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Elastic phase transitions in solids. High pressure effect
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At high pressures (the pressure is comparable with the bulk modulus) the crystalline lattice may become un-
stable relative to the uniform shear deformations, and in a result the low symmetric crystalline structures will ap-
pear (the so-called “elastic phase transitions”). The order parameters at these transitions are the components
of the finite deformations tensor. The stability of the high-pressure phases is defined by the nonlinear elasticity
of the lattice (the third, fourth etc. order elastic constants). Here the different cases of the stability loss at hydro-
static pressure for the cubic structures are considered. The relation between the second, third and fourth order
elastic constants is given, which defines the possibility of the first order deformation phase transition. The jump
of the order parameter and the height of the potential barrier are defined by the third and fourth order elastic con-
stants. As an example, the experimentally observed elastic phase transition in vanadium at P = 69 GPa from bcc
to the rhombohedral phase is analyzed, and the possible structural transitions in bcc Mo and W at P > 700 GPa

are also considered.

PACS: 61.50.Ks Crystallographic aspects of phase transformations; pressure effects;

61.66.Bi Elemental solids;
62.20.D- Elasticity, elastic constants;

62.50.—p High-pressure effects in solids and liquids.

Keywords: phase transitions, high pressures, nonlinear elastic properties.

1. Introduction

The elastic deformations accompany nearly all phase
transitions in solids. In the most cases the deformation is
not the order parameter, but is connected with it by
the striction interaction. In the considered structural trans-
formations, the order parameter is the uniform defor-
mation. These transformations were called “the elastic phase
transitions”. At these transitions the number of atoms in
the unit cell is conserved, the symmetry point group of
anew phase is subgroup of the point group of the initial
phase, the translation symmetry is not changed [1].

The elastic phase transitions can be observed with the
temperature T and pressure P changes in a result, of the
stability loss of the crystalline lattice relative to the shear
deformations. As a result, the transition takes place in the
spontaneously deformed state with the lower symmetry. It
was shown [2,3], that the critical phenomena at the elastic
phase transitions are strongly suppressed, and this gives
the possibility to use the Landau theory of the phase transi-
tions [4], where the order parameters are the components
of the finite deformations tensor, because at these transi-
tions the lattice deformations are although small but finite.
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The example of these transitions with the temperature
changes are the structural transitions in Nb3Sn and V3Si. In
these compounds the transitions from cubical phase to the
tetragonal are observed at temperatures slightly exceeded
the superconductivity transition temperatures: in Nb3Sn at
T =43 K, inV3Siat T =21 K. In both cases the structural
transitions are accompanied by the strong softening (prac-
tically to zero) of the elastic constant C' = (Cyy —Cp5)/ 2,
corresponding to the tetragonal deformation, and are close
to the second order phase transition [5].

The elastic phase transition recently was observed in
vanadium at P ~ 69 GPa (the room temperature) [6]. The
experimental investigation of the vanadium structure has
shown that the bcc phase of vanadium at this pressure
transforms in the rhombohedral structure. Wherein the vo-
lume abrupt change is absent, and the second order phase
transition should take place [6]. This behavior obviously is
connected with the strong softening of the shear effective
elastic constant C,,, which was observed in the DFT cal-
culations [7-9]. The feature of these transitions is that
the elastic phase transitions are possible when the pres-
sures are comparable with the material bulk modulus (as
arule, the tens and hundreds GPa). There is the growing
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interest to this problem [9,10], because the using of the
cells with diamond anvils gives possibility to do experi-
ments at the pressures 500-600 GPa [11], and the structur-
al investigations based on the synchrotron x-ray irradiation
give the possibility to investigate the high pressure phases
in the real time regime. In the present work the peculiari-
ties of the elastic phase transitions under pressure are con-
sidered in the framework of the Landau theory, the quanti-
tative estimations are performed for the transition metals
with cubical lattice: vanadium, molybdenum and tungsten.

2. The expansion of the thermodynamic potential

The thermodynamic potential at the pressure P and tem-
perature T is the Gibbs free energy G. For taking into ac-
count the nonlinear effects it is need to choose as the order
parameters the components of the Lagrange finite deforma-
tions tensor njj [12]. Following to [13], we expand G near the
equilibrium state at given P and T over the components Mij-

Let us the spontaneous deformations nj; are isothermal.
Then, the change AG =G(P,T,n)-G(P,T,0) on the unit
volume in the initial state (V) is

AG 1+ )
V, 2 ik i+ CijiamnMij M Mimn +
1 -~
+ 5 Ciikimnpg i T M Mpg - 1)

Here and below the summation over the repeated indexes
from 1 to 3 takes place, the linear contribution is absent,
the fourth order contribution is included. Here

o,

are n-order (n = 2, 3, 4) the isothermal effective elastic
constants at the given load and temperature T, which char-
acterize the elastic properties of a loaded crystal [14]. The
elastic constants éijkl.. in the absence of a load are coincide
with the usual Brugger elastic constants [15]. With Cij
the all formula of the elasticity theory are same as for the

"G
oN;jon -

- 1
Cij.... =

A )

At the given P and T the system state will be stable,
if the quadratic form in (1) will be positively defined. As a
result, for the cubic crystal we have the following stability
conditions relative to the uniform compression and shear
deformations

C~ll + 2C~12 > 0, (33.)
C11-C12>0, (3b)
s > 0. (3¢)

Here CQB are the effective second order elastic constants in
Voigt notations: o, B are from 1 to 6 according to the rule
11-51,22-52,33—>3,23—>4,13-55,12 > 6.

With the pressure and temperature changes the condi-
tions (3) can be destroyed, and as a consequence, the struc-
tural transition in the spontaneously deformed state takes
place, which stability is defined by the nonlinear elasticity
of the material: by the anharmonic contributions of the
third, fourth and higher order. So, the value of the sponta-
neous deformation, which characterize the new equilibrium
structure, is defined by the higher order nonlinear contribu-
tions in the Gibbs energy. The conditions (3a) for the expan-
sion-contraction can be destroyed, as the calculations show,
only at the negative pressures [16]. The spinodal instability
P <0, i.e., the uniform expansion of the lattice can be real-
ized in the shock wave experiments [17], or due to doping
of the lattice by the higher size atoms [18]. Due to this, we
will discuss the conditions (3b) and (3c), which define the
crystalline lattice stability relative to the shear deforma-
tions. The decomposition (1) for the cubic lattice can be
created using the results of the papers [19,20], where all
nonzero the second—fourth order elastic constants for each
32 symmetry point group are given.

In Table 1 the different kinds of the spontaneous de-
formation are shown, corresponding to the stability loss of
crystals with the cubical structures. In the considered cases
the decomposition of the thermodynamic potential (1) is
following:

loaded, as for the unloaded crystals. In particular, the sta- mzlq 2 +lvn3 +1wn4 +. (4)
bility conditions at uniform deformations for the loaded Vo 2 3 4
crystal are coincide with the well-known Born conditions.
Table 1. The elastic phase transitions under pressure in the cubical crystals
Spontaneous Symmetry changes
No. deformation a v W at the transition
e =Ty
1| m1=-"22=05n33=m | 6(C13—Cp2) | 3(Cr11—-3C112+2Cy23) | 3(C1111—4C1112 +3C1122) fov v
I¢.Tg—>Ty
~ ~ - _ B FC - FO
2 N1=-M22 =" 2(C11-Cr2) i =0" (Cr111-4C1112 +3C1122) /3
1 IS S
3 | M2=m3=nz=n/2 3Cu4 3Cus6 (Caa44 +6Cyss5) / 2 r.,rh oy,
Comments: ~— due to the deformation symmetry.
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Here the coefficients g, v and w for each case are given in
Table 1, where Caﬁ_'are the isothermal effective elastic
constants at the pressure P in Voigt notations. Here also
the different variants of structural transformations for bcc
and fcc lattices due to the stability loss relative to shear
deformations are given, obtained by the theoretical-group
analysis of the Brave lattices symmetry [21]. If the third
power contribution in (4) is zero (the case 2), then the se-
cond order phase transition can take place.

Now consider the Eq. (4) when the third order contribu-
tion is not zero (the cases 1, 3). The elastic constants calcu-
lations confirm that from the point of the stability loss g
and w are positive, but v is less of zero. The Eq. (4) con-
tains the three parameters, and each of them depends on P
and T. Dividing the both parts of this equation on
Gy =v*w® we get the dimensionless equation with one co-
efficient [22]

2 3 A
X x° X
f(a,x)=a——-——+—, 5
(a,x) R 5)
where
AG w qw
f(a,x)=——, X=—1m, a=——. (6)
VOGO |V| V2

The coefficient a takes into account the changes with the
pressure and temperature of the second, third and fourth
order elastic constants. Depending of it the Eq. (5) has the
different maxima and minima (see Fig. 1). Their position is
defined by the condition of /ox =0. In a result, we’ll get
the equation ax— x> + x° = 0. The roots of it are x =0 and
x=(1++1-4a)/2. It follows from this, that if a> 1/4,
f(a,x) has only one minimum at x=0 the appropriate
initial phase. If a = 1/4, then only one minimum at x =0
and the inflection point at x = 1/2 exist (see Fig. 1, curve 1).
When 2/9 < a <2/8(1/4), the curve f(a,x) has the two
minima: the one is stable at x=0, the second is meta-
stableat x=(1++1-4a)/2, and relative maximum at
Xx=(1-+1-4a)/2 (Fig. 1, curve 2).
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Fig. 1. The dimensionless Gibbs potential (5) at different coeffi-
cient a values: a=1/4 (1), a=2.19 (2), a=2/9 (3), a=1.4/9 (4).
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The value of the coefficient a for the first order transi-
tion we obtain from the solution of the system equations
f(a,x)=0and of /ox=0. In a result, we get a=2/9. At
this value of the coefficient a the curve (5) has the two
minima for f(a,x)=0, at x=0 and x=2/3, and maxi-
mum at x =1/3 (see Fig. 1, curve 3). The potential barrier
height and the jump of the order parameter can be obtained
from the relations (5) and (6). In a result,

4
AG _ LV_; n= M @
Vo 32443 3w
In the expressions needed for the calculation of ¢, v and w
in all considered cases are given in Table 1. Thus, the po-
tential barrier height and the jump of the order parameter
are defined by relations between the third and fourth order
elastic constants, i.e., by the nonlinear elasticity of crystal-
line lattice. It is seen from the expression for the parame-
ter a (see (6)) that, when the value of v is in proximity to w
(the third order anharmonic contribution is nearly equal to
fourth order contribution), then the first order phase transi-
tion can be realized at the rather high values of g. At this
transition the unit cell volume is changed in the second
order on m, because [16] AV /V, =—2(n122 +T1123 +n§3)+
+8m1oM13Nos. Thus, the structural distortion takes place
with small (in the second order over deformation), but the
negative volume change. If 0 < a < 2/9, f(a,x) then be-
sides the metastable minimum at x = 0, the stable minimum
exists at x > 2/3 with maximum f(a,x) >0 for x in the
interval between of these minima (Fig. 1, curve 4). The first
order phase transition (closed to the second order) takes
place, because the potential barrier height decreases with
the diminishing of a. The interval of the a values, where
the first order transition is possible is 0 < qw < (2/9)v2.
Thus, for the analysis of the elastic phase transitions it
is need to have the data for the second—fourth order elastic
constants at the different pressures. The experimental data
for the different order elastic constants at high pressures
are practically absent, and it is due to the big problems of
the sound velocity measurements in the megabar pressure
interval for the different crystallographic directions, the
second harmonic generation, or the Raman scattering of
light, which are usually used for the definition of elastic
constants. It is possible to calculate the second and the
higher order elastic constants at the different pressures
from the “first principles” in the framework of the density
functional theory. Here we shortly consider the example of
such calculation following to our earlier work [14].

3. The n-order effective elastic constants
at the hydrostatic pressure

The density functional method gives the possibility to
calculate the full energy of a crystal at any atomic volume
(i.e., at any pressure). So we express AG /V via the change
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of the Helmholtz free energy AF. We obtain at hydrostatic
compression P
AG _AF oAV, @®
Voo Voo Vo
Where AV =V -V is the volume change due to defor-
mation, defined by the tensor components n;j- It is possible
to present AF /V; [12] as

AF 1 1
W: —Pnj; +§Cijkmijnk| +€Cijklmnnijnklnmn +
1
+zcijklmnpqnijnklnmnnpq- ©)
Here
1 0"F
CiiM.. =5 | 3o (10)
Vo | ;- ),

The constants Cyj are the generalization of the n-order
elastic constants introduced by Brugger [15] for the loaded
state. They are not fully define the elastic properties of
a loaded crystal [23], for them the Cauchy relations are
fulfilled, in contrast to C ijkd...

Now we express the n-order effective elastic constants
C ijki.... at the hydrostatic loading via the Brugger type C .
and the pressure P. We take in to account that AV /Vy =J -1,
where J :det|aij| [12]. Here oy = or / OR; is the defor-
mation gradient, r and R; are the Cartesian coordinates of
the point in a crystal in the deformed and the initial states.
Then we express o; via n;; to get the relations between
Cija.... and Cijy_ -

1
Mjj :E(akiakj -8jj), (11)

where §;; is the Kronecker symbol. Then, o;; can be ex-
pressed via ujj = ou; / OR; (U =1, —Ry):

Otij :Sij +uij' (12)

1 .
In a result, n;; :E(Uij +Ujj +Uyilyj). Then we’ll consider

the “pure” deformations (the rotation of a crystal is absent,
uij =uji), and so

1
Mij = Uij + = Uil (13)

Table 2. The relations between éaB__ and Cop.

The inversion of (11), using (12) and (13) (the fourth
order contributions are taken in to account), gives

1 1 5
ajj = Ojj + Mij =5 MMk 5 ki MG g Mk Mmkmn i
(14)

Using the relations (2), (8), (10) and (14) we’ll find the
relations between C ijki.... and C ;. The results are given
in Table 2 (the 2, 3 and 4 order elastic constants are given
in Voigt notations).

In a result, for the calculation of any order Caﬁ.. it is
possible to use the decomposition (9). The linear contribu-
tion defines the pressure, the higher order contributions
define the elastic constants Cap - (the Brugger type elastic
constants). Then, using the relations given in Table 2 the
effective elastic constants Caﬁ.. of the necessary order are
found.

4. Structural transformations in vanadium
at high pressure

The phase transition from bcc to rhombohedral phase
was observed at room temperature in vanadium with no
volume changes [6]. As the “first principles” calculations
shown, in vanadium the elastic constant C,,, corresponding
to the rhombohedral deformation, becomes negative [7-9].
Consider the results of the second-fourth order constants
calculations at the different pressures (T = 0 K) from the
paper [9] to analyze the structural transition bcc—rhombo-
hedral phase. The required constants are given in Table 1,
line 3. Using them, we can obtain the value of the coeffi-
cient a (see (5) and (6) at the different pressures) in the
vicinity of the phase transition point (50-70 GPa). In a
result, we get: P =55 GPa, a=3.9; P=63 GPa, a=1.4;
P =68 GPa, a=0.21. So, at P ~ 68 GPa the value of the
coefficient a becomes equal to the critical value a=2/9,
and bcce structure (') can be transformed in to rhombo-
hedral phase (I',,) (see Table 1, line 3). The jump of the
order parameter at this transition we’ll obtain from the re-
lation (7): My, =Mz =moz3=m/2= (1/3)|v|/W = 0.0075.
The small value of the order parameter shows that it is the
first order transition close to the second order. The results
agree with the experimental data [6].

In the papers [9,24] the results of the phonon dispersion
calculations in vanadium at the different pressures by DFT

Cap Copy Capyd
Cj1=Cj1-P Cj11=C111+3P Cr111 = C1111 —-15P Cas4a =Caaaq —3P
Cip=Cip+P Ci12=Ci12-P Ci112 =Ci112 +3P Ca455 = Cas55 — P
Cag=Cyq-P Cio3=Cipz+P Cr122 =Cr122 +P

Casg =Casg + P

Low Temperature Physics/Fizika Nizkikh Temperatur, 2018, v. 44, No. 6
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perturbation method are given. These results show, that the
both transverse modes (directions I'-H and I'-N), connect-
ed with the elastic constant C,,, suffer the strong softening
in the vicinity of the BZ center (I" point). at the pressures
70-75 GPa. With the pressure increasing the tilt of both
branches continues to decrease. At the same time the se-
cond transverse branch practically is not changed in this
pressure interval. So, the pressure dependence of the dis-
persion curves agree with the elastic constants data.

5. The softening of the effective elastic constant C’
in bcc molybdenum at high pressures

The effective elastic constants and the phonon dispersion
curves for molybdenum in the pressure interval 0-1400 GPa
(T =0 K) were obtained in work [25] and are shown on
Figs. 2, 3. It is seen on Fig. 2, that C' at P > 500 GPa suf-
fers the strong softening (what is the precursor of the phase
transition) and goes to zero at P ~1400 GPa (V /V, = 0.42).
The bcec lattice can suffer the elastic phase transition at
these pressures in to the tetragonal or orthorhombic struc-
tures (the stability condition (3b) is destroyed). However,
according to [26-28] the bcc structure of molybdenum at
P~~700GPa (T = 0 K) becomes thermodynamically
unstable and should transfer in fcc or hexagonal phase. The
estimations of a (formula (5)) show that at these pressures
its value essentially exceeds the critical value 2/9, when
the first order elastic phase transition can take place. The
calculations of the stability criteria of the bce, fcc and hep
structures of molybdenum show [25], that at the atmos-
pheric pressure the both structures are unstable relative to
the shear deformations (C,, < 0 and C' < 0). They become
stable only at the high pressures: hcp at P >150 GPa, bcc
at P>300 GPa, and so the hexagonal structure at the
phase transition is more preferable.

The calculated dispersion laws for bcc molybdenum in
the pressure interval 900-1050 GPa are given on Fig. 3. It

1200

k A
1000
e
800 v‘/
/dA

60| (ﬁA/A

Mo, elastic constants, GPa

400
g@‘ Hnin
0 T~

0 200 400 600 800 1000 1200 1400
P, GPa

T

Fig. 2. The pressure dependence of the shear elastic constants of
bee Mo C' = (Cy1 —Cqp) /2 (O), Cag (D).
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Fig. 3. The dispersion laws for bcc—Mo at the 900 GPa pressure
(solid line) and 1050 GPa (dotted line). The negative values are
for the imaginary frequencies.

is seen that the branch of the transverse modes T[Jfo] [Q(;O],

connected with the elastic constant C' (the low curve in the
direction T — N), near the T" point experiences at 900 GPa
the strong softening. Besides, the strong softening is observ-
ed also for the longitudinal branch L[£¢(] in the direction

H-P. With the further increase of pressure (P =1050 GPa)
the frequencies of these branches near the frequency

11 222 . .
modes Tr,=|==0]| and L| === | become image. It is
[ﬂo][u } [333} J
shown in the paper [18], that the instability of the bcc lat-

tice relative to the vibration mode T[Jfo} E%O} with the

softening of the shear elastic constants C’can induce the
transition between bcc and double hcp structures. The

small value of C’ creates the small energetic barrier for this
structural transformation. This will be the first order
transition, and it occurs before the phonon mode in the
initial lattice will become unstable. So, the structural tran-
sition in molybdenum in the double hcp should occur be-

fore the C'constant will become zero.

6. Tungsten, the pressure effect

The second-fourth order elastic constants of bcc W in
the pressure interval 0-600 GPa (T = 0 K) are given in our
work [29]. The pressure dependence of the elastic con-
stants C' and C,, is shown on Fig. 4. It is seen, that as in
molybdenum C' is increasing with the pressure much low-
er then C,y, and at P = 600 GPa the tendency to softening
is observed. The same tendency is observed in the calcula-
tion results of the corresponding phonon modes. We have
calculated the Grineisen parameters v; for the bcc W in
the pressure interval 0-600 GPa for the three long-wave
acoustic modes in the direction [110], using the data for the
second and third order elastic constants.

Low Temperature Physics/Fizika Nizkikh Temperatur, 2018, v. 44, No. 6
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Fig. 4. The pressure dependence of the shear elastic constants for
the bcc W. C' = (éll —(512) /2 (O), 644 (D).

The constants vy; are defined by the relation
vj=-Vo/wj)(dw;/dV), where o; is the frequency of
the jth normal mode of the lattice vibrations. The relations
between y i and C‘QBY are taken from [30, p. 120]. The values
of ¥j for the one longitude and the two transverse long-
wave modes in direction [110] are given on Fig. 5. It is
seen that the Griineisen parameters for the longitudinal and
for the one transverse (the polarization [001] long-wave
acoustic modes are nearly unchanged with the pressure
increasing. At the same time y; of the transverse mode
with the polarization [110] is decreased with the pressure
increasing nearly by linear law and goes over zero at
P~600 GPa. This points out, that at the pressures
P > 600 GPa the vibration frequencies (the elastic constant
C') becomes to decrease (y i is negative). In a result,
the bee structure of W can be unstable to the tetragonal

Z.OJ7
15000,
- Q i o S R e = _::::::é
N,
1.0~
Y \:ﬁhﬁ“A\
/ A“AA-__
0.5F \\"‘O\\\ ______ N
\\\O\ _______ o
0 S~ y hﬁ
-0.5 P R T R E \1\‘(\
0 100 200 300 400 500 600
P, GPa

Fig. 5. Pressure dependence of Griineisen parameters y j for bce
tungsten and molybdenum. Ly110)[110] mode (O), Tjooy[110]
mode (<), Tj1 Toy[110] mode (A) of W and Tj; 7¢;[L10] mode (O)
of Mo.
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deformation in the pressure megabar diapason. For com-
parison, on the Fig. 5 the pressure dependence of vy; for
the same mode bcc Mo is given. It is seen that v; is also
diminished with the pressure increasing and becomes nega-
tive at P > 400 GPa. This result is in agreement with
the data on the Fig. 2: the elastic constant C' of Mo be-
comes to diminish at P > 400 GPa.

The results of the phonon dispersion laws for bcc W at

the high pressures are given in [18]. The frequencies of
the long-wave transverse vibrations in the direction [110]

with the polarization [110] show the strong softening at P >
>1000 GPa, and at the same time, the frequencies of

: il0 shear mode tend to zero. As it was show
[10]| 4 4

in [18], such instability together with C' softening leads to
bcec — dhep transition.

7. Conclusion

The peculiarities of elastic phase transitions in crystals
at high pressures are analyzed in the framework of the
Landau theory of the phase transitions. The definition of
the n-order (n > 2) effective elastic constants for a loaded
crystal is given. The method of their calculations from the
“first principles” at the hydrostatic pressure is developed.
The stability criteria to the shear deformations at the pres-
sure P are expressed via the effective second order elastic
constants. The different cases of the stability loss relative
to the shear deformations at the given P are considered,
and the Brave lattices of the high-pressure phases, obtained
in a result of the elastic phase transitions are defined. The
stability of these phases is defined by the nonlinear elas-
ticity of the lattice (by the third and fourth order elastic
constants). The relation between the second, third and
fourth order elastic constants is obtained, at which the first
order transition is possible. The jump of the order parame-
ter and the height of the potential barrier at the transition
are defined by the third and fourth order elastic constants.
As an example, the experimentally observed phase transi-
tion in vanadium from bcc to the rhombohedral phase at
P~ 69 GPa is analyzed in framework of the developed
method. The possibility of the structural transitions in
the bcc Mo and W at high pressures is also considered. The
necessary values of the different order elastic constants for
V, Mo and W are calculated in the framework of the densi-
ty functional theory.

In conclusion, the investigation of the matter at high
pressures is the important part of the scientific heritage of
A.A. Abrikosov. He was the head of the Institute of High
Pressure Physics RAN and was the first, who predicted the
transformation of hydrogen in the metallic phase at several
megabar pressure (see his papers in 1954-1963). The con-
vincing proofs of this transition are experimentally obtain-
ed in the present time (R.P. Dias and I.F. Silvera, Science
26 Jan. 2017).
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