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KOMITKOTEPHE MOAOENOBAHHA NOBEOIHKU
MNonoroi OONOHKU 3 KPYTOBUMU OTBOPAMM MNPU PO3TArY
MpoBegeHO KOMM’IOTEPHE MOAENIOBAaHHA MNOBEAIHKW MONOroi LuniHAPUYHOI

0OONOHKM 3 OAHMM Ta ABOMAa KPyroBUMKU oTBopamu. [locniaxeHo BNAvB GnM3bKo
po3TalloBaHUX OTBOPIB Ha HanpyxeHo-gecopMOBaHUA CTaH OGONMOHKWU, 3HaNAEeHO

HanGinbw HebGe3neyHi KoHdirypauii ix po3TawyBaHHA 3 TOYKM 30pYy BMNNUBY
Ha Hecy4y 30aTHICTb OGONOHKM.

Knroyoei cnoea: nonoea yuniHOpu4Ha oboroHKka 3 omeopamu, Memod CKIHYEHHUX
efieMeHmi8, KOMITIomepHe MOOes8aHHs, HanpyxeHo-0eghopmosaHuli cmaH, KoegiujieHm
KOHUeHmpauii Harnpy>XeHsb.

BcTyn. Monori 060M0HKM 3HANLWINKM LWMPOKE 3aCTOCYBaHHS B Pi3HMX rany-
39X TexHikm — OyaiBHUUTBI, aBiauilHii NPOMMCMNOBOCTI, CyaHOOYAyBaHHI,
pakeTobyayBaHHi, MawmMHOOyAyBaHHI Ta iH. Lle nosicHoeTbCa TM, WO Bnac-
TUBiI TOHKOCTIHHUM KOHCTPYKLiSIM MErKiCTb i €proHOMIYHICTb Cnony4aroTbes 3 iX
BMCOKOK HECYYO 30aTHICTIO Ta EKOHOMIYHICTIO. Y Cy4acHii MpOMMUCNOBOCTI
LUMPOKO 3aCTOCOBYHOTb MOMOr UMMIHAPUYHI OBOMOHKK, WO MakTb BUpPI3M
(oTBOpM). MNpK HaBaHTaXeHHi Taknx 0OONOHOK NOBNM3y OTBOPIB BUHUKAE KOH-
LeHTpaList HanpyXeHb, sika MOXe HECMPUSATIIMBO MO3HAYMUTUCS Ha IX MILHOCTI.
3HaXOMKEHHST TOYHOrO pPO3B’'SA3KY BUHMKAOUYMX KpanoBWMX 3adady B aHani-
TUYHOMY BUMSAI MOXNMBE NULLE B AESKUX OKPEMUX BUNadKax HaBaHTaXeHHs
Tin Ta Npu OKpeMux ymoBax ix 3akpinneHHs [1, 2, 4-6]. Tomy Ans iHxeHepHoil
NpakTVKn 0CoBNMBO BaxnuBe 3HaAYeHHA MaloTb HabnwkeHi, ane [OCUTb
3aranbHi, MeToan po3B’sa3yBaHHA 3a4ay NpUKNagHoT Teopii NPYXHOCTI, a came,
4YMCNoBi MeToaM, SKi OO3BOMSATL MPOBOAUTU KOMMIOTEPHE MOLEMOBaHHSA
MeXaHIYHNX MPOLECIB HA OCHOBI LUMPOKOMACLUTabHMX oBuMcnioBanbHUX eKc-
nepumeHTis [3, 7, 8].

3acTocyBaHHS CTaHOAPTHWX MaKeTiB MPUKNaAHUX Mporpam, 3aCHOBaHWX
Ha MeTodi CKIHYeHHUX enemMeHTIB [7], 3Ha4yHO CrpoLlye po3B’A3yBaHHS 3adad
Teopil NPYXHOCTI | NacTUYHOCTI: B CepedoByiLLi NakeTa cTae MOXNMBUM Mode-
NOBaHHA MOBEAiHKM Tifl CKNagHoi reoMeTpii i pisHuX BnactueBocTen (B Mexax
PO3BMHEHHS Cy4aCHUX YMCENbHUX METOAIB po3paxyHKy). Bigomi 3 nitepatypu
[2, 4] po3B’A3kM 3agadv 3HaWAeHi Ona 3aMKHYTUX OOOMOHOK, cdepuyvHUX
Ta iH., ane po3rnsgy NoBefiHkM came nonormx 060NoHOK 3 PisHUMK OTBOpa-
MW NpuUaineHo He AOCTaTHLO yBaru.

Y OaHin poboTi 4OCNiAKYETLCS NOBEAiHKA MNONOroi LMNiHAPUYHOT 0B0NOHKM
300HMM Ta [JBOMa KPYroBMMW OTBOPaMK, MPOBOAUTLCA MOPIBHAHHSA
HanpyxeHo-gecopmoaHoro ctaHy (HOC) 060noHKM i MNAcTUHKM 3 KPYroBUm
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OTBOPOM, PO3MsIHYTE MUTaHHA MPO BNMB GNM3bKO PO3TALLOBAHUX OTBOPIB
Ha HOC nonoroi 06oMoHK/ Ta BU3HAYeHHS Hanbinbll HebesnevHnx KOHiIry-
paLivi po3TallyBaHHS OTBOPIB 3 TOYKM 30pY BMAMBY Ha ii HECYYy 34aTHICTb.
MocTaHoBka 3apadi. a) ObosioHka 3 00HUM omeopomM. 3afaHa ogHopia-
Ha MpyXHa norora LuniHApu4Ha 0BO0OHKa 3i CTOPOHaMM MIOLWMHU CnpaH-
Ha a i b, cTpinoto nigihiomy f Ta oTBopom pagiyca r (puc. 1, 2). Ha BHyT-

PiLUHIA YacTuHi rpaHuui I} 06OMoHKM HopmarnbHi i OOTUYHI HAMPYXXEHHN

[OPIBHIOKOTb HYIHO, @ Ha 30BHILLHIN rpaHnui I', 3aaaHi HanpyXeHHs

Ox
q= qy ; qX=q=ConSt, qy=0, qz=0. (2)
a;

Ha 30BHiWHiN rpaHnui I'; 3agaHi rpaHnyHi yMOBM B MepeMmilLieHHAX:
u=v=w=0. (2)

HeobxigHO BU3HA4MTK NOnsi nepemilleHb i HanpyxeHb B 060MOHLj; Npo-
BECTM aHani3 ii NoBeAiHKM Npu Pi3HNX 3HAYEHHAX pagiyca OTBOPY; BU3HAUU-
TN YMOBMU, MPU SIKMX NONOry 060NOHKY MOXHA OTOTOXHMUTU 3 NNACTMHOL.

ks

Puc. 1 — Nonora o6onoHka 3 0ogHUM OTBOPOM

\ a )

¥ r

Puc. 2 — Cxema HaBaHTa)XeHHS 0GOJTOHKMN
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6) ObonoHka 3 dsoma omeopamu. 3afjaHa ofHopigHa npyXHa norora
umniHapuyHa oboroHKa 3i CTOpoHaMuM MIOLWMHM cnvpaHHsa a i b, cTpinoto
nigihomy f Ta orBopamu pagiycie r Ta R (R=2r) (puc. 3). BigctaHb Mmix
LieHTpamMu oTBopiB — | ; KYyT ¢ XapakTepuaye B3aeMHe po3TallyBaHHS OTBOPIB.
O6GornoHka 3 gBOMa OTBOpaMW HaBaHTaXeHa Tak caMo, fK i B 3agadi a)
(puc. 2). HeobxioHO BM3HAYMTK NOMs NepeMilleHb i HanpyxeHb B 00OMOHLUI
Ta NpoBeCTW aHani3 ii MoBEeAiIHKM NPK Pi3HUX 3HaYeHHsX | Ta ¢ .

Puc. 3 — Cxema po3TallyBaHHA OTBOpIiB

MaremaTtnyHa mopgenb 3agadi. PyHKUiOHAN NOBHOI NOTEHUjianbHOT eHep-
rii nonoroi 060noHkM mae BurnsAg [1]

U= hj‘{f—v[ui +2vu, (V,,B +w/R)+(v‘ﬁ +w/R)2}+G(u”g +vﬂ)2 /2}dadﬁ+
Q

he ([ G (.2 2 2
+E [E(W,aa +2VW,aaW,ﬁﬁ +Wopp |+ ZGw'aﬂ dodp —
Q
~ [ (cqu+ S+ Owe Mygy)dp 3)
I,

ae G — moaynb 3cyBy; v — KoediuieHT lNMyaccoHa; o, Sy, Q, M; — nos-
OOBXHi, AOTUYHI, NONepeyHi 3ycunns i arMHato4Mn MOMEHT BiAMNOBIAHO, Npu-
KrnapgeHi Ha kpasix o6onoHku I' ; h — ToBLUMHA OGONOHKY.

Oedopmalii i HaNpy>xeHHSA BU3Ha4YaloTbCs CNiBBIQHOLEHHAMM:

&, =U

0 =Ugs 8ﬁ=v,ﬁ+w/R; w=upg+v,;

Ko =Waai Xp="Wpg Xap = Wap; @)

i

aa:2G(sa+vsﬁ)/(1—v); aﬂ:2G(sﬂ+vsa)/(1—v); 7=Gw.
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Y (3), (4) koma o3Ha4vae andpepeHuitoBaHHs No KoopauHari, BenuunHm G
i E nos’asani sanexHictio E=2(1-v)G .

Ha ocHoBI BapiauinHOro NpUHLUMNY MexaHikm BMHUKae 3ajaya BigllyKaH-
HA MiHiMymy dyHKuUioHana (3) npu ymoBax (2).

Pe3ynbTat uncnoBoro aHanisa. Yvcnosi pesynbtati Ans pos3rnsgHyTUX
3aad oTpMMaHi Ha nepcoHanbHomy komm'toTepi Intel® Celeron® D CPU 220 @
1,2GHz 1,5GHz 3 2Gb onepatuBHoi nam’'sTi. MaTtepian o6onoHkn — neroeaHa
cTanb (Moaynb npyxHocTi E =205771a , koediuieHT MNyaccoHa v =0,27 ).

MogentoBaHHA npoBefeHO Ansd  MOnoroi  UuniHAPUMYHOI  0BOMNOHKMK:
1) 3 ogHMM OTBOPOM 3MIHHOMO pagiycy r; 2) ABOMa OTBOpamu pagiycis r
i R=2r (R=5mm, r=2,5mm); 3) oBOMa oTBOpamu pagiyciB r i R=r
(R=r=3mm). Po3amipn obonoHkn: a=500mm, b=200mm, f =10mm.
HanpyxeHHsi Ha rpaHuLi 060noHKM 3agasanuce pisBHUMU q=15MTla .

Mpw gocnimxkeHHi nonoroi 060MOHKM 3 O4HUM KPYroBMM OTBOPOM pagiycy
r (3agava a) posrnsganacb TakoX MracTMHa po3mipamu axb i oTBopom
Takoro X pagiycy. [ocnigpkeHHa NpoBoANNIOCSA 3 METOK BU3HAYEHHS MOXIU-
BOI ME&Xi OTOTOXXHEHHS 060NOHKM 3 NnacTuHoto (3agada Kipwa) [3].

3 puc. 4 BugHo, Wwo npu 36inblueHHi pagiyca oTBopy 36iMbLUIYETHCA MaKkcu-
MaribHe HanpyXeHHS i BiANOBIigHO OO0 HbOro — KoedilieHT KOHUeHTpauii Hanpy-
»eHb (KKH) k. Jo tvx nip, nokn r <0,03b ans nonoroi 060M0HKM MOXHa 3a-
CTOCOBYBATW OAHI 1 Ti CaMi METOAM 3HAXOMKEHHS MOriB HaNpyXeHb, Lo i Ang
NAacTyH. AKLWO X NPOAoBXyBaTU 30iMbLUyBaTV pagiyc OTBOPY, TO OTOTOXHEHHSI
NrIacTUHW i 0BONOHKM CTae HEMOXITUBMM, OCKISIbKU 32 paxyHOK TOro, Lo 06ono-
HKa Ma€ HeHynbOBY KPVBWHY, TO MpW 36inbLUeHHI pagiyca B KOHLEeHTpaTtopax
BMHUKaTUMYTb 3rMHAOHi MOMEHTW, LLIO 1 3yMOBIIOE CTPIMKUI PICT HaMpPY>KeHb.
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Pvc. 4 — 3anexnict KKH K Big pagiycy I
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Mpw gocnigkeHHi 060N0HKN 3 d8oMa omeopaMu pisHUX padiycie BBEAEHO
XapaKkTepucTUKy B3aEMHOro po3TallyBaHHS OTBOpIiB ¢ (puc. 3). Ansa Bu3Ha-

YEeHHs1 TaKOro B3aEMHOro po3TallyBaHHsSI OTBOPIB, sike AaBaTume HanbinbLui
HanpyxxeHHs, byaemo BapitoBaTh KyT ¢ Ta BiACTaHb MiX LleHTpamu OTBOpIB

| (puc.5). Ans kyTa ¢, Wo HanexuTb AdianasoHy Big 50° go 70°, KKH
NpUMae MakcumarsibHe 3HauYeHHs.
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Puc. 5 — 3anexHicts KKH K Big kyta ¢

Ha puc. 6 npmBegeHa 3anexHictb KKH Big cniBBigHOWEHHSA BiACTaHi Mix
oTBOpPaMu [0 pagiycy MeHLoro oTBopy. Ynm Ginbwe BenuunHa |1/ r (4nm

Jani oTBOpW po3TalloBaHi OAMH Bi4 OAHOrO), TUM MeHLWe iX B3aeMHUN
BnnuB, i KKH npsimye go 3.
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Puc. 6 — 3anexHictb KKH Big |
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Ona omeopis, padiycu sikux 00Hakoei, CnocTepiratoTbCs 3aneXHOoCTi, Wo
306paxeHi Ha puc. 7 — yuMm 6nmxde otBopm, TUM Binbwe KKH. Akwo B 06o-
NoHUi € ABa OnM3bKO pPO3TalLlOBaHMX KPYroBMX OTBOPW, TO MaKCUMasbHi
Hanpy>XeHHs B OKOIi HMUX 3pOCTaloTb AyXKe LWBUAKO, WO Moxe byTu Hebesne-
YHWUM | NPUBECTM A0 PO3BUTKY MPOLECIB PYNHYBAHHS, TOMY BUHUKAE NUTaHHSA
NpO MOXMMBICTbL 3aMiHW ABOX OTBOPIB OAHMM. AKLO CNpoekTyBaTu 060MoH-
Ky Ha MMOLWMHY CnMpaHHs, TO Mpoekuis ogHoro otBopy Oyde goTukaTtucs
[0 NpoekLin aBox oTBopiB (onmcaHe Komo). TyT MOXHa BKasaTu BEMUYUHY
I/r, npu sixoi KKH onsi ogHoro Benukoro KpyroBoro oteopy 6yae MeHLum
(MeHLWw Hebe3neyHnm), HiXX NpyM HAgBHOCTI ABOX Manux 6nvM3bko po3TalloBa-

HKMX OTBOpIB (puC. 8).
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3 K B 060NOHUI 3 0AHMM OTBOPOM (KOFIOM, ONMCaHMM HaBKOJIO BOX OTBOPIB)
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BucHoBku. Npy gocnigkeHHi noBefiHkKM Nonoroi uuniHApMyHOi 060M0H-
K/ 3 OAHMM OTBOPOM i MOPIBHSIHHI PO3B’A3KY 3 BiAMNOBIAHUM ANS NAACTUHU
3 OQHUM OTBOPOM, ANA AKOI iCHye aHaniTMu4HMN po3B’s3oK (3agada Kipwa),
BCT@HOBIEHO, WO A0 TMX nip, nokn r <0,03b 060NOHKY MOXHA OTOTOXHUTU
3 nnactuHoto i KKH k =3.

Mpwn 36nwkeHi otBopie KKH 3poctae. Tak, Hanpuknaa, npy |/r=3,2 koe-
ilieHT KOHUeHTpaUii csarae 3HadeHHss K =6 (36inbluyeTbes BAOBIYI Y nopis-
HAHHI 3 KKH ansa o60n0oHKkn 3 ogHMM OTBOPOM).

[ns KoXHOT BigcTaHi Mix LeHTpaMu | icHye CBIll BNacHU KyT ¢ , L0 Xapak-

TEPU3YE MOSNIOKEHHSI LIEHTPa OAHOrO OTBOPY BiAHOCHO iHLWIOrO. AKLO OTBOpU
po3TalloBaHi Ayxe 6nm3bko oavH Big ogHoro (1 = 3,2r ), To HaliHe6e3neYHiWmMM

* (o] . . .
3HayeHHsM Oyge ¢ =90 ; aKWo BiACTaHb MK OTBOpaMu 36inbLUyBaTW,

TO HaHeGe3neuyHiLli KoHdirypauii 6yayTe y mexax sig 50° oo 70°.
3a paxyHOK CMMETPii 3agayi OTpUMaHi pesynbTatM MOXHa BMKOPUCTO-

ByBaTW A4St MOBHOTO CMEKTPY 3HadeHb kyta ¢ € (0°, 360°) . Hainbinbwmin KKH

ANA po3rnsaHyTUX 3aaay oTpumManmii npu 1 =3,2r, ¢ =90 i gopieHioe k =6.

Mpu upomy, KKH ans o6onoHkn 3 ABoma 6nmn3bko po3TalloBaHMMK OTBOpaMm
BUSIBMNAETLCA BABIMi BiNbLUMM HiXX 4ns1 0O0NOHKN 3 OOHUM OTBOPOM.
JocnigpkeHo BNNuB BIACTaHi i B3aEMHOMO po3TallyBaHHSA OTBOPIB 3 OO4HAKO-

BuMM pagiycamu. Hainbinblumii KKH cnoctepiraeteca npu | =2,33r i ¢ =63°.

MopiBHIOKOYM PO3MNOAIN HAaNPYXeHb Ans 0OOOMOHKN 3 OTBOPaMM Pi3HUX Ta OJHa-
KOBWUX pagiyciB, MOXXHa 6aunTu, WO KONK pagiycu OTBOPIB Pi3Hi, TO Npu ogHa-
koBux | Ta ¢ KKH B 060moHLi 3 pisHMMK oTBOpamMm BinbLuMiA HixX Ans 060noH-

KM 3 0gHaKoBMMW oTBOpamu B 1,2 pasu.
Mpn HasBHOCTI OBOX OTBOPIB Pi3HMX padiyciB Npu BiACTaHi Mk oTBOpamMu
| <10,2r pouinbHiwe 3amicCTb HUX PO3MilLATU OONH BENMKUIA OTBIp, AKUI iX

Onncye, SKLWO e He cynepeYvnTb KOHCTPYKTUBHUM BUMOTraMm.

B obonoHui 3 otBopamu npu ix 36nmkeHHi KKH cyTtTeBo 36inbLuyetbes,
LLIO MOXe MPWU3BECTN A0 NOSABWM NNacTUYHMX AedbopMaliin, TOMy Ans nodanb-
LIOrO BMBYEHHSI MPEACTaBNsie iHTEpPEeC pPOo3paxyHOK HanpyxeHo-aedopmo-
BaHOro ctaHy 00OMOHKM 3 ypaxyBaHHSM NNacTUYHKX Aedbopmaliin Ta BUBYEH-
HS NOSIBY | PO3BUTKY 30H NNAcTU4HUX Aedhopmadiin.
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KOMMbIOTEPHOE MOAENTMPOBAHUE NOBEOEHUA NMOJNIOroOU
OBOJIOYKU C KPYTOBbIMU OTBEPCTUAMMU NPU PACTAXEHUA
MpoBeneHO KOMNbLIOTEPHOE MOAENVMPOBaHUe NOBeAEeHUA NONIOror LUIMHAPUYECKON
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E. L. Hart, PhD (Phys.-Math.), K. O. Vasilevsky

COMPUTER SIMULATION OF THE BEHAVIOR OF A SHALLOW
SHELL WITH A CIRCULAR HOLE AT A STRETCHING
Computer simulation of the behavior shallow cylindrical shell with one and two
circular holes was made. The influence of holes' closeness on the stress-strain state

of the shell were investigated. The most dangerous configurations their location
from the point of view of influence on the carrying capacity of the shell were found.

Keywords: shallow cylindrical shell with holes, finite element method, computational
modeling, stress-strain state, the stress concentration coefficient.

Elements in the form of a shallow cylindrical shells (details covering mis-
siles, submarines, planes, various details which are used in construction
and others) that have openings (holes) are widely used in modern industry
and construction. Under the load of such shells near the borders of holes
stress concentration arise, which may adversely affect on the structural
strength.

An exact solution of boundary problems in an analytical form is possible
only in specific cases and in the activity of bodies and under certain condi-
tions of their pinning [2, 4—6]. So, for engineering practice approximate, but
rather general, methods solving of applied theory of elasticity problems, are
essential, namely numerical methods [1, 3, 7, 8 ]. In this paper, computer
simulation of the behavior shallow cylindrical shell with one and two circular
holes was conducted, the comparison of the stress-strain state (SSS)
of shells and plates with a circular hole was implemented, the question
of the effect of closely spaced holes on the stress concentration coefficient
of a shallow shell (SCC) was considered, the most dangerous configurations
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of hole location from the point of view of influence on the carrying capacity
of the shell were found.

In the studying of shallow cylindrical shells’ with a hole of radius r beha-
vior and comparison the solutions with corresponding for plates with a hole,
for which there is an analytical solution of the Kirsch problem [5], it was

found that as long as r <0,03b (b — plates size), the shell can be identified
with the plate, with the stress concentration coefficient k =3.

For each of the distance between the centers of the holes | a unique
angle ¢ exists, that characterizes their position concerning to each other.

If holes are very close (1 =3,2r), the most dangerous value ¢ is (p* =90,
and if the distance between the holes to increase, then the most dangerous
configuration will be in the range from 50° to 70° (Fig. 1). The greatest con-

centration coefficient k =6 was received at | =3,2r, ¢ =90°.

The influence of the distance and mutual location of holes of equal radii
was investigated. The greatest concentration coefficient is observed at

1=2,33r and ¢ =63". Also, comparing the coefficients of stress concentra-

tion for shells with holes of different and equal radii, it is possible to see that
when the holes of different radii, then at the same | and ¢, for a shell with

a variety holes the concentration coefficient greater than for a shell with
the equal holes in 1.2 times. Thus, if the holes of different radius, the shell is
worse to carry a load. As a rule, stress concentration is comes in areas near
the contour of smaller radius.
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Fig. 1 — Dependence of the SCC K on the angle )

If there were two holes of different radii and the distance between
the holes 1<10,2r, it would be better to place one large hole instead

65



of the two holes, which describe them, if it did not contradict with the design
requirements.

In shell with holes in the time of their rapprochement SCC increases sig-
nificantly, which can lead to plastic deformations. So, for further investiga-
tion, calculation of stress-strain state of the shell, taking into account the
plastic deformation and studying of the arising and development of plastic
deformations zones is of interest.

REFERENCES

1. Vasidzu K. Variational methods in the theory of elasticity and plasticity / K. Vasidzu. —
M. : Mir, 1987. — 544 p. (in Russian).

2. Grigolyuk E. I. Perforated plates and shells / E. I. Grigolyuk, L. A. Filshtinsky. — M. :
Nauka, 1970. — 556 p. (in Russian).

3. Hudramovich V. S. Mutual influence cut the strength of the shell structure, opera-
tions with plastic deformation / V.S.Hudramovich, E.L.Hart, D.V.Klimenko,
S. A. Rjabokon’, // Problemy prochnosty. —2013. —Ne 1. — P. 5-16 (in Russian).

4. Guz A. N. Calculation method of elastic shells with holes on the computer /
A. N. Guz, S. V. Zakora, V. N. Chekhov and others. — K. : Nauk. dumka, 1982. — 295 p. (in
Russian).

5. Savin G. N. Stress distribution around holes / G. N. Savin. — K. : Nauk. dumka, 1968.
— 888 p. (in Russian).

6. Chekhov V. N. Stress concentration in a spherical shell with two close RA-
polozhennye circular holes / V. N. Chekhov, S. V. Sakura // Matem. metody ta fizyko-
mekhan. polya, 2010. — Vol. 53, Ne 3. — P. 93-98 (in Russian).

7. Shaidurov V. V. Multigrid methods of finite elements / V. V. Shaidurov. — M. : Mir,
1989. — 280 p. (in Russian).

8. Hudramovich V. S. Elastoplastic deformation of nonhomogeneous plates /
V. S. Hudramovich, E. L. Hart, S. A. Rjabokon’ // J. of Eng. Math. — 2013. — Vol. 78, Is. 1. —
P. 181-197.

JHinporiemposckKull HaujoHanbHUl
yHigepcumem im. Onecs oHyapa,
[Hinponemposckk, YkpaiHa Haditiwna do pedkoneeii 10.12.2013

66



