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HYPERFINE STRUCTURE PARAMETERS OF THE MERCURY Hg ISOTOPES: 
CONSISTENT NUCLEAR-QED THEORY

It is presented the consistent theoretical nuclear-QED approach to estimating parameters of the 
hyperfine structure and electric quadrupole moment of the mercury isotope 201Hg. Analysis of the 
data shows that an account of the interelectron correlation effects is crucial in the calculation of the 
hyperfine structure parameters and therefore the conventional methods such as the method of Dirac-
Fock ( single configuration approximation) as well as their generalized versions  with the limited 
accounting the exchange-correlation effects do not give a sufficiently high accuracy.

1. Introduction

Development of a new effective nuclear 
schemes and technologies for sensing differ-
ent nuclear properties, studying the properties 
of heavy isotopes is of a great importance in the 
modern atomic, nuclear physics and technologies 
[1-3]. Among the most important problems one 
could mention the studying of nuclei, which are 
available in the little quantities (for example, the 
lanthanides isotopes,  radioactive nuclei far of 
the stability boundary), search of the super dense 
nuclei and its sensing, laser governing by param-
eters of the proton and other beams and sensing 
their characteristics etc [1-17]. Such possibilities 
are provided by the modern laser methods and 
technologies (see, for example, [1,2]).  

A high sensibility and resolution ability of la-
ser spectroscopy methods allows investigating 
the characteristics of nuclei available in the lit-
tle quantities, heavy isotopes. As an example (see 
ref. [1-6]) one can mention the CERN technical 
device for studying the short-lived nuclei which 
are obtained on the mass-separator in the line 
with synchrocyclotrone on 600 MeV (ISOLDE 
apparatus [1]). The shocking results have been 
obtained in studying of the odd neutron-deficit 

non-stable isotopes of 182-190Hg. The intensity of 
the ion beams of these isotopes with life time 
1-60 min was 107-109 ions/s. Under excitation 
of fluorescence by dye pulsed laser radiation the 
second harmonics of radiation was tuning to re-
gion of 2537A and the measurement of the hy-
perfine structure for this line of Hg was carried 
out during 1-2 min disposing about 108 of the 
mercury isotope atoms. During transition from 
nucleus 186Hg to nucleus 185Hg it has been discov-
ered the sharp changing of the middle square of 
the nuclear radius which is interpreted as sharp 
changing of the nuclear form (increasing of non-
soherity and electric quadrupole moment) during 
decreasing the neutrons number. In refs. [17-25] 
(see also [4,5]) we have developed new effective 
theoretical atomic method with possibility of ad-
vancing corresponding nuclear technology for 
sensing different parameters, including the hy-
perfine structure ones, for heavy isotopes and ele-
ments available in the little quantities. It is based 
on experimental receiving the isotope beams on 
the CERN ISOLDE type apparatus (see detailed 
description in [1,3,4]) and the précised theoretical 
and laser spectroscopy empirical estimating the 
hyperfine structure parameters, nuclear magnetic 
and electric moments of isotopes. We carried out 



66

sensing and estimating the hyperfine structure 
(HFS) parameters, magnetic and electric mo-
ments of a nucleus for 235U, and others. The HFS 
calculation theory is based on developed earlier 
gauge-invariant QED PT formalism with an pre-
cise account for exchange-correlation (inter elec-
tron interaction corrections), nuclear and QED 
effects and nuclear relativistic mean field (RMF) 
theory. New theory has been called as the nucle-
ar-QED PT [26]. Here we present the results of 
advanced studying the hyperfine structure param-
eters and electric quadrupole moment a nucleus 
for the mercury isotopes, namely 201Hg.   

Following, [24,25], let us also remind that the 
accurate measurements  of the hyperfine structure 
parameters for a whole number of heavy isotopes 
(e.g. [1,6,16]) not only provide the possibility for 
testing the quantum electrodynamics (QED) in 
strong fields, but also sensing the hyperfine struc-
ture parameters of spectra for heavy atomic sys-
tems,  electric charge and magnetic moment dis-
tributions inside the nucleus [5-10]. Theoretical 
calculations fulfilled during the last several years 
apart from the basis Fermi-Breit relativistic con-
tributions also include the magnetic dipole mo-
ment distribution inside the nucleus (Bohr-Weis-
skopf effect) and radiative QED corrections (e.g. 
[1-6]). In calculations of the heavy ions the well 
known multi-configuration (MC) Dirac-Fock 
(DF) approach is widely used (e.g.[14-20]). 

2. Theoretical approach to calculating 
hyperfine structure parameters

  Let us describe the key moments of the 
theoretical scheme. Full details of the whole 
method of calculating the hyperfine structure 
constants can be found in [4,5,17-24].  The wave 
electron functions zeroth basis is found from the 
Dirac equation solution with potential, which in-
cludes the core ab initio potential, electric, po-
larization potentials of nucleus. All correlation 
corrections of the second and high orders of PT 
(electrons screening, particle-hole interaction 
etc.) are accounted for [17]. The concrete nuclear 
model is used as described below. A quantitative 
estimate of the nuclear moments demands real-
istic proton single-particle wave functions which 

one could obtain by employing the RMF model 
of a nucleus. Though we have no guaranty that 
these wave-functions yield a close approxima-
tion to nature, the success of the RMF approach 
supports our choice (e.g.[26]). These wave func-
tions do not suffer from known deficiencies of 
other approaches, e.g., the wrong asymptotics 
of wave functions obtained in a harmonic oscil-
lator potential. The RMF model has historically 
been designed as a renormalizable meson-field 
theory for nuclear matter and finite nuclei. The 
realization of nonlinear self-interactions of the 
scalar meson led to a quantitative description of 
nuclear ground states. As a self-consistent mean-
field model (for a comprehensive review see Ref. 
[25]), its ansatz is a Lagrangian or Hamiltonian 
that incorporates the effective, in-medium nucle-
on-nucleon interaction. Recently self-consistent 
models have undergone a reinterpretation which 
explains their quantitative success in view of the 
facts that nucleons are composite objects and that 
the mesons employed in RMF have only a loose 
correspondence to the physical meson spectrum 
[25-28]. RMF models are effective field theories 
for nuclei below an energy scale of 1GeV, sepa-
rating the long- and intermediate-range nuclear 
physics from short-distance physics, involving, 
i.e., short-range correlations, nucleon form fac-
tors, vacuum polarization etc, which is absorbed 
into the various terms and coupling constants. 

As it is indicated in refs.[27] the strong attrac-
tive scalar (S: -400 MeV) and repulsive vector 
(V: +350 MeV) fields provide both the binding 
mechanism (S + V: -50 MeV) and the strong spin-
orbit force (S – V: -750 MeV) of both right sign 
and magnitude. In our calculation we have used 
so called NL3 (c.f.[25]), which is among the most 
successful parametrizations available.

 The scheme of accounting for the finite 
size effect is in details described in ref. [17]. Here 
we only note that if the point-like nucleus pos-
sesses by some central potential W(R) then transi-
tion to potential of the finite nucleus is realized by 
substitution W(r) on 
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In our case the Coulomb potential for 
spherically symmetric density  Rr  is: 
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Further the standard Dirac-Fock -like 
equations for a multi-electron system {core-
nlj} are solved. Formally they fall into one-
electron Dirac equations for the orbitals nlj 
with potential:  
 
V(r)=2V(r|SCF)+V(r|nlj)+Vex+V(r|R).  
 
It includes the electrical and polarization 
potentials of a nucleus with a finite size. The 
part exV accounts for exchange inter-electron 
interaction. The exchange effects are 
accounted for in the first two PT orders by 
the total inter-electron interaction [17]. The 
core electron density is defined by iteration 
algorithm within QED procedure [4]. The 
radiative QED (the self-energy part of the 
Lamb shift and the vacuum polarization 
contribution) are accounted for within the 
QED formalism [4,25]. The hyperfine 
structure  constants are defined by the radial 
integrals of the known type (e.g. [29,17]):  
 

A={[(4,32587)10-4Z2gI]/(42-

1)} 


0

22 ),,/1()()( RrUrGrFdrr  

 
B={7.2878 10-7 Z3Q/[(42-1)I(I-

1)}  


0

2222 ),,/1()()([ RrUrGrFdrr , 

Here I is a spin of nucleus, gI is the Lande 
factor, Q is a quadruple momentum of 
nucleus; radial integrals are calculated in the 
Coulomb units (=3,57 1020Z2m-2; = 6,174 
1030Z3m-3). Radial parts F and G of two 
components of the Dirac function for 
electron, which moves in the potential are 
defined by solution of the Dirac equations 

(PT zeroth order). The other details can be 
found in refs. [17-25]. 
 

3. Estimating the hyperfine structure 
parameters and conclusions 

 
 Earlier we have studied the hyperfine 
structure of spectra for the elements Be, C, 
Al, U, which have above cited rare, cosmic 
isotopes. Here we present advanced data  (the 
Superatom package [4,5] is used) on the HFS 
parameters and quadrupole electric moment 
for the 201Hg.  

In Table 1 there are listed the 
experimental and calculated values of the 
nuclear electric quadrupole moment Q (mb) 
for 201Hg (from [5,6,23,26]. The calculations 
were performed on the basis of the non-
correlated DF, in the many approximation of 
DF (MCDF), taking into account the Breit 
and QED corrections, as well as on the basis 
of our method (the RMF model for the 
charge distribution in a nucleus).  

 
Table 1. The values of the nuclear electric 
quadrupole moment Q (mb) for mercury   
Q (мб) Method Reference Год 
383,1 
380,5 

387 (6) 
347 (43) 
385 (40) 
485 (68) 
386 (49) 
267 (37) 
390 (20) 
455 (40) 

420 
500 (50) 

600 
500 

At-Nucl 
Atomic 
Atomic 
Nuclear 
Atomic 
Muonic 
Muonic 
Muonic 
Solid 

Atomic 
Atomic 
Atomic 
Solid 

Atomic 

Our work 
Glushkov et al 
Pyykko et al 
Fornal et al 
Ulm et al 

Gunther et al 
Hahn et al 
Hahn et al 

Edelstein-Pound 
McDermott etal 

Murakawa 
Blaise-Chantrel 
Dehmelt et al 

Schuler-Schmidt 

2013 
2006 
2005 
2001 
1988 
1983 
1979 
1979 
1975 
1960 
1959 
1957 
1954 
1935 

 
As can be seen, the value of the 

moment of Q, obtained by us, in  the best 
agreement with the data obtained by a group 
of Ulm. Comparison of the results of 
calculations in the framework of our method 
and the DF (the single-and many-
approximation based on the Breit and QED 
corrections) shows that our values of the 
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Further the standard Dirac-Fock -like equa-
tions for a multi-electron system {core-nlj} are 
solved. Formally they fall into one-electron Dirac 
equations for the orbitals nlj with potential: 

V(r)=2V(r|SCF)+V(r|nlj)+Vex+V(r|R). 

It includes the electrical and polarization po-
tentials of a nucleus with a finite size. The part 

exV accounts for exchange inter-electron interac-
tion. The exchange effects are accounted for in 
the first two PT orders by the total inter-electron 
interaction [17]. The core electron density is de-
fined by iteration algorithm within QED proce-
dure [4]. The radiative QED (the self-energy part 
of the Lamb shift and the vacuum polarization 
contribution) are accounted for within the QED 
formalism [4,25]. The hyperfine structure  con-
stants are defined by the radial integrals of the 
known type (e.g. [29,17]): 
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Here I is a spin of nucleus, gI is the Lande fac-
tor, Q is a quadruple momentum of nucleus; ra-
dial integrals are calculated in the Coulomb units 
(=3,57 1020Z2m-2; = 6,174 1030Z3m-3). Radial parts 
F and G of two components of the Dirac func-
tion for electron, which moves in the potential are 
defined by solution of the Dirac equations (PT ze-
roth order). The other details can be found in refs. 
[17-25].

3. Estimating the hyperfine structure 
parameters and conclusions

Earlier we have studied the hyperfine structure 
of spectra for the elements Be, C, Al, U, which 
have above cited rare, cosmic isotopes. Here we 
present advanced data  (the Superatom package 
[4,5] is used) on the HFS parameters and quadru-
pole electric moment for the 201Hg. 

In Table 1 there are listed the experimental and 
calculated values   of the nuclear electric quadru-
pole moment Q (mb) for 201Hg (from [5,6,23,26]. 
The calculations were performed on the basis of 
the non-correlated DF, in the many approxima-
tion of DF (MCDF), taking into account the Breit 
and QED corrections, as well as on the basis of 
our method (the RMF model for the charge distri-
bution in a nucleus). 

Table 1 
The values   of the nuclear electric quadru-

pole moment Q (mb) for mercury  

Q (мб) Method Reference Год

383,1
380,5

387 (6)
347 
(43)
385 
(40)
485 
(68)
386 
(49)
267 
(37)
390 
(20)
455 
(40)
420
500 
(50)
600
500

At-Nucl
Atomic
Atomic
Nuclear
Atomic
Muonic
Muonic
Muonic
Solid

Atomic
Atomic
Atomic
Solid

Atomic

Our work
Glushkov et al
Pyykko et al
Fornal et al
Ulm et al

Gunther et al
Hahn et al
Hahn et al
Edelstein-

Pound
McDermott 

etal
Murakawa

Blaise-
Chantrel

Dehmelt et al
Schuler-
Schmidt

2013
2006
2005
2001
1988
1983
1979
1979
1975
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1954
1935
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Further the standard Dirac-Fock -like 
equations for a multi-electron system {core-
nlj} are solved. Formally they fall into one-
electron Dirac equations for the orbitals nlj 
with potential:  
 
V(r)=2V(r|SCF)+V(r|nlj)+Vex+V(r|R).  
 
It includes the electrical and polarization 
potentials of a nucleus with a finite size. The 
part exV accounts for exchange inter-electron 
interaction. The exchange effects are 
accounted for in the first two PT orders by 
the total inter-electron interaction [17]. The 
core electron density is defined by iteration 
algorithm within QED procedure [4]. The 
radiative QED (the self-energy part of the 
Lamb shift and the vacuum polarization 
contribution) are accounted for within the 
QED formalism [4,25]. The hyperfine 
structure  constants are defined by the radial 
integrals of the known type (e.g. [29,17]):  
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Here I is a spin of nucleus, gI is the Lande 
factor, Q is a quadruple momentum of 
nucleus; radial integrals are calculated in the 
Coulomb units (=3,57 1020Z2m-2; = 6,174 
1030Z3m-3). Radial parts F and G of two 
components of the Dirac function for 
electron, which moves in the potential are 
defined by solution of the Dirac equations 

(PT zeroth order). The other details can be 
found in refs. [17-25]. 
 

3. Estimating the hyperfine structure 
parameters and conclusions 

 
 Earlier we have studied the hyperfine 
structure of spectra for the elements Be, C, 
Al, U, which have above cited rare, cosmic 
isotopes. Here we present advanced data  (the 
Superatom package [4,5] is used) on the HFS 
parameters and quadrupole electric moment 
for the 201Hg.  

In Table 1 there are listed the 
experimental and calculated values of the 
nuclear electric quadrupole moment Q (mb) 
for 201Hg (from [5,6,23,26]. The calculations 
were performed on the basis of the non-
correlated DF, in the many approximation of 
DF (MCDF), taking into account the Breit 
and QED corrections, as well as on the basis 
of our method (the RMF model for the 
charge distribution in a nucleus).  

 
Table 1. The values of the nuclear electric 
quadrupole moment Q (mb) for mercury   
Q (мб) Method Reference Год 
383,1 
380,5 

387 (6) 
347 (43) 
385 (40) 
485 (68) 
386 (49) 
267 (37) 
390 (20) 
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Glushkov et al 
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As can be seen, the value of the 

moment of Q, obtained by us, in  the best 
agreement with the data obtained by a group 
of Ulm. Comparison of the results of 
calculations in the framework of our method 
and the DF (the single-and many-
approximation based on the Breit and QED 
corrections) shows that our values of the 
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As can be seen, the value of the moment of Q, 
obtained by us, in  the best agreement with the 
data obtained by a group of Ulm. Comparison of 
the results of calculations in the framework of our 
method and the DF (the single-and many-approx-
imation based on the Breit and QED corrections) 
shows that our values   of the constants A are in 
better agreement with experiment than the DF.

In Table 2 there are listed the experimental 
and calculated values   of the hyperfine constants 
(in MHz) for the 3P1 state of the neutral mercury 
atom [5,6,23,26]. Analysis of the data shows that 
an account of the interelectron correlation effects 
is crucial in the calculation of the hyperfine struc-
ture parameters and therefore the conventional 
methods such as the method of DF (of single ap-
proximation) as well as the method with the lim-
ited accounting the exchange-correlation effects 
do not give a sufficiently high accuracy.

Table 2 
Experimental and Calculations meaning 

of the nuclear electric quadrupole moment Q 
(mb) for 201Hg and the HFS constants (MHz) 
for the 3P1 state of the neutral atom of mercury 
201Hg

Method Q (mb) A (MHz) B (MHz)

DF 478,13 -4368,266 ---

MCDF 
(Breit+QED)

386,626 -5470,810 ---

RMBT 380, 518 -5460, 324 -286,512

This work: 
EXC

-92,980 -1161,242 -58,478

This work: 
Breit-QED

-2,582 -20,384 -1,002

This work 
Total.

380, 518 -5458,420 -283,313

Experiment Table 1 -5454,569 
(0,003)

-280,107 
(0,005)

Note: EXC- exchange-correlation contribution; 

Analysis shows that a precise agreement be-
tween theory and experiment can be reached by 
means accounting for not only the relativistic and 

exchange-correlation effects, but the radiative 
QED corrections, the nuclear effects of Bohr-
Weisskopf, Breit-Rosenthal-Crawford-Schawlow 
etc too. 
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Abstract. 
It is presented the consistent theoretical nuclear-QED approach to estimating parameters of the 

hyperfine structure and electric quadrupole moment of the mercury isotope 201Hg. Analysis of the 
data shows that an account of the interelectron correlation effects is crucial in the calculation of the 
hyperfine structure parameters and therefore the conventional methods such as the method of Dirac-
Fock ( single configuration approximation) as well as their generalized versions  with the limited 
accounting the exchange-correlation effects do not give a sufficiently high accuracy.
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О. Ю. Хецелиус, Т. А. Флорко, А. В. Смирнов, Ю. Я. Бунякова

ПАРАМЕТРЫ СВЕРХТОНКОЙ СТРУКТУРЫ ІЗОТОПОВ Hg В РАМКАХ  
ПОСЛЕДОВАТЕЛЬНОЙ ЯДЕРНО-КЭД ТЕОРИИ  

Резюме. 
Рассмотрен последовательный  теоретический ядерно-КЭД подход к оценке параметров 

сверхтонкой структуры и электрического квадрупольного момента ядра изотопа  201Hg. Анализ 
данных показывает, что учет межэлектронных корреляционных эффектов имеет критически 
важное значение при расчете параметров сверхтонкой структуры и, следовательно, применение 
к задаче традиционных методов типа метода Дирака-Фока (в одно- конфигурации приближении), 
а также его обобщенных версий с ограниченным учетом обменного корреляционных эффектов 
не дает возможности достичь достаточно высокой точности описания искомых свойств.  

Ключевые слова:  сверхтонкая структура, тяжелые изотопы, ядерно-КЭД теория 
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ПАРАМЕТРИ НАДТОНКОЇ СТРУКТУРИ ІЗОТОПІВ Hg В РАМКАХ ПОСЛІДОВНОЇ 
ЯДЕРНО-КЕД ТЕОРІЇ  

Резюме. 
Розглянуто послідовний теоретичний ядерно-КЕД підхід до оцінки параметрів надтонкої 

структури та електричного квадрупольного моменту ядра ізотопу 201Hg. Аналіз даних 
показує, що урахування  між електронних кореляційних ефектів має вирішальне значення при 
розрахунку параметрів надтонкої структури і, отже, застосування до задачі традиційних методів  
типу методу Дірака-Фока  (в одно-конфігураційному наближенні), а також його узагальнених 
версій з обмеженим урахуванням  обмінно-кореляційних ефектів не дає можливості досягнути 
достатньо високої точності опису шуканих властивостей. .

Ключові слова: надтонка структура,  важкі ізотопи, ядерно-КЕД теорія


