an example, if very thin insulating layer in a S/I/S junc-

tion is replaced by thin ferromagnetic layer (with I denot-
ing an insulating layer), a new type of S/F/S Josephson 
junction is formed [12]. Bergeret et al. [13] proposed a 
Josephson tunnel junction of two F/S bilayers separated by 
a thin insulating film. On the assumption that a thin F/S 
bilayer is equivalent to a homogeneous ferromagnetic su-
perconductor (FS), the S/F/I/F/S structure may be simpli-
fied as a FS/FS junction. They found that the presence of 
an exchange field may increase the critical current in the 
FS/FS junction. By calculating a matrix current within the 
circuit transport theory, Yokoyama et al. [14] indicated 
that the Josephson current can be enhanced by the ex-
change field in s-wave superconductor/diffusive ferromag-
net/p-wave superconductor junctions, there have been 
some similar phenomena with FS/I/FS junctions. Samal et 
al. [15] have also systematically studied the influence of 
the ferromagnetic layer on the magnetic and transport 
properties in superconductor/ferromagnet bilayer. It is 
known that the critical current of SFS junctions changes its 
sign and the ground state from 0 to π  as a function of the 
ferromagnetic layer [16], meanwhile, Rahnavard et al. [17] 
found the spin current associated with the 0 − π  transition 
in a clean superconductor/normal metal/superconductor 
Josephson junction with triplet f-wave superconductors. 
There have been several theoretical doing works [18–20]. 
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In addition to these theory, several theories of Josephson 
junctions contain unconventional superconductors have 
been presented which take into account the anisotropy of 
the pair potential [21,22]. Although all of them have suc-
ceeded in revealing some aspects of the Josephson effect, 
one more essential effect, the temperature dependence of 
the critical current and current-phase relation by taking 
into account the ferromagnetic scattering effect at interface 
in a d-wave superconductor (S)/ferromagnetic insulator 
layer (FI)/d-wave superconductor (S) (d/FI/d) junction, has 
not been devoted introduced yet. Since the formation of the 
zero-energy states (ZES) is a general phenomenon in un-
conventional superconductor junctions [23,24], the zero-
bias conductance peak (ZBCP) is also confirmed in d-wave 
superconductor junctions [25,26]. Therefore, the Josephson 
effects of d-wave superconductor junction with a ferro-
magnetic insulator may be significantly modified by these 
interference effects. 

In this article, we first assume 1.88 0.12 4La Sr CuO  and 
1.85 0.15 4Sm Ce CuO −δ  have d-wave pairing state with 

2 2x yd −  symmetry, then study theoretically Josephson 
currents between two d-wave superconductors through 
ferromagnetic insulator layer, which is calculated from the 
Andreev reflection coefficients by an extended Furusaki 
and Tsukada (FT) approach [27]. By comparing the 

/4 /4π − π  junction with the 0 / 4− π  junction, we have 
reported [28] that abrupt current and oscillation periods 
correlate with the crystal orientations of the superconduc-
tors on the two sides and barrier strength in a d/I/d junc-
tion. For more details on the numerical and analytical ap-
proaches, we refer the reader to Ref. 28. The influence of 
ferromagnetic scattering on Josephson current in a d/FI/d 
junction is mainly presented in this paper and the result 
exhibits that superconducting junction with a ferromagnet-
ic insulator shows more physical phenomena than which 
one with a normal metal insulator. 

2. The model and calculation methods 

The model of the junction is shown in Fig. 1, we con-
sider a two-dimensional d/FI/d junction structure, in which 
the left and right electrodes are made of d-wave S, and 
they are separated by very thin ferromagnetic insulating 
layer. The thin ferromagnetic insulating layers at = 0x  can 
be modeled to be a δ-type barrier potential ( ) = ( ).V x U xδ  
In the presence of interface roughness, the interface poten-
tial may be modeled [29,30], 

 ( )0 3 3
ˆ ˆ ˆ( ) = ( )hU x U I iP U xσδ − τ + η τ δ .  (1) 

Where Î  is the unit matrix and 3τ̂  is the Pauli matrix. In 
this effective potential, 0U  indicates the barrier strength, 
P  describes the scattering effect during tunneling through 
the rough barrier, hU  is the exchange potential at inter-
face, and σ  is the spin opposite to σ  with ↑  and ,↓  

= 1ση  for =σ ↑  and = 1ση −  for σ =↓ . As in the pre-

vious works, we neglect for simplicity the self-consis-
tency of spatial distribution of the pair potential in super-
conductor and take them as a step function ( ) = ( )xΔ Δ θ ×

[e ( ) e ( )],i iL Rx xφ φ× Θ − + Θ  where ( )Δ θ  is the pair poten-
tial for a d-wave S, with θ  is the angle between the quasi-
particle momentum and the interface normal at = 0.x  The 

Lφ  and Rφ  stand for the macroscopic phase of the left and 
right superconductor, respectively. ( )Δ θ  is described as 

 ( )0( ) cos 2 2 ( )d±Δ θ Δ Δ θ α β= = ∓  (2) 

for 2 2x yd −  and 

 ( )0( ) sin 2 2 ( )d±Δ θ Δ Δ θ α β= = ∓  (3) 

for .xyd  Here +Δ  ( −Δ ) corresponds to the pair potentials 
for electronlike (holelike) quasiparticles; ,α β  is the angle 
between the a axis of the d-wave S crystal and the interface 
normal, and 0dΔ  is the order parameter of the d-wave 
superconductor at = 0 K,T  as shown in Fig. 1. 

We adopt the Bogoliubov–de Gennes (BdG) approach 
[31] to study the transport coefficients of the quasiparticles 
in the d-wave S/FI/d-wave S structures. In the absence of 
spin-flip scattering, the four-component BdG equations may 
be decoupled into two sets of two-component equations: 
one for spin-up electronlike and spin-down holelike quasi-
particle wave functions ( , ),u↑ ↓v  the other for ( , ).u↓ ↑v  
The decoupled BdG equation has the form 

 
0

0

( ) ( ) ( ) ( )
( ) ( )( ) ( )

H r u r u r
E

r rH r
σ σ

∗ ∗
σ σ

Δ θ⎛ ⎞⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟Δ θ − ⎝ ⎠ ⎝ ⎠⎝ ⎠

= ,
v v

  (4) 

where 2 2
0 ( ) = / 2 ( )r FH r m U r E− ∇ + −  with ( )U r  the 

usual static potential, and the excitation energy E  is 
measured relative to Fermi energy FE . 

Considering an electron for spin σ  incident on the in-
terface at = 0x  from left-hand S at angle θ  to the inter-
face normal, there are four possible trajectories: normal re-
flection (NR) ( bσ ), Andreev reflection (AR) ( aσ ) [32], 
transmission to the right-hand electrode as an electronlike 
quasiparticle (ELQ) ( cσ ) and as a holelike quasiparticle 

Fig. 1. Schematic illustration of the reflection and the transmis-
sion process of the quasiparticle for a d/FI/d junction. 
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(HLQ) ( dσ ). For the parallel configuration, from the Eq. (4), 
the solutions to the BdG equation in the junction regions 
are, respectively, 

cos cose e( ) e e
i i heL Lik x ik xL L

L
L L

ux a
u

φ φ+ +θ θ++ ++
σ

+ +

⎛ ⎞ ⎛ ⎞
Ψ + +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
= v

v

 cose e
i eL ik xL

L

ub
φ − − θ−−

σ
−

⎛ ⎞
+ ⎜ ⎟⎜ ⎟

⎝ ⎠v
 (5) 

for < 0x ; and  

cos cose e( ) e e
i ie hR Rik x ik xR R

R
R R

ux c d
u

φ φ+ −θ − θ+ −+ −
σ σ

+ −

⎛ ⎞ ⎛ ⎞
Ψ +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
= v

v
  (6) 

for > 0,x where , ,a b cσ σ σ  and dσ  corresponding, respec-
tively, to coefficients for the Andreev reflection, normal 
reflection, transmission to the right d-wave S as electrolike 
quasiparitcles and transmission as holelike quasiparticles. 
The wave vectors of the electrolike and holelike quasipar-
ticles in the d-wave S are given by 

 2 22 | |e
Fk m E E+ +

⎛ ⎞+ − Δ⎜ ⎟
⎝ ⎠

= /  (7) 

and 

 2 22 | |
e

Fk m E E− −
⎛ ⎞+ − Δ⎜ ⎟
⎝ ⎠

= /  (8) 

are the wave vectors for the electronlike quasiparticles cor-
responding to two different transport directions, 

 2 2= 2 | | /h
Fk m E E− −

⎛ ⎞− − Δ⎜ ⎟
⎝ ⎠

 (9) 

and 

 2 22 | |
h

Fk m E E+ +
⎛ ⎞− − Δ⎜ ⎟
⎝ ⎠

= /  (10) 

are the wave vectors for the holelike quasiparticles corres-
ponding to two different transport directions. The Bogoliu-
bov amplitudes read 

 ( ) { }2 2 2
( ) = 1 1 | | / / 2,L Ru E± ±+ − Δ   (11) 

 { }2 2 2
( )( ) = 1 1 | | / / 2,L R E± ±− − Δv  (12) 

 ( )
( ) ( )

( )
exp [ ] = exp [ ].L R

L R L R
L R

i i±
±

±

Δ
φ φ

Δ
 (13) 

All the coefficients in Eqs. (5) and (6) can be deter-
mined by boundary condition at = 0.x  The matching con-
ditions for the wave function are given by II I(0) = (0),Ψ Ψ  

2
II =0 I =0 I( / ) ( / ) = 2 (0) /x xd dx d dx mUΨ − Ψ Ψ , we obtain 

 1 2= / ,aσ Θ Θ  (14) 

 2 2
1 1 2 1[ ( ) ]z z ihΘ + + ×=   
( ) ( )e e R Li iR LR R L L R R L Lu u u u − −φ +φ φ +φ+ +

+ − + − + − + −
⎡ ⎤× + −⎢ ⎥⎣ ⎦

v v v v

 2 2
1 2 1[1 ( ) ]z z ih− + + + ×   

( ) ( )e eR L R Li i
R R L L L L R Ru u u u+ − − +φ +φ φ +φ
+ − + − + − + −⎡ ⎤× + +⎣ ⎦v v v v

( ) ( )e ei iL L R RL L R R L L R Ru u u uφ +φ φ +φ+ − + −
+ − − + + − − ++ + −v v v v  

 2
2 12( )z ih− + ×   

( )( )e e ,R L ii R LR R L L L L R Ru u u u+ − φ +φφ +φ − +
+ − + − + − + −

⎡ ⎤× −⎢ ⎥⎣ ⎦
v v v v

  (15) 

 2 2
2 1 2 11 ( )z z ih⎡ ⎤Θ + + + ×⎣ ⎦=   

( ) ( )e ei iR L R LR R L L R R L Lu u u u φ +φ φ +φ+ − − +
+ − + − + − + −

⎡ ⎤× + −⎢ ⎥⎣ ⎦
v v v v  

 2 2
1 2 1( )z z ih⎡ ⎤− + + ×⎣ ⎦   

( ) ( )e ei iR L R L
R R L L R R L Lu u u uφ +φ φ +φ+ + − −
+ − + − + − + −

⎡ ⎤× + −⎢ ⎥⎣ ⎦
v v v v  

( ) ( )e ei iL L R RR R L L R R L Lu u u uφ +φ φ +φ+ − + −
+ − − + + − + −− − −v v v v  

 2
2 12( )z ih− + ×   

( ) ( )e e ,i iR L R LR R L L R R L Lu u u uφ +φ φ +φ− + + −
+ − + − + − + −

⎡ ⎤× −⎢ ⎥⎣ ⎦
v v v v  

  
(16)

 

where = ,R Lφ φ −φ  2
1 0 10= /( cos ) = / cos ,Fz mU k zθ θ  

2 2
2 20 1= /( cos ) = / cos , = /( cos )F h Fz mP k z h mU kθ θ θ =

0= / cos .h θ  Here, we assume the condition of ( ).FE Δ θ  
Thus, we have made the approximation of ( )

( ) =e h
L Rk ±

( )
( ) .e h

FL Rk k= ≈∓  Following obtained ( , , )a Eσ φ θ , the Jo-
sephson critical current can be calculated using the genera-
lized coefficient of Andreev reflection ( , , ),a Eσ φ θ  which 
is obtained by analytic continuation of E  to ,niω  φ  to 

,−φ  and θ  to ,π − θ  yielding [33] 

 
2
L Be k T

I
Δ

×=   

/2

/2

( , , ) ( , , )
Re cos ,n n

nLn

a i a i
d

π
σ σ

ω −π

ω φ θ − ω −φ π−θ
× θ θ

Ω∑ ∫  (17) 

where LΔ  is the order parameter of the left d-wave S, 
nσΩ = 1/22 2( )n Lω + Δ  and = (2 1)n Bn k Tω + π  denotes the 

Matsubara frequency with = 0, 1, ...n ±  Substituting 
Eqs. (14)–(16) into Eq. (17), we obtain the Josephson criti-
cal current for configuration as for = = 0α β  

 
/2

1
/2

sin
= Re cos ,

2
Be k T

I g d
h

π

ω −π

⎧ ⎫π φ ⎪ ⎪θ θ⎨ ⎬
⎪ ⎪⎩ ⎭
∑ ∫

n

 (18) 

2 2 2 2 2 2 2 2
1 0 0 1 02 cos 2 cos 2 cos ( ) cos 2d dg z⎡Δ θ Δ θ φ+ + κ Δ θ+⎣=

 
1/22 2 2 2

1 1 1(1 )( ) 4 ,n nz
−
⎤+ + + κ ω + γ + κω γ ⎦   

 2
1 cosn d

2 2
0γ ω + Δ 2θ= ,   2 1= ,z ihκ +  

(19)
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and for = = / 4α β π  

 
/2

2
/2

sin
= Re cos ,

2
Be k T

I g d
h

π

ω −π

⎧ ⎫π φ ⎪ ⎪θ θ⎨ ⎬
⎪ ⎪⎩ ⎭
∑ ∫

n

 (20) 

2 2 2 2 2 2 2 2
2 0 0 1 02 sin 2 sin 2 cos ( ) sin 2d d dg z⎡Δ θ Δ θ φ− + κ Δ θ+⎣=

1/22 2 2 2
1 2 2(1 )( ) 4 ,n nz

−
⎤+ + + κ ω + γ − κω γ ⎦

  2 2 2
2 0 sin 2 .n dγ ω + Δ θ=  (21) 

Similarly, we obtain the Josephson critical current for 
the configuration as for ,α ≠ β  here assume =0,α  = / 4β π  

 
/2

3
/2

cos
= Re cos

2
Be k T

I g d
h

π

ω −π

⎧ ⎫π φ ⎪ ⎪θ θ⎨ ⎬
⎪ ⎪⎩ ⎭
∑ ∫

n

,  (22) 

1 0
3 2 2 2 2

11 1 2 1 2 1

2 sin 2 cos 2 1 ,
(1 ) ( ) ( ) ( )

d

n n

i
g

z z
γ Δ θ θ

⋅
γ+ + κ ω γ + γ − + κ ω γ − γ + λ

=

  (23) 

 2 2 2 2 2 2
0 0= cos 2 sin 2 ,n d n dξ ω + Δ θ ω + Δ θ  

 2 2
0= cos 2 sin 2 sin 2 ( ).d niλ Δ θ θ φ + κ ω + ξ  

3. Results and discussions 

In the following, we will analyze the dc Josephson cur-
rents as functions of the temperature and phase. In this 
paper, we take = = 0α β  or / 4π  and α ≠ β  ( = 0,α

= / 4)β π  in numerical calculations. Let us first discuss the 
numerical results for the dc Josephson currents cI  as a 
function of tempertures for 2 2x yd −  superconductor junc-
tion. With the help of Eqs. (14) and (17), the dependence 
of the critical currents cI  on the temperature for the barrier 
strength ( )10z , the roughness strength ( )20z  and the ex-
change field 0( )h  at interface are shown in Figs. 2 ( = )α β  
and 3 ( ).α ≠ β  

Figure 2 displays the temperature dependence of the 
critical current in d/FI/d junctions. They are plotted in 
Figs. 2,a,b with = = 0α β  and in Figs. 2,c,d with 

= = / 4α β π . With increasing the barrier strength at inter-
face, Andreev reflection is always suppressed and the dc 
Josephson critical current in 2 2x yd − -wave S/FI/ 2 2x yd − -
wave S decreases. It is shown that the junction changes 
from 0 to π  states with increasing exchange field at weak 
barrier 10( = 0.5)z  by shown in Fig. 2,a, which phenome-
non is the same as pointed out by Bergeret et al. in Ref. 18. 
The presence of 0h  usually suppresses the Josephson criti-
cal current. However, we notice that the critical current is 
hanced by the exchange field at strong barrier strength 

10( = 3.0)z  for 0–0  junction at low temperatures (shown 
in Fig. 2,b). Meanwhile, behaviors of the critical currents 
depending on T  conform to each other at high tempera-
tures and they have no connection to 0h . It shows similar 

behavior to that found in the junction of the magnetic bar-
rier by Kashiwaya and Tanaka [24]. It is very interesting 
that the Josephson current changes its sign with increasing 
temperature at a certain 0 ,h  for instance, the junction 
changes from 0 to π  states with increasing temperature at 

0 = 1.0h  (shown in Fig. 2,c). On the other hand, with in-
creasing temperature, cI  decreases and drops to zero at 

,cT  which expresses the critical temperature of the d-wave 
superconductor. A phenomenon needed to be especially 
emphasized is that the critical current is also enhanced by 
exchange field in the case of strong barrier strength 

10( = 3.0)z  and high temperatures for / 4 / 4π − π  junction 
(shown in Fig. 2,d). 

In Fig. 3, temperature dependence of the critical current 
is plotted for junctions with α ≠ β  ( = 0,α  = / 4).β π  It is 
found that the junction changes from 0 to π  states with in-
creasing the exchange field whether strong barrier strength 
or weak one. It is worth pointing out here that cI  increases 
gradually with increasing of the temperature at low tem-
perature and a certain 0h  (as shown in Fig. 3,b 0 = 1.0).h  
When temperature or 0h  increases, this phenomenon dis-
appears. 

Compare the above results, it is found that cI  is sensi-
tive to the change of the barrier when = = / 4α β π  or 
α ≠ β  (shown in Figs. 2,c,d and 3), the amplitude of cI  
decreases rapidly with increasing of the temperature, that is 
because of / | | = 1,± ±Δ Δ −  ZES are formed at the inter-
face. It is noticeable that the critical current is more sensi-
tive in the case of strong barrier strength than the weak one 
at low temperature, there is a sudden drop in cI  for strong 
barrier strength at low temperatures (shown in Figs. 2,d 
and 3,b). 
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Fig. 2. Dependence of the critical current on T  for different the 
barrier strength and the exchange field at interface: 0 = 0h  (solid 
line), 0 = 1.0h  (dot line), 0 = 2.0h  (dash-dot line). Here = /2,φ π
in which = = 0α β  and 10 = 0.5,z  20 = 0.5z  (a); = = 0α β  and 

10 = 3.0z , 20 = 0.5z  (b); = = / 4α β π  and 10 = 0.5,z

20 = 0.5z  (c); and = = / 4α β π  and 10 = 3.0,z  20 = 0.5z  (d). 
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Next we study the current-phase relation for 2 2x yd −  
superconductor junction. Figures 4 and 5 displays the bar-
rier strength and the roughness strength at interface always 
suppress the Josephson critical currents. Here, we wish to 
compare Fig. 4,c with other figures, it is found that, there 
the exchange field not only could change the junction from 
0 to π  states as shown in Figs. 4,a and c but also could 
change the period of the oscillation as shown in Fig. 4,c

0( = 1.0)h . When = = 0α β  or / 4π , as shown in Fig. 4, 
the Josephson critical current in a d/FI/d junction depends 
on the crystal orientation of the d-wave S and ( )I φ  is 
proportional to sinφ , the periods of the oscillation curves 
are 2 .π  Particularly, as seen from Fig. 5, when α ≠ β  
( = 0,α = / 4)β π , the phase dependence of the Josephson 
critical current ( )I φ  between two d-wave superconductors 
is predicted to be sin 2φ  and the periods of oscillation 
curves are π , Fig. 5 shows almost half periodicity com-
pared to Fig. 4, the period of the oscillation becomes short-

er for = = 0α β  or / 4.π  These phenomena are accord 
with the Ref. 18. 

4. Conclusion 

In this paper, we have studied the temperature depen-
dence of the critical current and the current-phase relation 
at different the barrier strength and the exchange field at 
interface. It is demonstrated that the barrier strength and 
the roughness strength at interface always suppress the 
critical currents in a d-wave S/FI/d-wave S junction. Under 
the condition of strong barrier strength, low temperatures 
and = = 0α β , the exchange field can contribute to in-
creasing critical current. Meanwhile, the exchange field 
can change the period of the oscillation, resulting in the 
current sign and the ground-state transition from 0 to π . 
These results are similar to those of Ref. 14, 18, and 21. 

However, some different phenomena are found from 
Ref. 14, mainly located in the condition whether high tem-
peratures or low temperatures which the exchange field 
can enhance the critical current. Under the condition of 
strong barrier strength and = = 0α β , the exchange field 
could enhance the critical currents at low temperatures, 
moreover, behaviors of the critical currents depending on 
temperature conform to each other at high temperatures (as 
shown in Fig. 2,b). Under the condition of strong barrier 
strength and = 0α β ≠ , the exchange field can contribute 
to increasing critical current at high temperatures (as 
shown in Fig. 2,d). An important manifestation of this 
physical phenomenon is that the critical current increases 
gradually with increasing the temperature at low tempera-
tures at a certain 0 0( = 1.0)h h . When the temperature in-
creases or 0h  changes, this phenomenon disappears (as 
shown in Fig. 3,b). It is expected that the theoretical results 
obtained here may be further confirmed in the future expe-
riment. 
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