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In this study we carried out the analysis of the thermal fluctuations on Coulomb blockade edge in small 
Josephson junctions with linear growing of voltage. It was shown that, charge fluctuation is determined by the 
energy ratio-parameter of small size Josephson junction, temperature and growing rate of voltage. 
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1. Introduction

Recent years the study of Josephson junctions with 
small capacitance becomes very attractive. The properties 
of small tunnel junctions are influenced by the external 
enviroment, i.e., by external leads attached to the junction. 
In small junctions Coulomb blockade arises of Cooper 
pairs, which means that such junctions can transfer 
individual superconducting pairs and generate Bloch 
oscillation [1–3]. Coulomb blockade appears when  

{ }min , ,p c JEω ω >>  (1) 

where 1/2(2 / )p ceI Cω =   is the plasma frequency,
2 /c c NeI Rω =  is the characteristic frequency of Joseph-

son junction with critical current cI , normal resistance RN 
and capacitance C and Josephson energy /2J cE I e=  . In 
terms of resistance, Equation (1) can be rewritten as  
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where 1 kQR = Ω  is the quantum unit of resistance. 
The important pecularity of these junctions is the 

nonlinear differential capacitance CB,  
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which is related with the dispersion relation 0 ( )E q  of 
energy lower band [1–3] and q is the quasicharge 
( )e q e− < < . For the describing dynamics of quasicharge in 
small Josephson junctions, we should take into account 
Bloch inductance ( )BL q  also [4]. The corresponding 
equation for quasicharge q takes a form [4] 
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where eV  is voltage in circuit, ( )BL q  is the Bloch 
inductance, RN is the resistance of Josephson junction. 
Periodical function ( )V q  in Eq. (4) replace term sinϕ in 
equations for usual Josephson effect description [5,6]. 
Expression of ( )V q is presented below ( )e q e− < <  and was 
used in [7–9] 
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It is well know that small Josephson junctions are 
characterized by the ratio /J CE Eκ = , where 2 /2CE e C=  
is Coulomb energy, С is capacity of junction [1–3]. The 
case of 1κ >>  correspond to the usual Josephson effect and 
in this case can be neglected by the effects of correlation in 
Cooper pair tunneling. In the opposite case due to small 
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capacity, Coulomb energy CE  becomes considerably, 
which leads to Coulomb blockade under tunneling of 
Cooper pair [8,9].  

Dynamical properties of small Josephson junctions 
partially was investigated in [9]. In IV curve of small 
Josephson junctions, at voltages below Coulomb blockade 
edge V0 = e/C average supercurrent is approximately zero 
[10]. This stage correspond to linear charging of electrodes 
[7–9]. When charge in capacitor approachs the level e, the 
supercurrent becomes nonzero and as result the electrodes 
exchange a Cooper pair. In the presence of thermal 
fluctuations, take place effect of fluctuations of Coulomb 
blockade edge in IV curve. Detail analysis of similar 
behavior was not conducted yet. In this study we develop 
theory for the estimation thermal fluctuations of Coulomb 
blockade edge of small Josephson junctions taking into 
account Bloch inductance (see Eq. (4)). In consideration of 
small Josephson junction with bias, we present dynamics 
of junction with linear growing voltage.  

2. Basic equations 

As shown in [1,2,9], the dynamical behavior of a small 
junction is similar to the behavior of a particle in the 
potential field of a form 

 0( ) ( ) eU q E q V q= − . (6) 

When the voltage across junction rises slowly, the energy 
barrier 0( ) ( ) eU q E q V q= −  gradually lowers and thermal 
fluctuations may initiate Cooper pair tunneling. For the 
probability of the tunneling on a time t, we can write [5,6]  

 
0

( ) 1 exp ( ( ))
t

Q t q t dt
 
 = − − Γ
  
∫ , (7) 

where tunneling rate ( )tΓ  can be expressed as [11] (see 
also [12]) 

 ( ) e
2

U
A kTt

∆
−ω
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π
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In Eq. (8), Aω  is the frequency attempt in the minimum of 
the potential barrier and U∆  is the height of the barrier, 
i.e., max min( ) ( )U U q U q∆ = − ; maxq  and minq  correspond 
to the maximum and minimum of the function from the 
Eq. (6), respectively. Also in the case of linearly growing 
voltage across Josephson junction  
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C
E

U q E= − , (9a) 
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Calculation similar to [6] and using (9a), (9b), leads to 
expression for the height potential barrier 

 
2

max max( )
2
e

e
CV

U U q V q∆ = − + . (10) 

For the calculation of probability of tunneling of Cooper 

pairs, we consider e

C

V
t

V
= α , / ,CV e C=  the case of linearly 

growing voltage across junction. Corresponding expression 
has a form 
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∫ , (11) 

where 1/B B BL Cω =  is the frequency determined by the 
Bloch inductance of small Josephson junction [4,7], 

/ CkT Eγ =  is the intensity of thermal fluctuations in units 
CE . Calculation leads to final result for tunneling 

probability  

2 1 1( ) 1 exp e erf erf
4

B tQ t
κ
γ

  ′πγω α − = − − +   π α γ γ   

, (12) 

where erf (…..) is the error function. 

3. Result and discussions 

Using Eq. (12) under condition / 1CkT Eγ = <<  and 
α < γ , we can estimate fluctuation of Coulomb blockade 
edge, as similar to the case of usual Josephson junction 
( / )V q Cδ = δ  

 2 exp .
2B

q
e

 δ πα κ
= − ω γ 

 (13) 

In estimation of Bloch frequency 1/B B BL Cω = , we will 
use expression for Bloch inductance 
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2 2B
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I
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≈ + π κ   
from [7] and as result we have  
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Result of calculations using Eq. (13) presented in Fig. 1. 
As you can see from Fig. 1, increasing of charge blockade 

effects 0J

C

E
E

κ = →  and thermal fluctuations γ  leads to 

increasing of normalized fluctuations of Coulomb 

blockade edge 2/
B

q
e
δ πα

ω
. Such conclusion in agreement 

with calculations for usual Josephson junction, which were 
carried out in [13–17]. However, in contrast to these 
papers, dependence of fluctuation on intensity of thermal 
fluctuations γ  has an another character. Another interesting  
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result related with influence of a growing rate of voltage α 
on intensity of fluctuations qδ . In the case of small 
junction with Coulomb blockade there is linear dependence 
of qδ  on α, while as shown in [5,6,13,14], in the case of 
usual Josephson junction ( 1)κ >>  fluctuation of critical 

current iδ  is proportional to 
2/3

ln
4

Tγ 
 ′πα 

, where ′α  is the 

growing rate of the current i t′= α , T
J

kT
E

γ = . It means that, 

decreasing of ′α  increase the fluctuation of current iδ . It 
related with changing character of current of Cooper pairs, 
from inductive to the capacitive one (see Eq. (4)), as 
mentioned in [9]. 

For typical values of capacitance 0.1C fF=  and 
critical currents 0.1cI A= µ  of small Josephson junctions, 
at which arises Coulomb blockade, voltage fluctuations 
can be estimated at the level 0.875 nV. In calculations 
energy ratio parameter /J CE Eκ =  considered to be equal 
0.333. Sampling rate of voltage taken for the typical case 

as 2/ 10B
−α ω  . In estimations we use temperature 

0.16 KT ≈  in similar to [10].  
Thus, in this paper, the thermal fluctuations of Josephson 

junctions with a Coulomb blockade was investigated. Bloch 
oscillations in small Josephson junctions taken into account 
inclusion corresponding inductance in equivalent scheme. It 
was shown that the fluctuations of Coulomb blockade edge is 
determined by the parameters of Josephson junction. 
Estimation show that fluctuations of the Coulomb blockade 
edge can reach a level of nV. 
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Fig. 1. Thermal fluctuations of Coulomb edge for different energy 
ratio parameter / .J CE Eκ =  :κ  0.033 (1), 0.333 (2), 0.666 (3). 
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