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OCECMMMETPUYHBIE KOJIEBAHUA
UWITUHOPUYECKUX OBOJIOHEK NEPEMEHHOM TOJILLUHbBI
NP AENCTBUN HECTALMOHAPHOWU HATPY3KH

B paboTe paccmoTpeHa 3apada OCECMMMETPUYHLIX KonebGaHWW LMNUHAPUYECKOMN
060MNoYKM NepemMeHHON TONWMHBLI NPU AEUCTBUU HecTauMoHapHoM Harpy3ku. NpuBeaeHa
noctaHoBKa W pa3paboTaH anropuTm pelleHUss nocTaBneHHon 3apauu. Cucrtema
AnddepeHUnanbHbIX ypaBHEHUA OCHOBaHa Ha UCMONb30BaHWW Teopuu obonoyek TMna
Tumowenko. lNMpuBeaeH npumep pacyetra AUHAMUYECKOrO NMOBEAEHUSA LMNUHAPUYECKON
060Mo4KN NnepemMeHHON TONLWUHbI NMPU HeCcTaLMOHapPHON Harpyske.

Knroyesnble cnosa: yunuHOpuyeckue 0b601ouKku, nepemMeHHas monawuHa, meopusi 06oso4ek
muna TuMOWEeHKO, 8biHYXXOeHHbIe KonebaHusi, YUCIEHHbIe MEeMOObI.

BBepeHune. 3agavyam noBefeHUS HEOOHOPOAHbLIX MO TOMWUMHE LMMMHOPUYEC-
Knx obornovek npu AenCTBMM PasnNMYHOrO BMAa Harpy3ok MOCBALLEHO 3HaYuTerb-
Hoe yucno nyGnukaumn. YCrnoBHO nybnukaumm no gaHHOW TEMaTWMKE MOXHO pas-
OUTb Ha TpW rpyNnbl: CTaTUYECKME 3a4a4M C Y4ETOM HEOAHOPOAHOCTM NO TONLUHE
obonoukn [2,3,7], 3agaya Ha COOCTBEHHble W rapmMoHudeckue konebaHus
[1, 4, 6] n 3agaun Ha BbIHY>XOEHHbIE KonebaHna HeogHopoAHbIX obonoyek [5, 8].
MpakTuyeckn OTCyTCTBYHOT paboTbl MO AUHAMMYECKOMY MOBEOEHUD HEOOHOPOA-
HbIX LMNUHOpUYecknx obonoyek npy HecTauMoHapHbIX Harpyskax. Npegnaraemas
pabota oTHOCUTCA K TpeTbew rpynne nybnuvkauMi — 3agaduv  AVHaMUKK
o6onoyek nepeMeHHON TOMLWMHbLI NPU HeCTaLuMoHapHbIX Harpyskax [9].

B pamkax mogenuv ypaBHeHU Teopum 06ono4vek Tna TUMOLLEHKO NpuBeaeHa
MOCTaHOBKA MCXOQHOW 3afayun, MOCTPOEH YUCIIEHHbIV anropuTM peLUeHns 3adayu,
npoBedeH aHanm3 YNCNeHHbIX Pe3ynbTaToB.

U3noxeHne ocHoBHOro martepwuana. B gaHHon pabGote paccmaTpuBaeTcs
MocTaHOBKa 3afdayv AMHaMUYEecKOro noBedeHWUs UMNUHApUYeckMx obonoyek
nepeMeHHON TOSLWMHBI NPpU AeNCTBUM HecTaumoHapHoun Harpysku. MNpegnonaraeT-
CA, YTO HeoOHOpOAHas MO TOMWMHE UuunuHapuyeckasi obonodka HaxoauTcs
nof. AencTBUEeM BHYTPEHHEN pacnpedeneHHon Harpyskn Py(X,t), rge x nt —

NPOCTpaHCTBEHHAsi U BpeMeHHas KoopanHaThbl.

Mpun NoCTpoeHnn MaTeMaTU4ecKon Mogenu npouecca AMHaMmn4eckoro edopmum-
POBaHUsT LMNMHOPUYECKOM 0BOMNOYKM NEPEMEHOM TONLLMHBI UCMONBb3YETCS rEOMETPU-
Yeckn U U3NYECKN NIMHEVHBIN BapuaHT Teopumn oboroyek Tuna TumoLueHko [5, 8.

YpaBHeHus konebaHui umnuHapudeckor o60no4kn NMELOT creayoLwunin Bua:

o, du
=L = ph(x)—2;

x e Y

© B. ®. Meiiw, T. B. Wunuubika, 2013
167



2
Tz _ kaTao + P3(X.t) = ph( ] 133 ,
ot

oMy, h3(x) o2¢,
—=—Tiz=p -
OX 12 &t

CooTHowueHus ycunma — MOMeHTbl C COOTBETCTBYHOLLMMU BENTUMYNHAMU p,ecbopmau,mﬁ
nMeroT BuAa:

Ty =B (X)(e11+V2e2) Top = Boo(X)(ep2 +Vig11), T3 =B3(X)er3; (2

Myq = Dyg(X)(1qq + Voo ), Mgy = Dop(X)(1pp +ViKy1 );

B(x)= Elh(x)  Byy(x)= EZ“(X’ . Bia(X) = Gra(x)h(x):
_ Eh(X) _ Eh¥(x)
D“(X)_lz(l—vlvz)’ 22()()_12(1—v1v2)'

JedopMaLoHHble COOTHOLLEHWS! NPeACTaBNeHb! CNeayloWuMmn gopmynamMm:

au au o
€11 —al £20 =Koliz, €13 = +—2, 3= 6x1

OX ®)

B dopmynax (1)-(3) u(x,t), uz(Xx,t), ¢(x,t) — komMnoHeHTbl 0606LLEeHHOro
BEKTOpa NepemeLLeHnin cpeduHHOM NoBepxXHOCTU oGonouky; h(x) — nepemex-
Hasd TonwwuHa OﬁOJ‘IOHKI/I; p - MJIOTHOCTb MaTtepuana O6OJ'IO‘-IKI/I;

B, Er, Gi3, V1, Vo — (busmko-mexaHnyeckve napameTpbl MaTepmana o60MnoqKu.

Ona  BblMUCNEHNST KECTKOCTHbIX XapakTepUucTuk 0o6onoYkn TOoNWMHA h
onpepgenaeTcd Kak NUHenHasa (*)yHKLWIﬂ KoopaAuHaTtbl X

h(x) = h(xO)+[h(xN)—h(xO>]{, @)
XNy —Xg =L, Xg<X=<Xy.

YpaBHeHus konebanuin (1)—(3) OONOMHAITCA COOTBETCTBYHOLUMMU TPaAHUY-
HbIMWU W Ha4asrbHbIMK YCNOBUSIMU. B crnyyae >XeCcTKOro 3alleMrieHusi TOpLIOB
060MOYKN MPU X =Xy U X =Xy FPaHUYHbIE YCIIOBUA UMEIOT BUA

U1=U3 =([)_|_=0. (5)
HavanbHble ycnoBua npu t =0 nmetoT BWnA

Ny _ 3 _ Opy _

o o at ©

U =Us3=¢; =0,
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YucneHHbIM anropuTm pelueHus 3agadv. YncneHHbl anropuTm peLleHus
HayanbHO-kpaeBow 3agaum (1)—(6) oOcHoBaH Ha MPUMEHEHWW WHTEerpo-
WHTEPMONSALUMOHHOMO  MeToAa  MOCTPOEHUS  Pa3HOCTHLIX  COOTHOLLEHWI
Nno NPOCTPAHCTBEHHOW KoopAuHATE X W SBHOW anmnpoKCMMauum no BpEMEHHOWN
koopauHaTte t [5, 8, 10].

Pa3HOCTHbIE COOTHOLLEHUS UMEIOT BUA!

— Aang ypasHeHun (1)

T =T
11i+1/2 11'_]/2:ph(xi)(u{})

o~ ()

"
— ANd ypaBHeHWn (2)

Tihis1/2 = Bia(Xis1/ 2)(€Ltisa/ 2 + VoERis/2)s 8

Tiaa/2 = Bop (Xia1/ 2)(€20i41/ 2 + V1€T1i41/ 2)

T3is1/ 2 = Bia(Xi1/2)e15i41/ 2

M1%i41/2 = Dyg (i 2) (K141 2 + V2KDi41/ 2).

Mis1/2 = Dop (Xis1/ 2) (K501 41/ 2 + VIKT4is1/2):
— Ansa ypaBHeHui (3)

n n n n
Ui — Uy el o= Ui —Ugig ©)
AX =

AX
B ypaBHeHusix (7)—(9) AX — pas3HOCTHbIN Luar no NpPOCTPaHCTBEHHOW KOOpAu-
HaTe X ; uHAaekchl i,i+1/2, N OTHOCATCH K KWNHEMATUYECKUM M CUIIOBLIM BENUYU-

n
€11i+1/2 =

HaMm B ANCKPETHbIX TOYKAX MPOCTPAHCTBEHHOM KOOPAWHATHI X, Xj+1/2 W BPEMEH-
HOW koopauHaThl t,. O603HaYeHNs PasHOCTHBIX MPOM3BOAHLIX MO BPEMEHHO

koopauHaTe t BBOASTCA cornacHo [10].

YucneHHble pe3ynbTaTbl. B kayecTBe npumepa paccmaTpueanach 3ajava
AMHAMUYECKOTo MOBeAeHUs LUMUHAPUYECKON O0BONOYKM NepeMeHHoM TOMWMHBI
C XKeCTKO 3alleMreHHbIMM TopLamMu nod AencTBUEM HOpMaribHOW pacnpeneneH-
HoW Harpy3ku Ps(Xx,t). lpaHuyHble W HavanbHble YCMOBWS NPUHUMANUCh

cornacHo copmynam (5), (6). 3akoH n3MeHeHus TonwwmHbl h(X) npuHUMancs
cornacHo (4). WsoTponHas uwnuHapuyeckass obonoyka paccmaTtpuBanach

npu cnefylowWwnx  napameTpax: Rp=0,3m; L=0,4xm; h(xg) =102y ;
h(xy)=2-102m; E=7-10" 17a; v=0,3.
HecTaumoHapHast uMnynbcHasi Harpy3ka 3ajaBanach B BUAe

Py(xt) = A~sin7_|t_—t[n(t)—n(t—T )],
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roe A — aMmnnuTyaa 3arpy3ku; T — gnuTensHOCTb Harpysku. B pac4yeTax nonara-

noce A=10817a; T =50-10Cc.

Takxke Oblny NpoBeAeHbl pacyeTbl UHAMUYECKOrO NOBEeAEeHUSA LMNuHapuyec-
KO OBONOYKM MOCTOSIHHOW TOSWMHBLI, Macca KOTOpPOW CcOoBMagaeT C Maccou
NCXO4HOW LUMNUHOPUYECKON O0DOMOYKM NEPEMEHHON TOMLLMHbI NPU BbllUeyKa3aH-
HbIX NapamMeTpax.

YucneHHble pacyeTbl NPOBOAUNNCE Ha BpeMeHHOM npomexyTtke 0 <t <40T .
Ha puvc. 1 npuBeaeHbl 3aBUCUMOCTU MepeMeLleHns Us Mo MpOCTPaHCTBEHHOM
KoopauHaTe X B MOMEHT BpemeHu t =8,5T (Bpems OOCTMKEHUS MaKCUMarbHO-
ro 3Ha4YeHus BenuYMHbI Uz Ha uccrnedyemMoMm BpeMeHHOM uHTepsane). Kpusas
C MHAEKCOM 1 COOTBETCTBYET Cryyal UMNMHAPUYECKOW OBOSIOYKM MepemMeHHOWn
TOMWMWHbI, C UHOEKCOM 2 — LUUITMHOPUYECKON OOOMOYKM NMOCTOSAHHOW TOSLMHBI.
B ganbHenwem 6ygem npuaepKmBaTbCst ykazaHHbIX 0603HaYeHWN.

5
U, 105 m

1 i i i i i i i
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
X, m

Puc. 1 — 3aBUCMMOCTL NepemelleHus U3 Mo NPOCTPaHCTBEHHOM

KoopauHaTe X B MOMEHT Bpemenun [ = 8,57

Ha puc. 2 npmBeneHbl 3aBUCMMOCTU BEJIMYUHBLI &pp MO I'IpOCTpaHCTBeHHOVI

KoopauHaTe x B MOMEHT BpeMeHun ¢ =8,57 .
3aBNCUMOCTU BENUYUHBI Oy, MO NMPOCTPAHCTBEHHOW KOopAMHaTE X B MOMEHT
BpemeHun ¢ =8,5T nsobpaxeHbl Ha puc. 3.
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05 i i : e ; i i
0.05 0.1 0.15 0.2 0.25 0.3 0.35 N 0.4
,m

Puc. 2 — 3aBucumocTb gecdopmauum £,y NO NPOCTPAHCTBEHHOMN

KoopauHaTe X B MOMeHT Bpemenu ! =857

-6
o, <107, Pa

20

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Puc. 3 — 3aBucumocTb HanpsXeHus G,,no npOCTpchTBeHHOﬁ

KoopauHaTe X B MOMeHT BpemeHnu ! =857

Mcxoas u3 nepBbix TPEX PUCYHKOB, MOXHO pasgenntb nccnegyemyto obnacts
Mo NPOCTPAHCTBEHHOW KoopauHaTe x Ha Tpu nogobnacTtu:

03xs§L, §LSXS§L 7] §Lsst.
8 8 8 8
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. 3 . .
B nepsoii nogo6nactu 0§xs§L (TonwwmHa HeoOHOPOAHOW LMIMHAPUYECKON

000M0YKM MEHbLUE TOMLWMHBLI 0B0MOYKN C MOCTOAHHOW TOMLWUHOM) HabnogaeTca
yBEIMYEHNE 3HAYEHWUI ucCrnedyeMblX BEMUYUH Uz, &y, Opp OBOMOYKM

C NEPEMEHHOM TOSLUMHOW MO CPaBHEHWMIO C COOTBETCTBYHOLLMMMW 3HAYEHUAMU
BENMUYMH O0BONOYKM C NOCTOSIHHOM TonwmHon Ha 10% — 30%. B TpeTben noa-

5 .
obnactu gLﬁ x< L Habniogaetcs obpaTHasa kapTvHa (TOnwmHa HEOOQHOPOAHON

UMNMHAPUYECKO 060MNoYKkM Bonbliue TOMLWMHBI 000NOYKN C MOCTOSAHHOW TOJLLK-
HOM) — 3HAYEeHVs UCCMNEdyeMbIX BENMUUH Uz, &7, Oy OBOMOYKU C MOCTOAHHOW

TOMLWUHOW NPEeBanupyoT Had COOTBETCTBYHOLUUMU 3HAYEHUAMU BENNYUH HEOOHO-
POAHON LUMnMHApUYeckon obonoykn. B yacTHoCcTH, Ha puc. 4 1 puc. 5 NnpmuBeaeHsbl
3aBMCUMOCTM BEMWYMH U5, O9p OT BPEMEeHHOW KoopauHatbl t B cevyeHum
x=L/2. TpuBegeHHbIn rpaduyecknii matepuan noateepxaaeT cAaenaHHble
BbIBOAbI O 3aKOHOMEPHOCTU pacnpeieneHns BeNMymH, B YaCTHOCTU NepeMeLLeHNi
U3 W HanpspkeHun opo, NO MPOCTPaHCTBEHHON KoopamHaTte x . CriedyeT OTMeTUTb
COBMafieHne 4acToT BbIHYXAEHHbIX KonebaHuid BenWYUH wu;, O9y COMMacHo

BapuaHtam 1 u 2. padmkn 3aBUCMMOCTEN YyKasaHblX BenWYMH MpUBEOEHbI
Ha puc. 4 n puc. 5.

5
U3-1O , m

t-10° s

Puc. 4 — 3aBMCMMOCTL nepeMelLeHUs i3 No Bpemenu t

B ceyeHun obonoukn x =L/2
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t-10%s

Puc. 5 — 3aBMCMMOCTL HanpsxeHUs O, No Bpemenn {

B ceveHuu obonoukn x = L/2

BbiBogbl. B paboTte paHa noctaHoBKa 3afadv O BbIHYXOEHHbIX Oce-
CUMMETPUYHBIX KONebaHUsaxX UunuHapudecknx obonoyek nepemMeHHon TOMLWUHBI
npv AENCTBUN HECTALMOHAPHOWN Harpy3ku. PasBuT YMCNEHHbIN anroputm pelue-
HWS JaHHOro knacca 3agad. NpuBedeHbl pesynbTaTbl U NPOBEAEH KONUYECTBEH-
HbI M KQYeCTBEHHbIN aHanu3 Nofy4YeHHbIX JaHHbIX.

MepcnekTUBbLI AanbHeWLWero pa3BuUTUS B AaHHOM HanpasneHum. [Npea-
CTaBNAT MHTEpeCc WCCrnefoBaHWs HecTauMOHapHbIX 3adady B aHanorMyHom
MOCTaHOBKE MPW OPYrMX rPaHWYHbIX YCIOBUSIX, @ TaKKe peLleHWe HeocecuM-
METPUYHbIX 33a4a4y O BbIHYXAEHHbIX KOnebaHusax UMnMHApuYeckux obonodek
nepemMeHHON TOSLLMHbI.
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B. ®. Metiw, 0-p ¢pis.-mam. Hayk, T. B. lLluniyuHa

OCECUMETPU4HI KONIMBAHHA
LUMnNIHAPMYHNX OBOJIOHOK 3MIHHOI TOBLLIUHU
nia aleto HECTAUIOHAPHOIO HABAHTAXEHHSA

B pob6oTi po3rnsiHyTa 3agaya npo 0CecCMMeTPUYHi KONMUBaHHSA LUIiHAPUYHOI 0BONOHKU
3MiHHOI TOBLYMHM Npu Aii HecTauioHapHOro HaBaHTaXeHHs. [lpMBeAeHO NOCTaHOBKY
Ta po3pobneHo anropuTM po3B’A3Ky MNocTaBrneHoi 3agadvi. Cuctema audepeHuianbHUX
piBHAHb 0a3yeTbCA Ha 3acTocyBaHHi Teopii ob6omnoHok Tuny TumolweHka. HasepeHo
KOHKPETHUI NpuUKNag po3paxyHKy AUHaMiYHOI NoBeAiHKU LUNiHAPUYHOI 0GONMOHKM 3MiHHOI
TOBLLUWHU NMPU HECTaLiOHapHOMY HaBaHTaXeHHi.

Knroyoei cnoea: yuniHOpu4yHi 06OMIOHKU, 3MiHHa MOoB8WUHa, meopis 060MOHOK murny
TumoweHKa, 8UMYWEHI KONTUBaHHS, YUCEe/IbHi Memoou.

V. F. Meish, Professor, T. V. Shypitsyna

AXISYMMETRIC VIBRATIONS OF A VARIABLE THICKNESS
CYLINDRICAL SHELLS UNDER THE ACTION
OF NONSTATIONARY LOAD
A problem of axisymmetric vibrations of variable thickness cylindrical shell under
the action of nonstationary load is considered. The problem formulation and the numerical
algorithm for its solution are represented. The system of differential equations based

on the Timoshenko-type shell theory is obtained. As an example the results of analysis
of nonstationary vibrations of variable thickness cylindrical shells are presented.

Keywords: cylindrical shells, variable thickness, Timoshenko-type shell theory, forced vibrations,
numerical method.

Introduction. The problems of the dynamic behavior of inhomogeneous
thickness cylindrical shells under the action of different types of loads were inves-
tigated. The publications on this subject can be divided into three groups: static
problems taking into account the inhomogeneous of the thickness of the shell [2],
problems of the harmonic vibrations [1, 3] and problems for the forced vibrations
of inhomogeneous shells [5]. The present paper belongs to the third group
of the publications — dynamic problems of the variable thickness shells under
nonstationary loading [6].

The problem of the dynamic behavior of cylindrical shells of variable thickness
under the action of the nonstationary loading is considered in the framework
of model of the Timoshenko-type shell theory.

The presentation of the main material. In the present paper, the problem
formulation of the dynamic behavior of the cylindrical shells of variable thickness
under the action of the nonstationary loading is considered. It is assumed that
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a cylindrical shell is rigidly clamped on the ends and is loaded of the normal
distributed loading P,(X, t) , where x and t are the spatial and temporal coordinates.
Geometrically and physically linear variant of the Timoshenko-type shell
theory is used for constructing a mathematical model of the dynamic deformation
process of the cylindrical shell of variable thickness [4, 5].
The vibration equations of the cylindrical shells have the following form

o’u, oT
atzl J 8)1(3 - szzz + P3 (th) = ph(X)

oM, T = h3(X) 62%

x TP
The relation of the forces — moments with corresponding values of deformations
have the form
Ti1 =B (X)(e11 +V2822)s Top = Boa(X)(e22 +Vi811), Tz = Bia(X)erz,  (2)
M, = D11(X)(K11 +V2K22)1 M,, = 22(X)(K22 +V1K11)’
Eh(x) E,h(x)

o’u,
o

T — ) ®
X

Bll(x): v Bzz(x):Tv Bl}(x):GU(X)h(X)v
_ EF® _ ER©x)
D=0y % na vy

The deformation ratio can be written in the forms

ou ou 0
811=6—X17 €29 =kaUs, 813=<P1+6—)fa K= (3

In formulas (1)—(3) u,(x, t), u,(x, t), ¢ (X, t) are the components of the genera-
lized displacements vector of the middle surface of shell; h(x) — the variable thick-
ness of the shell; p — the density of the shell material; E;, E,, G;3, v1, v, — physic-

mechanical parameters of the shell material.
The shell thickness h is obtained as a linear function of the coordinates X :

h(x) = h(XO)"‘[h(XN)_h(XO)]Ev XN X =L, X SXSXy. 4)

The corresponding boundary and initial conditions are added to the vibration
equations (1)—(3). The boundary conditions have the following form for the case
of rigid fixing of shell ends for x=x, and X=X

U =Uz =@ =0. (5)

The initial conditions at the t =0 have the form

oy _duz_O¢_ 6)

W=l =e =0 S =Ty
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Numerical algorithm of the problem solution. The numerical algorithm
of solution of the initial-boundary value problem (1)—(6) is based on the application
of the integro—interpolation method of the constructing differential relations on
the spatial coordinate x and explicit approximations of the time coordinate t [4, 5, 7].

Numerical results. As a numerical example, we consider the problem
of the dynamic behavior of a cylindrical shell of variable thickness with a rigid
fixing of the ends under the action of the normal distributed loading P,(x, t).
The boundary and initial conditions are defined by the formulas (5), (6). The law
of change of the shell thickness is received according to (4). Isotropic cylindrical
shell was considered for the following parameters: R;=03m; L=0.4m;

h(Xp)=10"2m; h(xy )=2-102m; E=7-10"'Pa; v=03.
The nonstationary loading impulse is given in the form

P (X0 = Arsin T [7(0) -7t -T)]

where A is an amplitude of the load; T — a duration of the load. Results were
obtained for the following values of the parameters A=10° Pa; T= 50-10 % .

Also the calculations of the dynamic behavior of a cylindrical shell of the con-
stant thickness, the mass of which coincides with the mass of the original cylin-
drical shell of the variable thickness with the above parameters were carried out.

Numerical calculations were carried out for the time interval 0<t<40T .

The dependence of the displacement u, on the spatial coordinate x at the time
t=8.5T (time to reach the maximum values u, the studied time interval)

is shown in fig. 1. Curve with an index of 1 corresponds to the case of a cylindric-
al shell of variable thickness, with an index of 2 — cylindrical shell of constant
thickness.

5
U, 10° m

0.2]5 O‘:l 0.“15 0‘:2 0.;5 0j3 O.“35 0.4
X, m
Fig. 1 — Dependence of the displacement U, on the spatial

coordinate x at the time t =8.5T
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It should be noted the frequency of forced vibrations of the values u, according
to options 1 and 2 are coincided.
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