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THE HYPERFINE STRUCTURE OF HEAVY ELEMENTS ATOMS WITHIN
RELATIVISTIC MANY-BODY PERTURBATION THEORY

The hyperfine structure and electric quadrupole moment of the mercury isotope are estimated within the relativistic
many-body perturbation theory formalism with a correct and effective taking into account the exchange-correlation,
relativistic, nuclear and radiative corrections. Analysis of the data shows that an account of the interelectron correlation
effects is crucial in the calculation of the hyperfine structure parameters. The fundamental reason of physically
reasonable agreement between theory and experiment is connected with the correct taking into account the inter-
electron correlation effects, nuclear (due to the finite size of a nucleus), relativistic and radiative corrections. The key
difference between the results of the RHF, RMPT methods calculations is explained by using the different schemes of

taking into account the inter-electron correlations.

1. Introduction

The research on the hyperfine structure char-
acteristics of the heavy neutral and highly ion-
ized atoms is of a great fundamental importance
in many fields of atomic physics (spectroscopy,
spectral lines theory), astrophysics, plasma
physics, laser physics and so on (see, for exam-
ple, refs. [1-37]). The experiments on the defini-
tion of hyperfine splitting also enable to refine
the deduction of nuclear magnetic moments of
different isotopes and to check an accuracy of
the various calculational models employed for
the theoretical description of the nuclear effects.
The multi-configuration relativistic Hartree-
Fock (RHF) and Dirac-Fock (DF) approaches
(see, for example, refs. [1,2]) are the most re-
liable versions of calculation for multi-electron
systems with a large nuclear charge. Usually, in
these calculations the one- and two-body rela-
tivistic effects are taken into account practically
precisely. It should be given the special atten-
tion to three very general and important comput-
er systems for relativistic and QED calculations
of atomic and molecular properties developed
in the Oxford and German-Russian groups etc
(“GRASP”, “Dirac”; “BERTHA”, “QED”, “Di-
rac”) (see refs. [1-4] and references there).

In the present paper we present the calcu-
lational results for the hyperfine structure and
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electric quadrupole moment of the isotope %; ra

estimated within the relativistic many-body per-
turbation theory formalism with a correct and
effective taking into account the exchange-cor-
relation, relativistic, nuclear and radiative cor-
rections [3,4,10-20]. Analysis of the data shows
that an account of the interelectron correlation
effects is crucial in the calculation of the hyper-
fine structure parameters.

2. Relativistic method to computing hyperfine
structure parameters of atoms and ions

Let us describe the key moments of the ap-
proach (more details can be found in refs.
[3,4,10-20]). The electron wave functions (the
PT zeroth basis) are found from solution of the
relativistic Dirac equation with potential, which
includes ab initio mean-field potential, electric,
polarization potentials of a nucleus. The charge
distribution in the Li-like ion is modelled within
the Gauss model. The nuclear model used for
the Cs isotope is the independent particle model
with the Woods-Saxon and spin-orbit potentials
(see refa. [3,4]). Let us consider in details more
simple case of the Li-like ion. We set the charge
distribution in the Li-like ion nucleus p(7) by the
Gaussian function:



plAR)= (473 2 /\x )CXP(— v )

where y=4/zR’ and R is the effective nucleus ra-
dius. The Coulomb potential for the spherically
symmetric density p(7) is:
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Consider the DF type equations. Formally
they fall into one-electron Dirac equations for
the orbitals with the potential V(r|R) which in-
cludes the electrical and the polarization poten-
tials of the nucleus; the components of the Har-
tree potential (in the Coulomb units):

Woti)=— 1 aplet) - 71 4)

Here p(di) is the distribution of the electron
density in the state | i >, V_is the exchange in-
ter-electron interaction. The main exchange and
correlation effects will be taken into account in
the first two orders of the PT by the total inter-
electron interaction [3,4].

A procedure of taking into account the radia-
tive QED corrections is in details given in the
refs. [4,44]. Regarding the vacuum polarization
effect let us note that this effect is usually taken
into consideration in the first PT theory order by
means of the Uehling-Serber potential. This po-
tential is usually written as follows:
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where g=r/(aZ). In our calculation we use more
exact approach [3]. The Uehling potential, deter-
mined as a quadrature (6), may be approximated
with high precision by a simple analytical func-
tion. The use of new approximation of the Ue-
hling potential permits one to decrease the calcu-
lation errors for this term down to 0.5 — 1%.

A method for calculation of the self-energy
part of the Lamb shift is based on an idea by
Ivanov-Ivanova et al [38-41], which generalizes
the known hydrogen-like method by Mohr and
radiation model potential method by Flambaum-
Ginges (look details in Refs. [4,44,45]). The ra-
diative shift and the relativistic part of energy in

an atomic system are, in principle, defined by
one and the same physical field [38]. One could
suppose that there exists some universal func-
tion that connects the self-energy correction and
the relativistic energy. Its form and properties
are in details analyzed in Refs.[4,45]. Unlike
usual purely electronic atoms, the Lamb shift
self-energy part in the case of a pionic atom is
not significant and much inferior to the main
vacuum-polarization effect.

The energies of electric quadruple and mag-
netic dipole interactions are defined by a stand-
ard way with the hyperfine structure constants,
usually expressed through the standard radial
integrals:

A={[(4,32587)107Z ygi] /(417 -1)}(RA).2,

B={7.2878 107 Z2Q/[(4/-1)I(I-1)} (RA)s, 7)
Here g, is the Lande factor, Q is a quadruple
momentum of nucleus (in Barn); (R4) ,, (RA)
are the radial integrals usually defined as fol-
lows: "
[dmr F(r)G(r)U(l/r ,R)
(R4) ,=

(RA)_, = [arr ®)
The radial parts F' and G of the Dirac func-
tion two components for electron, which moves
in the potential V(r,R)+U(r,R), are determined
by solution of the Dirac equations. To define the
hyperfine interaction potentials U(1/r",R), we
use the method by Ivanov et al [11]. The key
elements of the optimized relativistic energy ap-
proach to computing oscillator strengths are pre-
sented in [39,41,42,46-53]. Let us remind that
an initial general energy formalism combined
with an empirical model potential method has
been developed by Ivanov-Ivanova et al [11],
further more general ab initio gauge-invariant
relativistic approach has been presented in [42],
where the calibration of the single model poten-
tial parameter b has been performed on the basis
of the special ab initio procedure within rela-
tivistic energy approach (see also [4,45]). All
calculations are performed on the basis of the
numeral code Superatom-ISAN (version 93).
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3. Results and Conclusions

In this subsection we present experimental
data and the results of the calculation of the
HFS constants and the nuclear quadrupole mo-
ment for the radium isotope. In Table 1 we list
the experimental and calculational data on the
magnetic dipole constant HFS A (MHz) for the
22 Ra 78Tp 'P, °P , °P, states. The data are ob-
tained on the basis of calculations in the frame-
work of the standard uncorrelated DF method,
MKDF method with taking into account for the
Breit and standard QED corrections, the relativ-
istic configuration interaction method with tak-
ing into account for the correlation corrections
within the random phase approximation (RCI-
RPA) [6], as well as our results (Gaussian model
for charge distribution in the core) [2,3,6,7].

It is important to note that the key quantita-
tive factor in the agreement of the theory with
experiment is associated with a correct allow-
ance for interelectronic correlations, an amend-
ment to the finite size of the nucleus, and Breit
and QED radiation effects [3,4].

Table 1

The experimental and calculational data on
the magnetic dipole constant HFS A (MHz)

for the 2§§ Ra 7s7p 'P,°P, °P, states (see text)

different versions of the DF method. The key
difference between the results of the calcula-
tion in the framework of our approach and the
MCDF is due to different methods of taking into
account the electron-electron correlations. The
contributions of higher-order QED TV correc-
tions and corrections for the finite core size can
reach 1-2 tens of MHz, and it seems obviously
important to consider them more correctly. In
addition, it is necessary to take direct account of
nuclear polarization contributions, which can be
done within the framework of solving the cor-
responding nuclear problem, for example, using
the shell model with Woods-Saxon and spin-
orbit potentials. Such an approach is outlined in
Refs [3,4].

In Table 2 we present the measured values
of the nuclear quadrupole moment Q (in barns)
for the isotope, obtained experimentally by the
ISOLDE Collaboration group (CERN) based on
various methods (see [6]). In addition, this table
presents the calculated values of the nuclear
quadrupole moment Q (in barns) for the iso-
tope, obtained on the basis of calculations in the
framework of the methods of MKDF (including
Breit and QED corrections), relativistic many-
particle TV (RMBPT) and our data (taken from
works [2,3,6,7] and references in them).

Method/ P, P, 3P, Table 2.
State The values of the electric quadrupole mo-
oF 2659 | 803.97 | 36722 ment Q (in barns) for isotope of %33 Ra
MCDF -330.3 | 12519 | 737.1 Method Q (barn)
(Breit+QED) MCDF (Breit+QED) 1.21 (0.03)
RCI-RPA | -242.4 - - RMBPT 1.28
QED theory 1.22
Our data -339.1 1209 704.5 Our data 1.213
Exp. -344.5 | 1201.1 | 699.6 Pykko, Recommend. 1.221 (old)
(0.9) (0.6) (3.3) 1.210 (new)
ISOLDE 1.254 (0.003)
The analysis shows that the contribution due Collaboration fs Rall 10.066]
to the electron — electron correlations to the val- Wendt et al, fs Ral 1.19 (0,12)
ues of the HFS constants is ~ 100—-500 MHz for ISOL,DE 1.190 (0,007)
various states. This circumstance explains the Collaboration fs Ral 10,126}
low degree of consistency in accuracy of the ISOLDE 1.2
Collaboration B(E2)

data provided, obtained in the framework of
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Our final data lie between the latest experi-
mental values of the Wendt group (ISOLDE
Collaboration), but have less error definitions.

The fundamental reason of physically rea-
sonable agreement between theory and experi-
ment is connected with the correct taking into
account the inter-electron correlation effects,
nuclear (due to the finite size of a nucleus), rela-
tivistic and radiative corrections.

The key difference between the results
of the RHF, RMPT methods calculations is ex-
plained by using the different schemes of taking
into account the inter-electron correlations. The
contribution of the PT high order effects and nu-
clear contribution may reach the units and even
dozens of MHz and should be correctly taken
into account. So, it is necessary to take into ac-
count more correctly the spatial distribution
of the magnetic moment inside a nucleus (the
Bohr-Weisskopf effect), the nuclear-polariza-
tion corrections etc too. These topics require the
separated accurate treatment.
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CBEPXTOHKAS CTPYKTYPA TSIKEJIBIX ATOMOB B PAMKAX
PEJIITUBUCTCKOM MHOI'OYACTHYHOM TEOPUU BO3MYIIEHUI

Pesrome

[TapaMeTpel CBEPXTOHKOW CTPYKTYPBI U DJIEKTPUYECKUI KBaJAPYIIOJIbHBI MOMEHT U30TOIIA Pa-
JIOHA PAaCCYUTAHbl Ha OCHOBE PENSTUBHCTCKOW MHOTOYAaCTUYHON TEOPUH BO3MYIICHHH C 3 dek-
TUBHBIM aKKYPaTHBIM y4e€TOM 00MEHHO-KOPPESIIHOHHBIX, PEIATUBUCTCKHX, SACPHBIX U PaIUaln-
OHHBIX MOTNPABOK. AHAJIM3 JAHHBIX MMOKA3bIBACT, YTO yUeT 3(PPEKTOB MEKINEKTPOHHOU KOppes-
LN UMEET KPUTHUUECKOE 3HAYCHUE IIPU BBIYMCIICHUU I1APAMETPOB CBEPXTOHKON CTPYKTYphl. Pu-
3UYECKH Pa3yMHOE COINIACHe TEOPHH U MPELUHU3UOHHOTO HKCIIEPHUMEHTA MOXKET ObITh 00eCIeYeHO
Onarozapst MOJTHOMY TOCJIEI0BATEIFHOMY YUETY MEXKIJICKTPOHHBIX KOPPEISIHOHHBIX 3PPEKTOB,
AJIEPHBIX, PEIATUBUCTCKUX U paJUuallMOHHBIX MONPaBOK. KiroueBoe pasnuune MexIy pe3yibra-
TaMH pacyeToB B npuoOmmkeHusx [upaka-Doka, pa3InyHbIX Bepcusx (hopmainzMa TEOPUH BO3-
MYIICHUI B OCHOBHOM CBSA3aHO C MCIIOJIb30BAaHUEM PA3IUYHBIX CXEM y4eTa MEXKIIEKTPOHHBIX KOp-
peTsALMiA.

KuroueBble cinoBa: CBepXTOHKasl CTPYKTypa - TSDKEJIbIA aTOM - PEISITUBUCTCKAsl TEOPUs BO3-
MYILICHUH - KOPPEIALUOHHBIE, IEPHBIC, paAUalliOHHbIC [TOIIPABKH

PACS 31.30.Gs
0. O. Aumouwxkina, O. FO. Xeyeniyc, M. I1. Maxywxina, A. B. Cmiprosg

HAJTOHKA CTPYKTYPA BAJKKKHUX ATOMIB B PAMKAX
PEJSITUBICTCHKOI BATATOYUACTUHKOBOI TEOPII 3BYPEHD

Pesrome

[TapameTpu HaATOHKOT CTPYKTYPH 1 €IEKTPUIHUNA KBAIPYTOJIbHUI MOMEHT 130TOIY pajIoHy pO3-
paxoBaHi Ha OCHOBI PENATUBICTCHKOT 0AaraTo4acTHHKOBOI Teopii 30ypeHb 3 €(EeKTUBHUM aKypat-
HUM YpaxyBaHHSIM OOMIHHO-KOPEISIIHHNUX, PeIATUBICTCHKUX, ACPHUX 1 pajiallifHIX MOMPABOK.
AHauni3 JaHuX TOKa3ye, 10 ypaxyBaHHs €(eKTiB MIXKEIEKTPOHHOI KOpeJlii Mae KpUTHYHE 3Ha-
YEHHS MPHU O0YHCIICHHI MMapaMeTpiB HAATOHKOI CTPYKTYpH. Pi3MYHO PO3yMHE Y3TOJKEHHS Teopil
1 Ipeu31HOTO0 eKCTIEPUMEHTY MOXKe OyTH 3a0€3MeUeHO 3aB/ISIKH TIOBHOMY ITOCIIIJOBHOMY OOJIKY
MDKEJIEKTPOHHUX KOPEJSIIMHUX e(eKTiB, SACPHHUX, PEIATUBICTCHKUX Ta PaIiallifHUX MOMPABOK.
KirouoBa BiAMIHHICTh MiX pe3yJIbTaTaMH pO3paxyHKiB B HaOmmkeHHsax Jlipaka-Poka, pi3HUX Bep-
cisix ¢popmaiizmy Teopii 30ypeHb B OCHOBHOMY TIOB’SI3aHO 3 BUKOPUCTAHHSIM PI3HUX CXEM 00Ky
M1KEJIEKTPOHHUX KOPEISLIii.

Kuarouosi ciioBa: Hanronka cTpykTypa — BaKKUN aTOM - pENIATUBICTCHKA TeOpist 30ypeHb — KO-
persiiiti, si7epHi, paaialiiiHi monpaBku
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