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YUCNEHHbIA AHANU3 HENTMHENHbIX HOPMAIJIbHbIX ®OPM
BbIHYXXOEHHbIX KPYTUINbHbIX KOJIEBAHUU
MEXAHUYECKNX CUCTEM C KYCOYHO-JIMHEUHbBIMUA
YNPYITUMU XAPAKTEPUCTUKAMU

PaccmaTtpuBaeTcs aguccMnaTMBHasA AMHaAMMYecKasi cCMcteMa ¢ KyCO4YHO-NIMHeNHOn
ynpyrom xapakrepuctukon. Takas cuctema onucbiBaeT BbIHYXAEHHbIE KPYTUNbHbIE
Kone6aHus cunoBoW nepegayM TPEeXUUITUHOPOBOrO TPaHCMOPTHOro ABUraTens.
l-IvlcneHVHo uccrnenoBaHbl CBOWMCTBa HEeJIMHEWHbIX HOPMarnbHbIX POPM U APYrux Tpa-
eKTOpui B 3TOW cUCTeMe.

Knrodeenle croea: HefuHelHble HopMasbHble (hopMbI, KpymusbHble KonebaHus,
curnosble nepedaydu, KyCOYHO-NUHEUHas yrpyaas xapakmepucmuka.

BBegeHue. Teopust HeENWHENHbIX HOpPMarnbHbIX QOPM B HENMHENHbIX
ONHaMnyecknx cuctemax paccmatpusaeTcd B MoHorpadwmsx [1, 3, 9]. lMNMoa-
pOOHbIi 0630p nUTEpaTypbl, MOCBALEHHbIA HEMWHEWHbIM HOPMarbHbIM
dopmam, onybnmkoBaH B cTaTbsXx [6, 8].

B aTon ctatbe npegnpvHMMaeTcs nonbiTka UCCNeaoBaHUs HENMHEeNHbIX
HOpMarbHbIX (POPM B CITOXXHOW HENMMHENHOW MEeXaHUYeCKoW CUCTeMe, KOTO-
pasi onNucbiBaeT BbIHYXAEHHbIE KonebaHus CMNOBOWN nepeaayn TpexunnuHi-
pOBOro TpaHCNOPTHOro AsuraTtens. Llenbio aTon ctatbu sSBRNsieTca uccneno-
BaHWe HenvHenHbIX HopmarnbHbix dhopM Kayaoepepa — Po3eHbGepra B Mmoge-
NAX BbIHYXAEHHBIX KPYTUIbHBIX konebaHuii cunoBbix nepead asuratenen
BHYTPEHHErO CropaHusi, KOTopble ONUCLIBAIOTCA AMCCUMNATUBHLIMU AMHAMU-
YECKMMWN CUCTEMAMU C KYCOYHO-TTMHENHBIMU YNPYrMMUW XapaKTepucTukamm.

MocTtaHoBKa 3apa4vm un Mmoaenb MeXaHU4YeCcKon cUCTeMbl. YNCNEHHbIN
aHanu3 HenUHerHbIX HopMaribHbIX )OPM NPOU3BOAUTCH B MOAENMN KPYTUIlb-
HbIX KoneGaHuin CUMoBOW Mnepefayn TPEXUWMMHOPOBOrO OBuratens BHYT-
pPEeHHero cropaHus ¢ NPOTUBOMOMOXHO ABWXKYLLMMUCSA NOopHAMK. KnHema-
TUYecKkas cxema CUNoBOW nepefayn npeacrtasneHa Ha puc. 1, a. Cunosas
nepegaya COCTOUT M3 OBYX KONeHYyaTbix BanoB. Kaxagblh u3 aTux Banos
UMeeT Tpu KoneHa. ATu ABa KoneH4yaTblX Bana CBA3bIBAOTCA Mexay cobow
rmaBHOM nepegaveil, KOTopas COCTOUT U3 MATU LWecTepeH. Ynpyras mydrTa
yCTaHaBnMBaeTCH Ha LIeCTEPHI0, KOTopas Noka3biBaeTcs Ha puc. 1, a AByms
YepHbIMU Kpyramu. OHa Mcnonb3yeTcs ANA YMeHbLUEHUS KPYTALWUX MOMEH-
TOB B MaBHOW nepegade npu 3anycke Asuratens. OCku3 ynpyron mydthbl
npeactaesneH Ha puc.1,6. 3T1a Mydpta coctouT M3 ABYX NONymMydrT.
B MypTe Haxoautca 6 OKOH. B Kkaxoom OkHe pasmellaetcd no [Ase
NPyXuHbl. B KkaXaon npyxuHe HaxoAsTcsa ABa nNanbua, Kak MokasaHo
Ha puc. 1, 6. lNMoka ABa nanbua He ynupalTca Apyr B Apyra NpyXuHa CxXu-
maeTca. Ecnvn nanbubl ynupatotcs Aapyr B gpyra, To Mydpta pabortaeTt kak
XecTkas wecTepHs. MpyXMHbI MOHTUPYIOTCA B OKHa C HavarbHbIM NomxaTu-
eM. KoHCTpyKumMs 1 cBocTBa Takmx MydT obcyxaatoTcs B MmoHorpadmm [5].

© K. B. Aspamos, b. B. YcneHckuit, 2014



I'IepmoumquKMe BO BPEMEHU MOMEHTDI ﬂeVICTBy}OT Ha KaXgoe KOJ1eHO
Bana. MIx MoxxHo npeacTtaBnTb B BUOE YKOPOYEHHOIo psaaa d)ypbe:

M (t) = Z(M & sin(icat)+m© cos(iQt)),
i=1

roe Q- yrnoBas CKOPOCTb BpalleHuaA KoneH4YaToro sana.
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Puc. 1 — Cxema cunoBsou nepeaayv aBUratens BHyTPEHHEro CropaHus:
a) KMHeMaTu4yeckasi cxema; 6) acku3 ynpyro MmydThbi

Tak kak Hamu paccMmaTpuBaeTcs Basn C TpemMsi KoneHamu, TO TpeTbs
rapmoHuka psiga ®ypbe sBnsieTcss Hambonee onacHon [2]. MoaTomy gocra-
TOYHO McCnenoBaTb KPYTUIbHbIE KONebaHus TOMbKo Noa OeWCTBUMEM OOHOW
(TpeTber) rapmoHukn psga dPypbe. Bosmyliarolme MOMEHTbI MOXHO npea-
CTaBUTb Tak:

M) = MV sin (30t) + M{® cos(30).

MpocTon MeToa pacyeTa Bo3myLiawoLwmx momeHToB M (t) onybnukosaH

B [7]. 3Tn BO3myLLaOLLMEe MOMEHTbI BO30YXAalT KpyTUnbHble KonebaHus
cunoson nepedaun. Kak crnegyeT u3 aKCnepuUMeHTanbHbIX UCCrefoBaHuin
[4], kpyTUnbHble konebaHnsa BCeX aNeMeHTOB CMIIOBOM Nepefayn 4ocTaToy-
HO TOYHO MpeacTaBNATCA OOHOW TpeTbeh rapmoHukon psga dypbe
sSin(3Qt +9) .

Tenepb pacCMOTpUMM MoAenb KpyTunbHbIX kKonebaHui. KpyTunbHble ko-
nebaHna  KOHTUHyanbHOW  HENUHENHOW  CUCTEMbl  MOAENUpYHTCA
HENMHEeHON MOAENbl0 C KOHEYHbIM YMCIIOM CTerneHen csoboabl. Takad
MoZernb COCTOUT M3 Habopa >KECTKUX AMCKOB, KOTOPbIE CBSA3bIBAOTCA MeXOy
cobow ynpyrumu Banamu. Mogenb MccrnegyemMon cunoBov nepegayn npeg-
cTaBneHa Ha puc. 2, a. Kaxxgoe KoneHo Bana mMogenupyeTcs OgHUM AUCKOM.
MoaToMy Kaxabl KOneH4aTbI Ban onucbiBaeTcs Tpems guckamu. Oucku 1,
2, 3,9, 10, 11 on1cbIBalOT KPYTUIbHbIE KONeGaHUs AByX KONEH4YaTbIX BasoB.



OTn gnckn cBsi3aHbl mexay cobon Banamu, KOTOPbIE€ XapakTepUu3yrTCA Kpy-

TUNbHBIMU XeCTKOCTAMU Cpo, Cog, Cay, 010’11, 09,10’ C8,9-

Tenepb paccMOTpMM MOAENb MaBHOW nepefayn, Kotopas CBA3blBaeT
ABa koneH4aTbIx Bana. Kak BugHo ns3 puc. 1, a rmaBHas nepegaya coctouT
M3 NATU LWEeCTEepeH, KOTOpble HaxodsaTcs B 3auenneHun. Kaxaas wectepHs
onucbiBaeTc abCOMNOTHO XXECTKMM AUCKOM. OTW OUCKM CBA3bIBAlOTCA Bana-
MW, KOTOPble OMUCLIBAIOT KPYTUIbHYKO XECTKOCTb 3ybyatonm napbl. XecT-
KOCTb 3ybuyaTon nepegaym COCTOUT U3 U3MMOHOM XKECTKOCTM 3ybbeB U KX
KOHTaKTHOWM XecTKoCTu. [BwxeHus auckoB 4,...,.8 (puc. 2, a) onucbiBaloT
KpyTunbHble konebaHus LecTepeH rmaBHOM nepegayn. TN OUCKN CBA3aHbI
mMexgy cobor Banamu, Maccbl KOTOPbIX He y4uUTbIBAKOTCA. KEeCTKOCTU 3TUX

Banoe o6o3HavatoTcs yepes C45,C56,C6 7

f2505-67)
A

6)
Puc. 2 — Mogenb KpyTUibHbIX KOJle6aHUM C KOHeYHbIM YUCIIOM cTeneHen cBoboAabI

MoMeHTbI nHepumMn KoneH BarioB U LLeCTepeH rMaBHOW nepeaadu onpe-
AensiTcs pacyeToM. XKecTKOCTM y4acTKOB KOfleHYaTbiX BanoB 1 3ybyaToro
3auenneHns onpeaensalTcs 3KCnepMMeHTanbHO. OTU YUCTIEHHbIE pacyeThbl
N 3KCMEPUMEHTbI MO onpeaeneHnio XeCTKOCTEN 3N1EMEHTOB naBHOW nepe-
Aaym nogpobHo onncaHbl B oTyeTe [6].

Ouckn 12 n 13 (puc. 2, a) onuceiBatoT Typbo Hagays. [duck 14 xapakTe-
pusyeT KpyTurnbHble konebaHusa maxoBuka, a auck 15 onucbiBaeT konebaHus
noTpebuTtens MOLLHOCTW.

MoMeHT nHepumn gucka ¢ Homepom i obosHaunm vepes |, a kKpyTUnb-
Hble konebaHusa aToro gucka oxapakrepusdyem 0606LLeHHON KoopAuHaTown
;. XectkocTb Bana mexay Auckamu i 1 j obosHauum udepes  Cjj
(puc. 2, a).

MydTy onuiiem 3aBUCMMOCTbIO KPYTSALLEro MOMEHTa OT yrna 3akpyymBa-
HMA. 3Ta 3aBUCUMOCTb SBMSIETCH KYCOYHO-NIMHENHOW U OHa NokasblBaeTcd
Ha puc. 2, 6. Kak cnegyeT 13 aKCnepuMEHTanbHOro aHanusa KpyTWUIbHbIX
konebaHun, amnnutygbl konebaHum ynpyron MydTbl YAOBMETBOPSHOT

CrneayoLlemMy COOTHOLLEHUIO: —Ay <Gy —67 <A, . Torga HenuMHemHbIA Kpy-
TALWMIA MOMEHT ONUCBLIBAETCH crieaytowen KyCo4HO-ITMHENHON (PYHKLMEN:

Crg(6s — 07 ) —A1 < (65— 07 )< Ay
f75(65 — 67 ) =1 Crg(6s — 07 )+ (crg —Crg)Ar, Ay < (65— 67);
Cra(605 — 07 )—(c7g —Crg )AL (g — 67 ) < —A; .



OTa 3aBMCMMOCTb KpYTSLLEr0 MOMEHTa OT yria 3aKkpyyMBaHWs Yrpyrom
MydTbl NpeacTaBneHa Ha puc. 2, 6.

KpyTunbHble konebaHns cucTeMbl, MPEACTABMNEHHOM Ha puC. 2, a, ONKCHI-
BalOTCA crefylolen HENMMHENHON OMHAaMUYEeCKOW CUCTEMOW C NSTHaAuaTbio
cTeneHammn coboapl:

161~ (6, ~61) Bia (6~ ) = Acos(wt);

16+ G0 (6 ~01) st (B =6)+ Bigi (6 ~01) - Bija (G -6 ) =0, 1=2...5;

g6 +Css (65 05 )~ Co7 (67 — 05 ) ~Co12 (6o =0 )+ B G — 0 )~ Ber (6 ~05 )~ B2 (6~ 65 ) = 0;

1767 +Co7 (6~ 65) - 75 (65 =67 )+ Bz (65 G5 )~ Pra (6 ~67 ) = 0

Igfh + frg (6 ~07)~Coo (0 —0h )~ Co 14 (6ha — b )+ s (6 — 6 )~ Bog (6~ )~ Ao e (e ~65) = 0; (1)

1+t (6 ~011) = ot (G =6+ B (6 ’Q—l)’ﬂi,iﬂ(élﬂ’éﬁ )=0,i=9,.10;

113611 + 1011 (61~ bho )+ Ao (61 ~bho ) =O;

Iiobho+C512 (612 ~06) - Cra13 (6t ~bho ) + B2 (B2~ )~ Broas 613 ~ b2 ) = O;

lisbhs + a3 (6t ~ 612 )+ Brogs (s —bh2) = O

labha+ o1 (Bha —05)~Cra15 (Ohs ~Oha ) + Boaa (s ~ b )~ rags (s~ e ) =0

lisbhs + g5 (s ~ )+ Aags (615 ~6ue ) = 0.

B cucteme (1) y4TeHbl MOMEHTbI CU COMPOTMBIEHWUA, KOTOPbIE OMUCHI-
BalOTCH BbIpaXeHUaIMU fi_1i\6 — 61 ). AuHamudeckas cuctema (1) sisnser-

Ca AUCCUMNaTMBHOW; B Hell HabnoaalTcs YyCTaHOBMBLUMECS Nepuoguyeckue
ABuxeHus. OHY ABNSIOTCS NpeaAMeTOM UCCNeAoBaHWS HACTOsILLEN CTaTby.

Cuctema (1) ponyckaeT BpalleHune kak abconiTHO TBepAoro Tena.
Ons Toro 4Tobbl NCKNIOYNTL 3TY 3aBUCMMOCTb, BOCMOMb3yeMcsl CreaytoLLei
3aMeHOI NepeMeHHbIX:

X =0 =0 X3 =03—0); X34 =04 — 055 X4 5 =05 —04; X556 =6 — 65,
X7 =07 —b; X758 =65 — 67, Xg9 =65 —bh; X910 = 6 —bho; X011 = Ao — A1 (2)
Xg14 = 68 —Oh4: X415 = A4 — G55 Xe12 = 65 —B12; X213 =62 — B3
IOunHamnueckyto cuctemy (1) npeacTtaByM OTHOCUTENBHO NEPEMEHHbIX (2).

3HayeHus KPYTUINbHbIX XeCTKoCTen BanoB B H - m TaKoBbI:
Clp = Cpg = 2-10%; ¢y =3-10°; ¢4 =2,8-10%; ¢ =1,5-10°; c57 =6,5-10°;
Crg =8,4-10°; €75 =5,04-10%; cgg = 2,6-10%; g1 = 1011 = 2-10%;
Co12 =19-10% c1p13 =2,7-10% 314 =3,1-10%; ¢y 35 =3,3-10%.

YucneHHble 3Ha4eHUs MOMEHTOB nHepumm OUCKoB B KZ-MZ .

ly=1,=13=7,7-10"%; 1, =6,5:10%; 15 =8,5-102; I =3,6-102;



I, =4,9-1072; 13 =3,8-102; lg = ljg = Iy =7,7-10%; l;, =17;
|13 ::L. |14 = 2, 6, |15 :3.
3HayeHne 3a3opa B [MaBHOW nepepave: A1:9,5-10_2. 3ameTum, 4To

3HaYeHWsl XXeCTKOCTEN ynpyroi MypTbl C7g 1 57’8 CYLLLeCTBEHHO Pa3HATCH.

Moatomy anHamudeckasi cuctema (1) ABNseTca CyweCTBEHHO HENUHEWHON.
AMMnMTyaa BHELWHEro BO3AeNCTBMS NpuHMManack cnepytowen: A=60H - u.

CBoMCTBa HENMMHENHbIX HOpMarbHbIX hOPM KPYTUIIbHLIX KOne6aHui.
[nsa yicneHHoro uccregoBaHns HeNMHENHbLIX HOPMarbHbIX (OOpM B Auccuna-
TUBHOW AvHammyeckon cucteme (1) ncnonb3yercsi NpsiMoe YUCIIEHHOe UHTer-
puypoBaHMe 3TON cucTembl. B aaHHoM paboTte nepexogHor npoLecc He uccre-
AyeTcs, aHanu3y noaBepralwTcsi TOMbKO YCTAHOBUMBLLMECS MEepUoanYeckue
aBwkeHus. ccriegytoTcs BblHYXAEHHblE konebaHusi B cneayowem ananaso-
He YacToThbl BO3MYLLAIOLLLErO BO3OENCTBUS @ € [1000;4500] padjc.

Mpexae Bcero, n3y4anocb: kakne n3 obobLeHHbIX KoopauHaT npeobna-
[aloT Ha yCTaHOBMBLLEMCS NEPUOAMYECKOM [ABWXEHUU cucTeMbl. [Ins atoro
nccnegoBarnoch pacnpegeneHve amnnutyd no obo6LLeHHbIM KoopauHaTam.
XapakTepHoe pacnpegerneHve amnnuTyg nNpeactaBneHo Ha puc. 3, rae no-
Ka3blBaeTCa 3aBMCMMOCTb HOMepa 00O06LLEHHON KoopAMHATblI OT ee aMniu-
Tyabl. Homep 0606LleHHON koOpAMHAaTLI COOTBETCTBYET €e HOMEPY B COOT-
HoweHusx (2). Hanbonee akTMBHbIMK ABNAOTCSA 0006LLEHHbIE KOOPAMHATHI
C Homepamu 6, 7, 13. T HoMepa COOTBETCTBYHOT 0600LLEHHBIM KOOpANHA-

TaM Xg7,X78,X512 - OTMETMM, YTO 3TV KOOpAMHATHLI NpeobnaaatoT B nepuo-
ANYECKUX ABWKEHNSIX BO BCEM MUCCIeyeMOM HYaCTOTHOM JuanasoHe.

1.14E+00

9.40E-01 L/

7.40E-01

5.40E-01

3.40E-01 L

1.40E-01 * 14

BWER 37 5 6 7 8 9 W 1 2 13 T

Puc. 3 — PacnpegeneHne amnnutya konebaHum no koopamHatam
npu uacToTe BLIHY¥Aatoweii cunbl @ =1500 pad/c

B pesynbTaTe YicneHHoro aHanusa MoXHo caenaTtb crieayrolmne BblBoabl:
1) ABWXKEHWNS MO HENUHEVHbIM HopManbHbIM chopmam (HH®P) npoucxoant
B PEe30HaHCHbIX obnacTtax. Boganu ot pe3oHaHCcoOB OBWMXXEHMS MOTYT MpOMC-
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XOAWTb KakK Mo HopMarnbHbIM hopmam, Tak U CYyLEeCTBEHHO OTnnyaTbCs
OT HENUHENHbIX HopMarbHbIX (HOPM;

2) HenuHeWHble HopManbHble POPMbl BbIHY>XAEHHbIX KonebaHui cuctem
C guccunaumnen 6rm3kM K HENMMHENHBIM HOpMarnbHbIM dopmam cuctem 6e3
avcernaumn. [uccvnaumsa npakTUyecku He BrMSET Ha BUO HENWHEeWHbIX
HOpMarbHbIX POpPM.

B pesynbTate 4ucneHHoro aHanu3da 6binu oBGHapyxeHbl pasnuyHble
BUAblI NEPUOAMYECKNX OBWMXEHMN. CBONCTBA 3TUX OBWMXEHMI Knaccuduum-
poBanucb MO BWAY TPaeKkTopuh B KOHMPUrypauUOHHbBIX MNIIOCKOCTSAX.
B pesynbTaTte YMCNEHHOro MHTErpupoOBaHUSA HaXoAWUMUCb TPAEKTOPUK, KOTO-
pble NpeacTaBnsAnNMCcb B KOHMUrypauMoHHOM MpocCTpaHCTBe. [IBuxeHus
B KOH(UIYpaLUMOHHOM MNPOCTPaAHCTBE MPOEKTUPOBANUCb Ha MMOCKOCTH,
KOTOpble ABMSAOTCA NOAMNPOCTPaHCTBaMU KOHUIYpaLMOHHOrO MPOCTPaHCT-
Ba. Bce nony4yeHHble ABUXEHMS pa3genyMm Ha crneayowmue Buabl:

1. CuHdasHble HopmarnbHble OPMbl — 3TO TPAEKTOpPMKU B KOHGUrypaum-
OHHOW MIOCKOCTU, KOTOPbIE pacnonaratTcsi B NEPBOM U TPETLEM KBagpaH-
Te, 6nm3kme K NpAMon NuHUK. Takue TpaekTopun ABMSAOTCA OAHO3HAYHOW
dyHKkumern 0600LLEHHbIX KOOPAUHAT.

2. AHTuasHble HopmanbHble OpMbl — 3TO TpaekTopun ©Onmskune
K NpsMbIM B KOH(UIrypaumoHHOM MIIOCKOCTK, KOTOpble pacnonararTcs
BO BTOPOM M YETBEPTOM KBagpaHTax.

3. NpomMexyToYHble TPaeKTopmMn — 3TO Nepuoanmyeckne ABMXKEHUS, KOTO-
pble XapakTepuaylTCst ANNNNTUYECKMMU TPAEKTOPUAMN B KOH(UrypaLmoH-
HbIX MIOCKOCTAX. TakMe TpaeKTopuu BO3HWUKAaIOT Mpu nepexoae cuHdgasHon
HH® B aHTudasHyto HH® unu HaobopoT. 3T sBneHus HabnwopatoTcs
NpW N3MEeHEeHN YacTOoTbl BO3MYLLAIoLLEro BO3AeNCcTBUS @ .

4. Neproguyeckme TpaekTopun — 3T0 ABUKEHUS, KOTOPbIE HE OTHOCATCS
HW K OAHOMY M3 OMNMCaHHbIX Bbllle KonebaHui.

PaccmoTtpum ceorictBa HH® 1 npomexxyTouHbIX TpaekTopui. MNepuoau-
Yeckme MOHOrapMOHMYEecKue ABWXEeHWs B ABYX Haubornee akTMBHbIX KOOp-
AnHaTtax guccunatuBHou cuctemsol (1) npeactaBuMm Tak:

X78 = A cos(at+gq);
Xg,7 = Ao cos(at + ¢, ).

Mepuoaunyeckme asmxeHuns senaoTcs HH®, ecnun pasHocTb a3 ¢ — ¢,

paBHsieTca 0 unu 7. Ecnu pasHocTe a3 He yaoBneTBopsieT 3TUM 3Hade-
HMAM, TO B CUCTEME HabnogalTca MPOMEXYTOYHbIE TpPaeKkTopuw,
UnNn o6LLMIA Criydan NepUoanYeCKNX OBVKEHWUIA.

WTak, B pe3oHaHce uccrnegyeMon cuctembl pasHocTb a3 ¢ —¢, pas-
HaeTca 0 unu 7. Boanu ot pesoHaHca pasHoCcTb ha3 MMeeT NPOMEXyToY-
HOe 3Ha4eHue.

YmncneHHo uccrnenoBanucb Nepuogmuyeckne ABUKEHUS B KOHGUIYpaLoH-
HbIX NIOCKOCTAX Hanbonee CUMbHO M3MEHSAIOLLMXCS 000BLLEHHbIX KoopauHaT
(x718;x6'7) n (x7‘8;x6’12) B CriegyloleM 4acTOTHOM  JuanasoHe
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we[1000;4500] pad/c. PesynbTaTbl Takoro aHanusa npeacTaBneHb

B Tabn. 1. B aTon Tabnuue B nepBom cTonbLe nokasaHbl AMana3oHbl YacToThl
BO3MYLLAKOLLEro BO34ENCTBUSA, @ BO BTOPOM U TpeTbeM cTonbuax Bug ycTa-
HOBMBLUMXCSI NEPUOANYECKMX OBWXEHWI, KOTOPLIA creayeT u3 aHanmsa cooT-
BETCTBYIOLUMX KOHUIypaLMOHHBLIX MrockocTel. B kavecTBe npumepa,
cuHdasHas HH® npu o = 2300 pad/c nokasaHa Ha puc. 4 B KoHUrypaum-

OHHOW MMOCKOCTU (x7'8, x6y7). AHTUpasHas HH® npu yactote Bo3myLLatoLLe-
ro sosgencteus o = 3600 pao/c npusogmTca Ha puc. 5. MpomexyTouHas
TpaekTopus NpU YacToTe Bo3MyLLatoLen cunbl @ = 3060 pad/c nokasbiBaeT-
€S B KOHGOUIrypaLMOHHON MIOCKOCTM Ha puc. 6.

Tabnuua 1 — CBONCTBa NEPMOANYECKMX TPAEKTOPUIA NPU Pa3NMyHbIX 3HA4YEHUAX
YacTOTbl BbIHYXAAKOLWEN CUTbI

[OwanasoH Bug TpaekTtopun Buvg TpaekTtopum
3HaYeHn @ , B KOHCOUTypaLMOHHOM MIOCKOCTH | o KOHCDMYPALIMOHHON NAOCKOCTM
padlc X7.8:%6,7 (X7,8; X6,12)
[1000 ;1400] CuHdbasHble HH® cUH(asHble HHO
1500 nepuogmnyeckas TpaekTopus, nepuognyeckas TpaekTopus,
pacnornoXeHHasi B NepBOM U pacnornoXeHHas B NepBOM U
TpeTbeM KBagpaHTe TpeTbeM KBagpaHTe
1600 cuHdasHas HHO CuH(a3Haa HH
[1700;2000] nepvoanyeckme TpaekTopum, nepvognyeckme TpaekTopum,
pacnonoxeHHble B 1 1 3 kBaj- pacnonoxeHHble B 1 1 3 kBaj-
113 113
paHTax paHTax
2100 nepvioanyeckasl Tpaektopus nepuoanyeckasi TpaekTopus
[2200;2900] CuHdpasHble HHO cUH(asHble HHO
[3000- 3080] NPOMEXYTOYHbIE TPaEKTOPUHK, CUHa3Hble HH®
' pacronoxeHHble B 1 1 3 kBaa-
paHTe
3080.5 NPOMeXyTOYHasa TpaekTopusi CVHda3Hble HHO
[3090;3200] NPOMEXYTOYHbIE TPaeKToOpuK, CuHa3Hble HH®
pacnornoXeHHble BO BTOPOM 1
YeTBEPTOM KBagpaHTe
[3300;4400] aHTudasHble HHO cuHdasHble HHO
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0O0606LeHHbIe KOoOpAMHaTbl Npu aBwxeHun no HHP npepcrasnswoTcs
OAHOWN CMHYCHOW rapMOHWKOM, UM OOHOW KOCUHYCHOW rapMOHUKOW. B3anmo-
OenCcTBME CUHYCHOW N KOCMHYCHOW FapMOHMKM Habniogaetca B NPOMeExy-
TOYHbIX TPAEKTOPUSX.

BbiBoabl. WccnegoBaHbl HeNWHENHblE  BbIHYXXAEHHbIE  KPYTUITbHbIE
KonebaHusa B cuctemMe C NsiTHagUaTbio CTENEHAMM CBOOOAbI U OOHUM HEnun-
HEeWHbIM YNPYyrum afieMeHToM. 3Ta cucTtema onucbiBaeT konebaHnsa CnnoBon
nepegaun TPexXuUMnNMHAPOBOIO TPaHCMOPTHOrO ABuratens C NpoTMBO-
MOMOXHO ABWXKYLLMMUCS MOPLUHSAMW.

[BwXeHns no HenuHenHbIM HopMarbHbIM (bopmMaM NPOUCXOAAT B Peso-
HaHCHbIX obnacTsix. Boanu ot pe3aoHaHCOB ABWKEHWSI MOMYT NPOUCXOAUTL Kak
Mo HopManbHbIM dhOpMam, Tak U CYLLECTBEHHO OTNMYATBLCA OT HEMNMHEMHbIX
HOpManbHbIX OPM.

HenuHelHble HOpMarnbHble (OpMbl BbIHYXAEHHbIX KonebaHui cuctem
C anccunaumen 6nmnskn K HENMHENHbIM HopMarbHbIM hopmam cuctem 6e3
anccunauun. Ouccvnauns npakTUYecku He BIUMSIET Ha BUA HENMUHENHbIX
HOpMarnbHbIX OpPM.

O606LLeHHble KoopauHaTel npu ABwkeHun no HH® ¢ pgocrtatoyHom
CTENEHbl0 TOYHOCTU MPeacTaBnAlTCA OAHOW  CUHYCHOW  FapMOHUKOW,
W OQHOW KOCUHYCHOW rapMOHMKON. B3avmopencreue CUHYCHOM M KOCUHYC-
HOM rapMOHUK HabmogaeTcs B MPOMEXYTOUHbIX TPAEKTOPUSX, KOTOpble
CYLLECTBEHHO OT/INYAOTCA OT HEMMHEWHbIX HOPMasbHbIX OPM.
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K. B. Agpamos, 0-p mexH. Hayk, b. B. YcneHcbkul

YNCENbHUN AHANI3 HENIHIMHUX HOPMAJIbHUX ®OPM
SMYLWEHUX KPYTUIIbHUX KOITUBAHb MEXAHIYHUX CUCTEM
3 KYCKOBO-NIHINHUMW NMPYXXHUMU XAPAKTEPUCTUKAMMU
Po3rnsiHyTo AuMcunaTtMBHY AWHaMiYHY CUMCTEMY 3 KYCKOBO-MiHINHOK MPYXHOH
XxapakTtepuctukotro. Taka cuctema onmcye BUMYLLEHi KPYTUIbHI KONMBaHHA CUNOBOI

nepefayi TPbLOXLUUIIHAPOBOro TPAHCMOPTHOrO ABUryHa. YucenbHO pocnigxeHo
BNacTUBOCTI HENiHINHUX HOpManbHMX (pOPM Ta iHLIMX TPAEKTOPIN B LI CUCTEMI.

Knroyoei crioea: HeniHilHi HOpMarbHi ¢hOpMU, KpymuribHI KOMUBaHHs, cunosi nepedadi,
KYCKOBO-TiHIlIHa NpyXXHa XapaKmepucmuka.

K. V. Avramov, Dr. Sci. (Tech.), B. V. Uspensky

NUMERICAL ANALYSIS OF NONLINEAR NORMAL MODES
OF FORCED TORSIONAL VIBRATIONS
IN PIECEWISE DYNAMICAL SYSTEMS
A dissipative piecewise dynamical system is considered. This system is a model
for the torsional vibrations in a power transmission of a triplex transport engine.

Properties of nonlinear normal modes and other motions of this system have been
analyzed.

Keywords: nonlinear normal modes, torsional vibrations, power transmission, piecewise
linear systems.

The general theory of nonlinear normal modes in nonlinear dynamical
systems is considered in papers [1-3]. Articles [4], [5] contain detailed re-
views of nonlinear normal modes theoretical approaches and applications of
nonlinear normal modes for engineering.

Current paper contains results of an investigation of nonlinear normal
modes of a complex mechanical system describing forced vibrations
of a boxer internal combustion engine transmission. The subject
of this investigation is Kauderer—Rosenberg nonlinear normal modes of
models describing forced torsional vibrations in combustion engines trans-
missions. Such models correspond to dissipative dynamical systems with
piecewise linear elastic responses.

A boxer internal combustion engine power transmission is considered.
The main elements of the power transmission are shown in Fig. 1, a.
It consists of two crankshafts and a gear train, with each crankshaft having
three cranks. These crankshafts are connected by a gear train comprising
five spur gears (Fig. 1a). A clutch is installed into one gear as denoted by
two black circles in Fig. 1a. A sketch of this clutch is shown in Fig. 1b.
The clutch consists of two half clutches with sectors. Two preloaded springs
are installed within each sector. Design and properties of such clutches
are considered in [1].
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Fig. 1 — Sketch of the transmission:
a) kinematic structure; b) sketch of the clutch

Time-periodic moments act on each crank of the shaft. Disturbing
moments, acting in each crankshaft can be presented in the form of a Fouri-
er series:

N
M (t) = ZG:(Mi(S) sin(iot)+M© cos(iQt)) ,
i-1

where Q is the crankshaft rotational frequency. It is known that the third
harmonic of the Fourier series is predominant and the most dangerous
in this engine [2]. Thus, the disturbing moments acting on the crank can be
approximated by taking only the third harmonic of the Fourier series:

M ) = MV sin (30t) + M{® cos(3).

Methods for calculation of the disturbing moments M(t) are treated

in [3]. Experimental researches described in [4] prove that the vibrations
of all system elements are approximated by one harmonic of the Fourier se-

ries sin(3Qt +9) .

Torsional vibrations of the power transmission are described by model
with final number of degrees of freedom (Fig. 2, a) that consists of rigid disks
and massless shafts. Each crankshaft is described by three rigid disks and
massless shafts attached to the disks. Disks 1-3 and 9-11 approximate the
crankshaft torsional vibrations. The motions of the disks 4—8 describe the
torsional vibrations of the gears. The disks 12 and 13 describe the vibrations
of a turbo-charge, and disk 13 describes the torsional vibrations of the tur-
bine. The engine flywheel is denoted by disk 14. The power consumer
is described by disk 15.

16



The moment of inertia of the rigid disk i is denoted by I;. The torsional
vibrations of the disk i are described by the generalized coordinate 6; .
The stiffness of the shaft between the disks i and j is denoted by c;; .

The clutch is described by the dependence of the torsional torque
on the angle of torsion. This function is piecewise and is shown in Fig. 2, b.
The nonlinear torsional torque of the clutch f45(65 —97) is described by the

following function:
Crg(0g —07) A1 < (05 —07)< Ay ;
f18(05 —07)=1 C1g(05 — 07 )+ (C7g — 15 )A1, Ay < (05 — 67 );
Crg(0g —07)—(c7g —C7g )AL, (65 — 07 )<—A; .

f2505-07)
A

b)
Fig. 2 — Finite-DOF model of the torsional vibrations

The torsional vibrations within the system are described by the following
system of nonlinear ordinary differential equations:

46— 12 (6, - 61)— o (6 *91) = Acos(wt);

16+ Ci1; (6 =61) ~Cijs1 (61— 6)+ Bisi (6 —61) - Biia (6:21-6) = 0,1=2...5;

166 + Cs (0 — 65 )~ g7 (67 — 05 ) ~Co12 (2 ~ 06 ) + B (6 ~ 65 )~ ez (67 — 05 )~ B2 (612 65 ) = 0
1767 + a7 (607~ 06)~ T15 (65 =07 ) + i (67 — 65 )~ Bra (6 —67) = 0;

150k + f75.(6 — 07 ) —Cog (0 )~ Co 14 (614 — O ) + B (6 — 67 )~ oo (G — 65 )~ B4 (6ha —65) = 0;
16 +Ci1 (6 =61)~Ci a1 (81— 8) + Bisi (6 —61) - B (622 -6) = 0,1 =9,10;
|11é11+010,11(911—910)+510,11(é11—910)20?

lioBiy +C12 (B2 ~05) —Cio13 (B3 — 612 ) + fo 12 (5'12 —96)—512,13 (913 —5’12) =0;

liafhs +Cio13 (B3 =612 )+ Brosa (5'13 —5‘12)= 0;

11464 + 514 (61 ) ~Cuas (615 s ) + Bosa (e — )~ Buass (s —ha) = 0

115615 +C14.15 (615 —014) + Brass (G5 — 014 ) = 0.

@)
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The system (1) includes dissipative moments that can be described in the
form ﬂi—l,i(éi —6,_1). Thus, the system (1) is dissipative and has limit

cycles. Such cycles are subject of the paper.

The system (1) accepts the rigid body rotations with constant angular
velocity. In order to eliminate this type of motions the following change
of variables is used:

X2 =0 =0; X3 =03=0p; X34 =04 =03, X45 =05 =04 X556 = 6 — s,
Xe7 =07 —06; X78 =6 — 07, Xg9 =g — b X910 = 6 —Bho; X011 = o — s
Xg14 =68 —6h4; X415 =G4 —O55 X612 = O —Oh2; X213 = G2 — b3 -

The stiffnesses of the shafts are the following N -m:
Cp =Cy3 = 2.105; Ca4 =3.105; Cys5 =2.8-10%; Csg =1.5-10%; Cq7 —6.5-10°;
Crg =8.4-10°; G7g =5.04-10°; Cgg = 2.6-10%; g3 =011 = 2-10%;
Co12 =1.9-10% ¢1p13 =2.7-10%; cgay =3.1-10°%; C1g05 = 3.3-10%.

The numerical values of the disk moments of inertia are the following
kg m?:

ly=1,=13=7.7-10"2; 1, =65-1072; I =8.5-107%; 15 =3.6-107;
l; =4.9-107%; 15 =3.8:-1072; Ig = lyg = Iy =7.7-1072; I;, =1.7;
|13 :1; |14 = 26, |15 :3.

The parameter A; has the value A; =9.5-1072. Note that two stiff-
nesses of the clutch c; g and C; g essentially differ, therefore, the dynamical

system (1) is considered to be essentially nonlinear. The driving force ampli-
tude is considered as A=60N-m.

Numerical investigation of the nonlinear normal modes of the system (1)
was performed using a technique of direct numerical integration of the sys-
tem. A transient process is not considered. Analysis includes exclusively
periodical limit cycles in the range of the driving force frequency
< [1000;4500] rad/s .

Coordinates Xg7,X78,Xg12 have the most significant vibration ampli-

tudes among others in the concerned frequency range.

The following conclusions result from the analysis:

1) In the resonance regions dynamical behavior of the system matches
the nonlinear normal modes. Out of the resonance regions the system beha-
vior may differ from the nonlinear normal mode.
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2) The nonlinear normal modes of forced vibrations of a dissipative sys-
tem are close to the nonlinear normal modes of forced vibrations of a cor-
responding non-dissipative system. The Dissipation faintly affects on shape
of the nonlinear normal mode.
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