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PENNING AND STOCHASTIC COLLISIONAL IONIZATION  OF ATOMS IN AN EXTERNAL 
MAGNETIC FIELD: MODEL POTENTIAL SCHEME 

 

The key physical aspects of the  Penning and stochastic collisional ionization of atoms in an external magnetic 
field are considered and new model potential approach has been implemented in order to take into account an 
effect of magnetic field on multi-electron atom energy parameters and to compute the wave functions basis for 
next using in the collisional block. The corresponding Schrödinger equation for atom in a magnetic field and 
the Focker-Plank stochastic equation are solved within the standard differences-grid method.  

1. Above a great number of different elemen-
tary atomic and molecular processes to be stud-
ied in collisions physics, physics and chemistry 
of plasma, gases and other mediums one should 
note such complicated phenomena as an ioniza-
tion of excited atoms by means of the photon and 
electron impact, atom-atom or ion-atom colli-
sions, inclufing these processes at presence of the 
external field. As a rule in any case an adequate 
treating these processes requires an accurate ac-
count of different exchange-correlation and even 
relativistic corrections [1-25]. Indeed to fulfill an 
accurate account of the inter electron correlation 
effects in the atomic collisions is very difficult as 
these effects and other ones are not  adequately 
described within many simplified models. Situa-
tion changes dramatically under consideration of 
the different atomic collisional processes under 
availability of the external electromagnetic fields. 
Even more simple case of the external static elec-
tric or magnetic field is remained hitherto quanti-
tatively undeceived. Several theoretical attempts 
were taken to make  formulation of the consistent 
quantum theory for the atomic collisional pro-
cesses in presence of the external magnetic field.  
[11-20]. 

Usually there are considered the key intera-
tomic collisional processes, which are of a great 
interest for many applications, namely [1-4]: 

                                                                                
                                                                     (1)

                                                                     (2)

                                                                     (3)

As usually, in these formula  A* denotes the 
atom in an excited state, B+ is the ionized atom. 
The first process (1) occurs and runs very effec-
tively in a case when the excitation energy of the 
A atom is more than the ionization potential of the 
atom B. Here one can introduce the Penning pro-
cess, which is corresponding to the situation when 
the  atom A is in the metastable state. The process 
(3) is corresponding to the associative ionization. 
It takes a place when the dissociation energy of 
molecular ion AB+  is more than the ionization po-
tential of the excited atom [1,2].  

The most widespread theoretical schemes for 
description of the cited processes (look, for ex-
ample, [1-5,17-22]) are based on the computing 
the capture cross-section of collisional particles 
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external magnetic field.  [11-20].  

Usually there are considered the key 
interatomic collisional processes, which are 
of a great interest for many applications, 
namely [1-4]:                                                                                  

             A*(nl)+B(A+B+)+e or            (1)                                                           

             A*(nl)+B(A+ +B)+e or           (2) 
                A*(nl)+BAB++e.                  (3) 

 
As usually, in these formula  A* denotes the 
atom in an excited state, B+ is the ionized 
atom. The first process (1) occurs and runs 
very effectively in a case when the excitation 
energy of the A atom is more than the 
ionization potential of the atom B. Here one 
can introduce the Penning process, which is 
corresponding to the situation when the  atom 
A is in the metastable state. The process (3) 
is corresponding to the associative ionization. 
It takes a place when the dissociation energy 
of molecular ion AB+  is more than the 
ionization potential of the excited atom [1,2].   

The most widespread theoretical 
schemes for description of the cited 
processes (look, for example, [1-5,17-22]) 
are based on the computing the capture cross-
section of collisional particles by field of the 
wan der Waals interaction potential. Above 
other consistent methods one should mention 
a few versions of the rectilinear classical 
trajectories model too [1-3,20]. Besides, 
standard problems of adequate treating 
complex inter electron correlations, there are 
other difficulties in a correct description of 
collisional processes studied.  

Remember that the above cited models 
do not account for any difference between 
the Penning process and resonant collisional 
processes. Though the Penning and 
stochastic collisional ionization of atomic 
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by field of the wan der Waals interaction poten-
tial. Above other consistent methods one should 
mention a few versions of the rectilinear classical 
trajectories model too [1-3,20]. Besides, standard 
problems of adequate treating complex inter elec-
tron correlations, there are other difficulties in a 
correct description of collisional processes studied. 

Remember that the above cited models do 
not account for any difference between the Pen-
ning process and resonant collisional processes. 
Though the Penning and stochastic collisional 
ionization of atomic systems remains a subject 
of intensive theoretical and experimental inter-
est, however, at present time an available level of 
modelling these processes is still not satisfactory. 
The most important tasks include more accurate 
modelling of an external electromagnetic field on 
the corresponding Penning and stochastic colli-
sional ionization processes. As for the last years 
a great interest has been renewed after discovery 
of the quantum chaos phenomenon in atomic sys-
tems in the static magnetic field [1-13,22], it is 
of a importance  studying stochastic collisional 
ionization processes.

In series of papers [17, 22-24] the different as-
pects of new theoretical methods to the treating  
elementary atomic processes (1)-(3) in a presence 
of external electric and magnetic field were con-
sidered . In this paper we formulate a consistent,  
computationally effective model potential ap-
proach of accounting the external magnetic field 
effect in many-electron atomic system and further 
using in collisional problem. 

2. Further we formulate the simple physical 
model of elementary collisional process with ad-
ditional stochastic block. Let us remind the main 
moments of the elementary model for collisional 
process, in particular (1). A definition of complete 
cross section for the collisional process can be 
written as [24]:   

                                                                  (4)

where G( R ) is a probability of the Auger effect 
G( R)= 2p|V12|2g2 (indexes 1and 2 are relating to 
states: A*+B and A+B++e; g is a density of the 
final states; V is operator of interaction between 
atoms). 

In a case when ionization process is realized 
in the repulsive potential of interaction between 
atoms in the initial channel, the cross-section is :
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Here v is the relative velocity of collision, Rtn 
is the minimally possible distance of rapproche-
ment (the turning point);  fw is the probability that 
the process is permitted on full  electron spin of 
system of the collisional atoms. 

The important step is to account for a possibil-
ity of decay in the second and higher orders of 
perturbation theory on V( R). Such approach may 
be used as for the Penning ionization description 
as for ionization through the wan-der-Waalse cap-
ture [3,5, 17,24]. 

Let us remind that in the perturbation theory 
second and higher orders it is introduced the ma-

trix element:  2)()...()(1 RVRVEGRV
∞

 insist of 

the simple matrix element 2)(1 RV in expres-
sion for probability of collisional decay. Here [1>
≡ [А*+В> is the initial state, [2>≡ [А+В++e> is 
the final state; g

e
 is the Green function (see be-

low);  Е∞ is an energy of quasi-molecule А*В under 
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Further one can use for operator V(R) the 
standard expansion on non-reducible tensor op-
erators:
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where lmQ


is an operator of the 2l-pole moment of 
atom and Clm (n) is the modified spherical func-
tion. If we suppose that atom А* is in the state 
with the whole moment Ji and projection on the 
quantization axe Мi; in the final state the corre-
sponding quantum numbers are JfМf ; The final 
expression for the full probability of the electron 
ejection is similar to expressions in different ap-
proximation is, for example,  presented in ref. 
[17-24]. 
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interaction between atoms in the initial 
channel, the cross-section is : 

  

 



tnR

dRERURGRvwf /)(1)(2)/4(     (5)                                   

Here v is the relative velocity of collision, Rtn 
is the minimally possible distance of 
rapprochement (the turning point);  fw is the 
probability that the process is permitted on 
full  electron spin of system of the collisional 
atoms.  
The important step is to account for a 
possibility of decay in the second and higher 
orders of perturbation theory on V( R). Such 
approach may be used as for the Penning 
ionization description as for ionization 
through the wan-der-Waalse capture [3,5, 
17,24].  

Let us remind that in the perturbation 
theory second and higher orders it is 
introduced the matrix element:  

2)()...()(1 RVRVEGRV 
 insist of the simple 

matrix element 2)(1 RV in expression for 
probability of collisional decay. Here 
[1> [А*+В> is the initial state, 
[2> [А+В++e> is the final state; GE is the 
Green function (see below);  Е∞ is an energy 
of quasi-molecule А*В under R   .  

Further one can use for operator V(R) 
the standard expansion on non-reducible 
tensor operators: 
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where lmQ


is an operator of the 2l-pole 
moment of atom and Clm (n) is the modified 
spherical function. If we suppose that atom 
А* is in the state with the whole moment Ji 
and projection on the quantization axe Мi; in 
the final state the corresponding quantum 
numbers are JfМf ; The final expression for 
the full probability of the electron ejection is 
similar to expressions in different 
approximation is, for example,  presented in 
ref. [17-24].  
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Above the theoretical consideration concerns 
the standard  collisional process without account-
ing any stochastical (or chaotic) elements. In ref. 
[22,23] it has been considered the perspective for 
realization the stochastic collisional process for a 
case  when the atom A in process (1) is highly ex-
cited (Rydberg state). This physical situation can 
be adequately treated within generalized theory 
of chaotic drift for the Coulomb electron in the 
external microwave field  (see refs. [4-6,19-23]). 

The function of distribution f(n,t) of the Ry-
dberg electron on space of effective quantum 
numbers n  should be introduced. The equation 
of motion of the Rydberg electron has the well 
known form:  

ttnf ∂∂ /),( t= n∂∂ /  [Q(n-Nmin)D( R)n3
 

ntnf ∂∂ /),( ] - Q(n-Nmax)G(n,R)f(n,t)                 (8)

Here Q(n-Nmin) is the Heviside function. It 
served here as additive multiplier in the coeffi-
cient of diffusion: Dn3 and provides freeezing of 
the stochastic processes in region of the low ly-
ing states in accordance with the known Cirikov 
criterion: Nmin<n<Nmax. For the Rydberg states 
(n>Nmax) a direct channel of ionization is opened 
and the electron ejection takes a place. It is im-
portant to note that process will be realized with 
more probability under availability of the external 
magnetic field. So the task is further resulted in 
implementation of an adequate theoretical mod-
el of an external magnetic field accounting or in 
more details the model for computing the corre-
sponding electron wave functions of the Zeemane  
problem. 

3.  The next step is implementation of the  mod-
el potential approach to multi-electron atom in a 
magnetic field into collisional problem. Let us re-
mind that despite a long history since the discov-
ery of the Zeemane effect and sufficiently great 
number papers on atomic systems in an external 
magnetic field, hitherto a majority of results are 
as a little acceptable for many applications  as re-
lated only the hydrogen atom  (look, for instance, 
[4-6,11-13]). The problem of the treating many-
electron atom in a magnetic field remains very 
complicated especially in a case of the strong 
field. Below we implement  a simple scheme to 

treating multi-electron atom in a static magnetic 
field. The purpose is to present the  basis scheme 
for definition of the electron wave functions for 
further using in the collisional task. 

The Hamiltonian of the many-electron atom in 
magnetic field is different from the operator of the 
hydrogen atom by the presence of the operator of 
electron-electron Coulomb interaction, which, of 
course, exacerbates the problem of separation of 
variables in the Schrödinger equation. 

Because of the invariance of Ĥ  in relation to 
rotations around the axe Oz (it is parallel to field 
В and crossing a nucleus of an atom), naturally 
z-component of the orbital moment Lz=hМ is 
the conserving variable. In the cylindrical coor-
dinates with axe Oz||В with account of the trivial 
dependence of the wave function upon the rota-

tion angle ϕ  around the axe z ( ϕiMe~Ψ ), one 
could write the corresponding equation in the 
form (in atomic units: e=h=m=1): 

+--
∂
∂

+
∂
∂

+
∂
∂ 22

2

2

2

2

2

2

4
1

{ ρg
ρρρρ
M

z

0),(]()(
4

=Ψ-+++ zM
R
ErV

r y
c ρg

(9)

where Vc( r) is the self-consistent model potential 
(analog of the Hartree-Fock potential).  It can be, 
for example, chosen in the Green et al like form 
(look details in Ref.  [5,16], which indeed well 
approximates the Hartree potential:

                   ( ) ( )
r

rN
V c Ω-

-=
1

                    

(10)

where the screening function is  

( ) ( ) ]1[exp1 21 ddrr +-=Ω 
and d1,2 are the known parameters of the model 
potential.

Naturally the equation (9) has not an analyti-
cal solution as the Coulomb interaction term with 

,2/1)22( zr += ρ  prevents to the variables separa-
tion. As usually the equation (9) can be in some 
approximation rewritten as follows:  

                       Hy(r,z)=Ey(r,z)                     (11)

Above the theoretical consideration 
concerns the standard  collisional process 
without accounting any stochastical (or 
chaotic) elements. In ref. [22,23] it has been 
considered the perspective for realization the 
stochastic collisional process for a case  
when the atom A in process (1) is highly 
excited (Rydberg state). This physical 
situation can be adequately treated within 
generalized theory of chaotic drift for the 
Coulomb electron in the external microwave 
field  (see refs. [4-6,19-23]).  

The function of distribution f(n,t) of the 
Rydberg electron on space of effective 
quantum numbers n  should be introduced. 
The equation of motion of the Rydberg 
electron has the well known form:   
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ntnf  /),( ] - (n-Nmax)G(n,R)f(n,t)                                       
                                                                 (8)                           

Here (n-Nmin) is the Heviside function. It 
served here as additive multiplier in the 
coefficient of diffusion: Dn3 and provides 
freeezing of the stochastic processes in 
region of the low lying states in accordance 
with the known Cirikov criterion: 
Nmin<n<Nmax. For the Rydberg states 
(n>Nmax) a direct channel of ionization is 
opened and the electron ejection takes a 
place. It is important to note that process will 
be realized with more probability under 
availability of the external magnetic field. So 
the task is further resulted in implementation 
of an adequate theoretical model of an 
external magnetic field accounting or in more 
details the model for computing the 
corresponding electron wave functions of the 
Zeemane  problem.  

3.  The next step is implementation of the  
model potential approach to multi-electron 
atom in a magnetic field into collisional 
problem. Let us remind that despite a long 
history since the discovery of the Zeemane 
effect and sufficiently great number papers 
on atomic systems in an external magnetic 
field, hitherto a majority of results are as a 
little acceptable for many applications  as 
related only the hydrogen atom  (look, for 

instance, [4-6,11-13]). The problem of the 
treating many-electron atom in a magnetic 
field remains very complicated especially in 
a case of the strong field. Below we 
implement  a simple scheme to treating 
multi-electron atom in a static magnetic field. 
The purpose is to present the  basis scheme 
for definition of the electron wave functions 
for further using in the collisional task.  

The Hamiltonian of the many-electron 
atom in magnetic field is different from the 
operator of the hydrogen atom by the 
presence of the operator of electron-electron 
Coulomb interaction, which, of course, 
exacerbates the problem of separation of 
variables in the Schrödinger equation.  
Because of the invariance of Ĥ  in relation 
to rotations around the axe Oz (it is parallel 
to field В and crossing a nucleus of an 
atom), naturally z-component of the orbital 
moment Lz=hМ is the conserving variable. 
In the cylindrical coordinates with axe Oz||В 
with account of the trivial dependence of the 
wave function upon the rotation angle   

around the axe z ( iMe~ ), one could 
write the corresponding equation in the 
form (in atomic units: e=h=m=1):  
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where Vc( r) is the self-consistent model 
potential (analog of the Hartree-Fock 
potential).  It can be, for example, chosen in 
the Green et al like form (look details in Ref.  
[5,16], which indeed well approximates the 
Hartree potential: 
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where the screening function is   
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Where, as usually,  g=В/Во (Во=2,3505×109). 

The potential  22ρg8/1 limits a motion in the 
direction, which is perpendicular to the B direc-
tion. In the region g >>1 the electron motion 
along (or perpendicular) magnetic field is defined 
by the Coulomb interaction (by a size of the cy-

clotronic orbit 2/1)/( eMc=l ). The simplified 
circumstance is that the potential of the longitu-
dinal Coulomb interaction can be received by 
way of the averaging the total Coulomb potential 

2/1222 )( -+ ze ρ  on the little radius оf the trans-
verse motion. 

The one-particle energy for given values of 
magnetic field B is defined as:

µµµµµ ege -+++= 2/)12||( zB smm    (13)

where  em - one-particle energy (the field is ab-
sent), Szm  is the spin projection on the axe z. 

After the analytical integration on the angles,  
two-dimensional (r,z)  Schrodinger equation (12) 
is solved by the finite difference method. One-
electron function is represented in the form:

),,()2(),,( 2/1 ρψpφρ µ
φ

µ
µ zez im--=Ψ            (14)

where m is the number of electrons  numbers, 
each of which is described by a certain value of 
the magnetic quantum number mm. Note that un-
like the hydrogen-like system for a multi-electron 
atom is an essential consideration of the effects 
of electron correlations and exchange. The nu-
merical solution of the written equations can be 
performed on the basis of the  differences-grid 
standard method. Really, according, for example, 
to [5],under the differences solving, an infinite 

region was replaced by rectangular area: 0<r< ρL , 

0<z< zL  by sufficienlt large size , in which there 

is constructed  ь uniform grid with steps ρh , zh
. On the outer boundary there are set conditions: 

.0)( =/∂Ψ∂ rn  In the absence of a field, the wave 
function decreases at infinity like exp[- 2/1)2( E-  
r]. In the presence of E must be replaced with 
the ionization energy of the stationary state in the 
lowest Landau level: (-E). A rough estimate for L:

L=15 2/1)2( -- E . Derivatives of r are  ap-
proximated (2m + 1) -point symmetric difference 
schemes obtained by differentiating the interpo-
lation formula of Lagrange. For the second de-
rivative z used symmetric three-point difference 
scheme. The eigenvalues of the Hamiltonian are 
calculated based on the method of inverse itera-
tions. The corresponding system of inhomoge-
neous equations solved by Thomas (look details, 
for example, in Ref. [5]). Naturally, the concrete 
realization of such a algorithms and its further 
implementation into collisional problem block 
requires significant computational work and will 
be considered in the next paper. Here let under-
line that using the simple model potential model  
simplifies all theory. Though, it is obvious that in 
a case of the stochastic collisional process, in par-
ticular, with Rydberg collided atoms, the model 
became more complicated to take into account 
the possible essential changing stochastic mecha-
nism due to an effect of the  external filed. 
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