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YCTOMYUBOCTb KOMMO3UTHOIO MATEPUATA,
CNABOAPMUPOBAHHOI'O KOPOTKMMU BOJTOKHAMU

PaccmMoTpeHbl nfnockas W MNPOCTPaHCTBEHHas 3ajada 06 yCTOMYMBOCTM
KOPOTKOro BOSIOKHA KBaApaTHOro MonepeyHoro cevyeHuss B 6€CKOHEYHOW MaTpuue
npu nNpoaoonbHOM cxaTuu. [insA pelweHUs 3agay NpUMEHEeH CTaTU4YecKUi MeTon
TpexXMepHOW NMHeapu3OBaHHOW TeOpUU YCTOMUYMBOCTM B paMKax MoAenu KyCOYHO-
ogHopoaHou cpeabl. NpoBeAeH cpaBHUTENbLHLIA aHaNU3 KPUTUYECKUX Aedopmaumin
BOMOKHA MpU  PasfUYHbIX 3HA4YEHUAX MeXaHU4YeCKUX U  reomMeTpuyecKux
XapaKTepUCTUK BONIOKHA ANsl NSIOCKOW M NPOCTPaHCTBEHHOM 3agauun.

Kntoyeenle croea: Kyco4yHO-0O0HOPOOHasi MOOesb, MpexmepHasi fluHeapu3uposaHHasi
meopus ycmoliyueocmu, YucreHHble Memookbi.

BBepeHue. Havbonee ctporne n chmnsm4eckn KOPpPeKTHble pes3yrnbTaThbl
Mo Teopun YCTONYMBOCTM CMOUCTBIX U BOFIOKHUCTbBIX KOMMNO3UTHBLIX MaTepua-
NOB MpU CXaTuUM MOSydeHbl C NPUBMEYEHUEM OCHOBHbIX COOTHOLLUEHWUIA
TPEXMEPHOWN NMHEAPU3MPOBAHHON TEOPMU YCTOMYMBOCTM AecopMUpyeMblxX
Ten (Hanpumep, [2]) n mogenun KyCoYHO-04HOPOAHOM cpeabl. Takon noaxon
npeanoxeH Bnepsble B [1]. B HacTosLllee Bpemsa nccnegoBaHus no Tpex-
MEpHON NMHEeapu3MpPOBaHHON TEOPUM YCTOMYMBOCTM CIIOUCTBIX U BOJIOKHU-
CTbIX KOMMO3WTHbIX MaTepuanoB B pamkax noaxoaa [1, 2] npoBogaTca Ha
OCHOBe Mopenu BeckoHevHo-ANMHHBLIX BOMokoH (infinite fibers) n mopenu
BOJTOKOH KOHeYHbIX pa3mepoB (short fibers). CpaBHUTENbHBIN aHanu3 pe-
3ynbTaToB, KOTOPble MNOMyYeHbl C MPUBMEYEHUEM BbilleyKa3aHHbIX OBYX
mMogenen, npeactaeneH B [3, 4]. MNpuHuMNranbHbIM ABNAETCA UCMONb3ye-
MOe B yKasaHHbIX paboTax gonyLlieHne 0 TOM, YTO NPy UCCNeaoBaHUKU NoTe-
pY YCTONYMBOCTM BO BHYTPEHHEW CTPYKTYpe (BHYTPEHHEN HEeYCTONYMBOCTU)
KOMMo3uTa O4HOHAaMNPaBEeHHbI BONOKHUCTbLIA KOMMNO3UT MOXHO MOLENMPO-
BaTb MMOCKOW 3agadven Ans crionctoro komnoauta. CnpaBeanuBoCTb Takoro
JonyLleHna MoXeT ObiTb 0BOCHOBaHa MyTeM CpaBHUTENBbHOrO aHanmsa pe-
3yNbTaTOB PELUEHNS NAOCKMX U MPOCTPAHCTBEHHbIX 3a4a4 YCTONYNBOCTU.

B HacToswwen paboTe B pamkax nogxoga [1, 2] pelwleHa nnockas u npo-
CTpPaHCTBEHHasA 3ajava YCTOMYMBOCTM U30MMPOBAHHOIO BOSIOKHa B 6ecko-
HEYHON MaTpule npu coxatuu. [na pelweHns 3agay yCTOMYMBOCTU Npume-
HEH BTOPOW BapuaHT TeOpMM MarnblX AOKPUTUYECKUX Aedopmaumn [2], koraa
OOKPUTMYECKOEe COCTOSIHME OnpeaenseTcss No reoMeTpudeckn fMHENHON
Teopuu. Takon noaxod cyYUTaeTCs NpUEMMemMbIM Ans CPaBHUTEMbHO XXeCT-
KMX KOMMO3UTHbIX MaTepuanoB, KOTOpble pa3pyLUaTca Npu CPaBHUTENBHO
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Marnbix gecopmauusx. HanonHutens u cBsisylolee MOAENUPYHOTCS NIMHEN-
HO YNPYrMU U3OTPOMHBLIMU TENAMMW.

CnoXHOCTb NOMy4YeHUs1 aHaNUTUYECKNX peLleHnin Ans 3a4ad ykasaHHo-
ro krnacca npeznonaraeT UCNOMb30BaHWE COBPEMEHHbIX YMUCIEHHbIX METO-
noB. B paHHon paboTe Anst YMCNEHHOro peLleHns paccMaTpyMBaeMbIX 3adad
MCnonb3yeTca MeToA CeTOK Ha OCHOBE MOAU(ULMPOBAHHOIO BapuaLUOHHO-
pa3HOCTHOro noaxoda [5]. ATOT noaxod K peLleHvio 3agad onpegeneHus
YCTOMYMBOCTU KOMMO3WUTOB CIIOMCTON U BOSIOKHUCTOWM CTPYKTYpPbl NpU Heoa-
HOPOAHbLIX AOKPUTUYECKUX COCTOSIHUAX pa3suT B [6 — 8].

MoctaHoBKa 3agaun. PaccMOTpMM KOMMO3UTHbIA MaTtepuarn, apMmupo-
BaHHbIN B NPOOOSIbHOM HanpaBfieHWM BOSIOKHAMU KOHEYHbLIX pa3MepoB npu
Marion KoHUeHTpauum HanonHutens. MNpu BbINONIHEHUN 3TOrO YCMNOBUSA B3au-
MOOEeWCTBMEM BOJSIOKOH MOXHO npeHebpedb. [lpoBeaem wuccnegoBaHue
BHYTPEHHEW NOTEPM YCTONYMBOCTU KOMMO3WTA, KOTOPOE He CBA3aHO C BNUS-
HMEM rpaHWUYHbIX NMOBEPXHOCTEWN, U NOMHOCTBLIO ONPeaensATCa TONbKO CBON-
cTBaMu maTepuana. B cBsa3u ¢ aTum B AekapToBbIX koopamHatax Oxixpx;
KOMMO3UTHBIN MaTepuan mogenupyetcs 6eCKOHEYHON MaTpuLen C OOHUM KO-
POTKV/M BOJIOKHOM KBafpaTHOro MOMepeyHoro CeveHusi, HanpasneHHbIM BOOMb
ocn Ox;. «Ha 6eckoHeYHOCTU» KOMMO3UT HarpyeH B HanpasneHunm Ox; CXKu-
MaloLLen Harpy3kon MOCTOSAHHOW WHTeHcmBHOcTM P (puc. 1, 2). Uccne-
JOBaHVe YCTOMYMBOCTW BbINOMHUM C NPUMEHEHMEM CTaTU4ecKoro metoaa
TPEXMEPHOWN NMHEeapu3npoBaHHOW Teopun ycTondmsoctu [2]. CneayeT oOT-
MEeTWUTb, YTO B pamKax MoAenu BOJSIOKOH KOHEYHbIX pa3mMepoB NPUXOAUM K
3ajaye YCTOMHMMBOCTU BOJIOKHUCTLIX MaTepuarioB ¢ HEOAHOPOAHbLIM AOKpW-
TUYECKMM COCTOSIHMEM, KOTOpOe ornpedenseTca B pesynbTaTe pelleHus
COOTBETCTBYIOLLEN 3a4a4M O KOHLEHTPaL UM HAaNPSXXEHUA OKOMNO BOMOKOH.

PaccmMoTpmMm nocTtaHoOBKY MpoCTpaHCTBEHHOW 3agayun. lMepexoa k nno-
CKOM 3apjadve ocyllecTBnsetcsa ouveBuaHbiM obpasom. CooTBeTCTBylOLME
pacyeTHble CXeMbl Ans NPOCTPaHCTBEHHOM WM NIIOCKON 3agayun npeacrasre-
Hbl Ha puc. 1 n puc. 2. Pasmepbl pacyeTHbix obracTter onpenensioTcs B
pesynbTaTe BblIYUCIIUTENBHOIO 3KCMEPUMEHTa U yAOBMETBOPSIOT YCIOBUAM
3aTyxaHus BO3MYLUEHUA «Ha 6eckoHeyHoCTW». KOMMO3WUTHLIN MaTepuan
MoOenvpyem KycOYHO-OOHOPOAHOM Cpefow, koraa martepuan B npegenax
KOMMOHEHTa KOMMO3uTa CYMTaeTca OOHOPOAHBLIM U BbINOMHAKTCA KOHTaKT-
Hble YCNOBUSI Ha rpaHule KOMMOHEeHTOB. KOMMOHeHTbl komnosuta Gyaem
cunTaTb U3OTPOMHLIMU N MIMHEWHO YNPYrUMM.

[ns mogenu BOMOKOH KOHEYHbIX pa3mMepoB NpW aHanu3e BHYTPEHHEN
noTepu YCTOMYMBOCTM BBOOUTCA CrieayloLlas BenminHa

gl'(fa=glkfa(x) npn x=0. )

BenununHa (1) cOOTBETCTBYET KPUTUHECKOMY 3HAYEHUIO YKOPOYEHUs] BO-
nokHa Boonb ocu Ox; B cpegHen Touke x =0 1 XxapakTtepusyeT TOMbKO Kpu-
TUYECKOEe 3HaYeHue yKopoveHus Baosnb ocu Ox; AN BOMOKHA U HE XapakTte-
pu3yeT KpUTUYECKOE 3HayeHue yKopouyeHus BAOoNb ocu Ox; AnS maTpuupbl,
KOTOpOEe MOXeT JoCTuUraTb Apyrux 3Ha4eHUi.
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Puc. 1 — PacyeTHasi o6nacTb 1 yCNOBUSA Harpy>eHusi KOMNo3uTa
ONSA NPOCTPaHCTBEHHOW 3agayun

Puc. 2 — PacyeTHasi o6nacTb 1 yCNOBUA Harpy>eHusi KOMNo3uTa
AN NJIOCKOW 3agavun

WccnenoBaHve LOKPUTUYECKOTO COCTOSIHUS BbIMOSHAETCS B paMKax Krac-
CUYECKOW NMHEHOM TEeopUN YNPYrocTy U30TPOMNHOMo Tera, Ans KOTOpoK ypas-
HEHWsI paBHOBECUS U COOTHOLLIEHMS! YNPYrOCTU 3aniillem B CreaytoLem Buae:

io,-c-'=0, xeQ; @)

o Y

0
ou)  ouj; —
0 0 0 0 J .o
Glj :51'jlgnn+2:”gijv 281] Zal.'i'g, l,],n=1,3. (3)
1

J

B cnyyae nnockow 3agayu nHaekcol B (2), (3) v BblpaxeHusix, npuseaeH-
HbIX HWXe, U3MeHsitoTcs oT 1 oo 2.
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[na nepexoaa B BblpaxeHusx (2), (3) k MaTpuue U HanomnHUTeno Heob-
XOOAUMO BCE BeNUYUHbI 0603HAYNTL COOTBETCTBYHOLLMMWN MHAEKCAMU «m» W
«a». MNockonbKky AnA mMaTpuubl B COOTBETCTBUMM C PaCYETHbIMU CXeMaMMu,
npeacTaBneHHbIMU Ha puc. 1 1 puc. 2, uccnefoBaHue BbINONHAETCA Ans
BeckoHevHon obnacTu, To HaNPSXXeHUa U nepemeLleHus B MaTpuue yaobHo
npeacTaBuTb B BUAE CyMMbI

Om 0 107)1 . O}’n 0 10”1
o-lj =0'ij +0—ij y Mj =Mj +Mj y (4)

roe 0',39 mu? COOTBETCTBYIOT BHELUHEWN Harpyske P, 3agaHHoW ona mar-

J
10™ 10™

puubl «Ha 6€CKOHeHHOCTM»; o‘l-j n uj — BO3MYLLUEHNAM HanpsAXeHHO-
Ll,ed)opMMDOBaHHOFO COCTOAHUA, 06yCJ'IOBJ'IeHHbIM Halinymem BOJIOKHa KO-
HEeYHOro pasmepa.

OTMeTMM, 4YTO BeJIM4YNHbI C MHOEKCaAMUN «°» U «1» Takxe onpenenarTca
o0
J
CXeMon Ha pI/IC.1 onpegendarTca crnegyrumMmn BblpaXXeHnamMn Ona npo-
CTpaHCTBeHHOI;I 3agavu.

COOTHOLEeHMsAMU (3). BennumnHel o-l;-o W u; B COOTBETCTBUWN C pacHeTHOW

ol1=-P; 05=0; 053=0; 0/5=0; 03=0; 053=0;
0 . 0 . 0
up =A1X1, Uus =A2X2, us =A3X3, (5)

roe BenuuuHbl A4y, A,, A; onpeaensioTcs U3 NepsBoro BblpaxeHus (3) ¢

Y4ETOM MEPBLIX LLECTU BblpaxkeHuii (5).
B cnyyae nnockoli 3agayun MMEoT MecTo criefytoLime COOTHOLLEHUS:

o0

o0 . 0 . . 0 . o0
o1 =-P; 02=0; o=0; u =Ax; uy =4x;, (6)
roe BenuunHbl 4; n A, onpepensoTcs 13 Nepsoro BbipaxeHus (3) ¢ yye-
TOM MepPBbIX TPEX BbIpaXKeHUN (6).
Takum obpasoM, AN MaTpuubl NonyvaemM BbipaxeHus (3) ¢ BenuinHamm
10}‘)1 10m 10}‘)1 Oa 0a

oy L&y L uj Am s My V ONS BOTIOKHA — C BENUYMHAMU G g

04
u; ia, U, . CneposaTenbHo, UccnefoBaHne AOKPUTMHECKOTO COCTOAHMA

NPOBOAUTCS C MPUMEHEHUEM BbiLLEYKa3aHHbIX BEMUYUH N OCHOBHBLIX COOT-
HoLueHun (2), (3).

MonHas dopMynupoBKa 3a4ay Takke BKMIOYAET YCMOBUSA HenpepbiBHO-
CTW BEKTOPOB HaMpPsHKEHWUN 1 NepeMeLLLeHn Ha rpaHvuax pasaena, Kotopble
AN pacyeTHoOW cxeMmbl Ha puc. 1 NnpeAcTasyM B CriedyloLlemM Buae:

w 10" __0¢ w 10" _ 0¢
O_1j+0_1j —O_lj y Mj +Mj —uj
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npu xlzi% I/1|x2|£n7, |x3|$"7; (7)

1om _ od % I_Om 04
J

O_2j —O_2j y Mj +u =U;

J

npu x, =J_r’% n |x1|s%, |x3|S"7; (8)

10™ 04 o, 10" _ 0¢
O_3j =O_3j ,Mj +Mj =uj

npu X3=i’%m|x1|ﬁ%,|x2|ﬁ%. (9)

YcrnoBus 3aTyxaHusi HanpsbikeHuid U nepemMelLeHuii Ha «BecKoHEeYHOCTU»
4N MaTpuubl 6yayT criegyowmu:

m m
a,i-o —>0un u}-o — 0 npu 1/x12+x22+x% —> 0. (10)

[ns pac4eTHON CxeMbl, NpeacTaBrieHHOW Ha puUcC. 2, UMEeT MEeCTO Co-
oTHoweHus (7), (8) npu ycnosum |x3| <, KOTOpoe obecneynBaeT NMOCKY0
Aedopmaumio B nnockoctn Oxpx, . YCNOBUS 3aTyxaHWs NPUMYT CReayroLwmnn
BUA:

0™
i

S0 unuld

c J

m 2, .2
—0 npu yxi +x5 —> ©. (11)

BhblLlLensnoxxeHHas nocTaHoBKa 3aa4yn rno onpefeneHnio JOKPpUTUHECKo-
ro COCTOSIHUA COOTBETCTBYET OBLLENPUHATOMY MoAXody npu uccneaosaHum
3a71a4 KOHLIEHTPpaLMM HanpshXeHnin OKOSo OTBEPCTUI U BKITOYEHUIA.

Mocne onpegeneHns OOKPUTUYECKOTO COCTOSIHUA UCCneaoBaHMe 3adaqm
ycTonymsocT Byaem nNpoBoAMTL B pamKax BTOPOro BapuaHTa Teopun ma-
NbIX JOKPUTUHECKUX AedopMauni [2] npu MoaenmpoBaHuM MaTpulbl U BO-
NOKOH FIMHENHO YNPYrMMK M30TPOMNHBLIMMK TeNamu, 4YTO COrnacoBaHo C nocTa-
HOBKOW 3aay4un onpeaeneHnst JOKPUTUYECKOro COCTOAHUA. TakuM obpasom,
MUMEIOT MECTO OCHOBHbIE COOTHOLLIEHMS:

0

5“”7“"@%”“ =0, xeQ, ijapf=13. (12)

B atom cny4yae KOMMOHEHTbl HECMMMETPUYHOIro TeH30pa Hal'lpﬂ)l(eHVIVl
anda 3agadu yCTOIZLII/IBOCTI/I nMverT Bna

tij :wijaﬂ &x—ﬂua. (13)

OTmeTuMm, 4TO BbIpaxeHusa (12) n (13) 3anucaHbl B obliem Buae And
mMaTpuubl 1 HanonHutens. MNpu nccnegosaHuM 3agayn YCTOMYMBOCTU OCHOB-
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Hble cooTHoweHus (12) n (13) cneayeT NpUMEHATbL OTAEMNbHO ANA MaTpULbI,
1 m 1 m 1 m 1 m
3anucaB UX NPUMEHWTENBHO K BENMYMHAM Oy , & , U; , Wjgp Ao s

U, - TaKKe OCHOBHbIe cooTHoLWeHus (12) u (13) cneayeT oTAenbHO npumMe-

HATb Ond BOJIOKHA, 3anucaBlln UX NPpUMEHUTENIbHO K BenndnHam

a a a a
Tij » & »Uj 5 Dyop Aqs M, - Takum 06pasoM, MET MeCTO Creayto-

LLie BblpaXXeHnda Ana MmaTpulbl

1 m 0 m
Djjap = 0ii0aprm +(5iﬁ50.ti +8i60p )i +0qj0.5

0" _ 5,500 P+ " 14
Oig =70ip0pp +0ig (14)
1 Ana BONOKHA

a O a
Ojop =0 apia (51560 + 0100 Jta +6,400" (15)

MonHas copmMynupoBka 3agavn YCTOMYMBOCTU C MPUMEHEHUEM OCHOB-
HbIX cooTHoweHun B Buae (12) n (13) ¢ yuetom (14) ana matpuubl n (15)
AN BOJIOKHA KOHEYHbIX pa3MepoB TakXe BKIOYAET YCNOBUSA HENpepbIBHO-
CTW BEKTOPOB HaMpPsHKEHWUN 1 NepeMeLLLeHn Ha rpaHvuax pasaena, Kotopble
Ans pacyeTHoW cxeMmbl Ha puc.1 npeacTaBuM B crneaytoLwemM Buae:

lm a lm a

tlj :llj' u; =uj

npu xlzi%m|x2|$’%, |x3|$"7; (16)

lm a lm a
lzj =12j, uj =u;

npu x, =J_r’% n |x1|s%, |x3|$"7; (17)

lm a lm a
t3j =t3j, uj =u;

npu x3=i’% I/1|x1|£%,|x2|£7%. (18)

Ycnosusi 3aTyXaHuna BO3MYLLUEHUA nepemeu.l,eHwZ «Ha B6eckoHe4YHOCTU»
ana matpulbl UMET BN

u}-m—>0, npu 1/x12+x22+x%—>00. (19)
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[na pacyeTHOM CXeMbl, NPEACTaBNEHHON Ha pUC. 2, UMEIOT MeCTO Co-
oTHoweHus (16), (17) npu ycnosum |x3|sOo. Ycnosusa 3atyxaHus npumyT
cneayoLwmin Bua;:

—>0un u}-om—m, npu x12+x§ — 0. (20)

10™
Oij
CdbopmynupoBaHHas 3agaya yctonumsoctu B Buge (12) — (20) skntoya-
eT ypaBHeHus (12), KoadMULMUEHTbI KOTOPLIX 3aBUCAT OT NEPEMEeHHbIX X, ,
nockonbky B cuny obosHaveHun (14) n (15) B 3T KoadULMEHTbI BXOAAT

m a
BENUYUHbI o-l.l;; n o-l% , KOTOpble onpefensalTcs B pesyrnbraTe peLleHus
COOTBETCTBYIOLLEN 3a4a4YN O KOHLEHTpaLMWU HanpshkeHWin LOKPUTUYECKOro
COCTOSAHUS.
PaccmaTtpuBas pacuyeTHylo 06nacTb C HayarbHbIMK  HaMpsKEHVSIMU

iafj)- N NOBEPXHOCTHOW Harpyskon AP, rge A — MOHOTOHHO BO3pacTaroLun

Ko3adbhULMEHT NpONopLMOHanbHOCTH, 3agady yctonumsoctu (12 — 20) ceo-
anm Kk 0606LLeHHON 3agadve Ha coBCTBEHHblE 3Ha4veHusi. Kputmnyeckoe 3Ha-
YeHve napameTpa A ABnAETCA COOCTBEHHbLIM 3Ha4YeHUEM 3adauyn, a popma

notepyu YCTOMYUBOCTU 1, — COOTBETCTBYHOLLEN COBCTBEHHOW (PYHKLMEN.
Mpun 3aTOM KpUTMUYECKast Harpy3ka onpeaenseTcs U3 BblpaXKeHusi

Pip =MN|2|P, 21)

rae min|A| — MuHMManbHoe Mo Moaymio COGCTBEHHOE YMCMO 3adauy Ha

COOCTBEHHbIE 3HAYEHUsi; P — WHTEHCUBHOCTb BHELUHEW Harpysku, npumo-
YKEHHOW Ha BECKOHEYHOCTU K KOMMO3UTHOMY MaTtepuarny.

Mpu vccrnepoBaHWM NOTEPU YCTOMYMBOCTU BOSOKHA KPUTUYECKYK [Ae-
dopmaumo byaem onpenensts COOTHOLLEHNEM

&1 =P (1-)/(26), (22)

roe G, v —Moaynb cagura 1 koadduumeHT lNyaccoHa BOMOKHA.

MNMocTaHoBKa pasHocTHOW 3apmauun. 3agauu (2) — (11), (12) — (22) pe-
LaemM MeToOOM CETOK C MCNoNb3oBaHMEM KoHUenuuu 6asoBor cxembl [5].
Mpwn TakoM NoaxoAe pasHOCTHYK CXeMy ANs pacyeTHow obrnacTtu cTpouMm B
Ka>xgoM CETOYHOM Yy3re Kak onpeaernieHHylo CyMMy 3HavyeHuin 6a3oBon cxe-
Mbl, MPeAcTaBnsaoLen cobon pasHOCTHYIO CxeMy, NOMyYEeHHYI0 BapuaLuoH-
HO-Pa3HOCTHbIM CrOoco60M Ha LabrnoHe S4Yenkn Pa3HOCTHOW CETKM.

Mpu “cnonb3oBaHMM YUCTIEHHOro noaxoda 3agadva Ans ucxodHon bec-
KOHeYHOW MoAeny KOMNO3UTHOro MaTepuana CBOAUTCA K 3adade Ans orpa-
HUYeHHOW pacyeTHon obnacTu. Pa3mep aton obnactu onpegensiem B pe-
3ynbTaTe BbIYUCIUTENBHOMO 3KCMEepUMEHTa, UCXOAA U3 YCMOoBMS, YTO pac-
YeTHble NapameTpbl NPUHUMAIOT YCTaHOBMBLLEECH 3HAYeHWEe OTHOCUTENBbHO
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yBESIMYEHNsI pasMepoB pacyeTHoO 06nacTi B HanpasneHun oceit Ox;. Takumm
pacyeTHbIMKX NapameTpaMu ABMATCA pasmep 06rnacTu HeOAHOPOAHOrO OOK-
PUTUYECKOTrO COCTOSIHUSI B OKPECTHOCTM BOJIOKHA U KPUTUYECKUE HarpysKku.

Ha puc. 2 ona cnyyaa nrnockon 3agayv npeAcTaBrieHa pacyeTHasi 06-
nactb, B KOTOPOW BBeJeHa HepaBHOMEpHasi pa3HOCTHas ceTka. B cnydvae
NPOCTPaHCTBEHHOW 3aJayu npoueaypa AUCKpeTUsaLmm pacyeTHon obnacTtu
OCYLLECTBINSIETCA aHanorMyHo. Ha npsiMoyronbHOW HepaBHOMEpPHOW pas-
HOCTHOW CeTKe @ = w+y , KOTopasi annpokcuMupyeT obnacte Q, 3agayam

(2) - (11), (12) — (20) cTaBnM B COOTBETCTBME PA3HOCTHbIE 3aA4a4M Buaa:
A4y =@, xem; (23)
4;y=2B;y, xea; (24)

Eex . Ay: tex ;
1

{Zal &)y, xea-y, 3a &)y, xea-y,

Ey), xe Y Ey,, xey,
2.0(8)y xev-y,

By={x ; D, =Y ¢,(8), xem-y, ;

Ey, xey, fex

> 0 0 cJ

O i +0O l by 4 ) ¥;

al-(é)y S b; (g)y -} O jkVig (Gfky & ) ;
e ng;
¢;(&)=-2H—;
Neg.

J
0 = Ayepes 012 =2Gen; gy 2035(“1',5_,- tupg);

(25)

B (23) — (25) nepemeHHble 0603HaYaeM Tak Xe, Kak COOTBETCTBYIOLLME
KOHTUHYyarnbHbl€ NepeMeHHble, YTO, MO-BUAWMOMY, HE AOSMKHO MPUBECTU K
HenopasyMeHusiM; )°, y — pasHOCTHbIE aHarorn nepemeLLenuin Ans JoKpK-
TUYECKOr0 COCTOSIHWMSA M BO3MYLLEHMS NepemMeLLeHuin Npu notepe ycTonyu-
BOCTW; 0jj, £; — PA3HOCTHbIE aHAMOrV KOMMOHEHT HanpsbkeHuii, Aecopma-

unit; a;, b; — KOMMOHeHTLl 6a3oBbIX onepaTtopos a, b; H — nnowagb
AYENKU; h; — Lar f4Yerkn B HanpasneHun x;; Z,¢; — Pa3HOCTHas Npoms-

BOZHas CETOYHOW (PYHKLMM z(:;‘) B HanpaBneHun x;, npasas —npu &; <0;
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é= (51,52) &, =+i — napameTp y3na sYeiiky; 3HaK . — CyMMUpOBaHue

Sex
KOMMOHEHT 6a30BOM CxeMbl N0 TeM NapaMeTpaMm &, KOTopble COBMagatoT C
CETOYHbIM y3noM x ; &_; = —&;; E — ToXOeCcTBeHHbIN onepaTtop; Yy, = Yda-
CTOK rpaHuubl y , Ha KOTOPOM m -ad KOMMOHEHTa pPa3HOCTHOro aHarnora

rPaHNYHOro YCIoBMS 3ajaHa B CMELLEHMUSIX.

[na pelleHns OUCKPETHbIX 3a4ad NpMMeHeHbl 3OdEKTUBHLIE YMCEH-
Hble MeToabl [9] B COOTBETCTBMN C METOAMKOWN, NpefcTaBreHHon B paboTe
[5]. B paccmaTpvBaemom criydae anrebpavdeckas 3agada onpegeneHus
HayanbHOro COCTOSIHMS pellanacb NpsiMbiM MeTof4oM XOmeLukoro, a rnocne
CryLLEeHNA Pa3HOCTHOW CETKM MPUMEHANCHA WUTepaLMOHHbIN MeToh conps-
XEHHbIX rpagneHToB. PelleHve 3agayuun onpeneneHunsl JOKPUTUYMECKOro Co-
CTOSIHUSA MOCIEe UHTEPNONSUMM NPUHUMANOCh B Ka4eCcTBE HayarbHOro npu-
GnvkeHuss Onsa pelleHus AUCKPETHOW 3afavn YCTOMYMBOCTW Ha COGCTBEH-
Hbl€ 3Ha4YeHUs1 METOAOM UTEPUPOBaHUSI NOANPOCTPaHCTBA.

YucneHHble pe3ynbTaThbl. Pac4yeTbl ObInKn BbINONHEHBLI Anst cneayrowmnx
3HAYEHUN MEXaHUYECKUX U reoMeTpu4eCknx Xapaktepuctuk KOMMOHEHTOB

komnosuTa: E aE,;,l =30,50,100 — otHoweHne moaynen KOHra HanonHUTensa v
matpuupl; v, =v,, =0,4 — koaduumeHTsl [yaccoHa BOMoKHa 1 maTpuLbl;
reomMeTpuyeckMe napameTpbl  BOMIOKHA  MSMEHANWCb B WHTepBane
10<im™ <100.

I'IonyquHble pe3ynbTatbl pacyeToB npeactaBsneHbl B BMUOoe 3aBUCUMO-
CTEN BEJIUYUHBI KpI/lTI/I‘-IeCKOI7I ,D,e(bOpMaLI,VIVI OT MeXaHU4eCknx n reomeTpu-
YeCKMX napameTpoB KOMMO3UTHONo Martepuana. BenuunHa KpI/ITI/NeCKOIZ

a
Aedopmaumm gl'(f (x) paccmaTpuBanacb B cpefHen Touke apMuUpyloLLero
BOMOKHa, T.e. npu x =0 .
a
Kp
n

Ha puc. 3 npeacraenieHa 3aBUCUMOCTb BeJTMYUHbI OT NapameTpa

-1

Im™ [Ans pasHblX 3HAYEHWN EaE,;,1 (ykasaHbl BO3Me COOTBETCTBYHLLUMX

KpuBbIX). LUTpMXMNYHKTUPHBIE NWHWM COOTBETCTBYIOT NIIOCKOW 3ajadye,
CMNIOLHbIE — MPOCTPAHCTBEHHOA.

-1
Kak BugHo u3 puic. 3, ¢ yBenuieHnem napametpa E E,; BenuunHa Kpu-

xp%

TU4eckomn p,e(bopmau,ww YMeHbLUaeTCcA. BenuumHa e Aana npocTpaHCT-

BEHHOW 3a4a4n MeHbLLEe COOTBeTCTBy}OLLI,eIZ BESIMYUHBI A5 MAOCKOM 3aaa4n.
Pasnuune MeXxay 3Ha4eHUAMN KpUTU4ECKUX p,ecbopmau,wh BOJIOKHa AOJ1A 3Ha4e-

HUI EaE,;,1 =30,50,100, nony4YeHHbIX NPU peLleHnn NITIOCKON U MPOCTPAaHCT-
BEHHOM 3afja4n YCTONYMBOCTH, COCTABMUIIO COOTBETCTBEHHO 8%, 7,5%, 5%.
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ANA pasHbiX 3HaveHuit £ E'

BbiBOoAbI. ﬂ,J‘IFI nccneaooBaHHOro uHTepBara WU3MeHeHuAa reomMeTpude-
CKUX N MEXaHU4YeCKMX XapakKTepUCTUK KOMMNO3UTHOro Martepuarna pesyibTta-
Thbl I'IpOCTpaHCTBeHHOIZ 3agayn yCTOI7I‘-II/IBOCTI/I M30iMpoBaHHOIo BOJIOKHa B
©eckoHeYHom MmaTtpuue npm npoaosyisHOM CXaTun MOXHO I'IpI/IGJ'II/I)KeHHO 3a-
MEHUTb pe3ynbTaTaMin NnocKon 3agayn yCTOVI‘-IVIBOCTVI, nony4yeHHbIMUN C
3ajaHHOWN TOYHOCTbIO B pamMKax «Moaesim BOJIOKOH KOHEYHbIX pa3MepoB».
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CTIAKICTb KOMNO3UTHOIO MATEPIANY
CINIABKOAPMOBAHOI'O KOPOTKMMU BOJNTOKHAMU

Po3rnsHyTOo nnocky Ta nNpocTOpoBY 3ajayvi CTIMKOCTI KOPOTKOrO BOJIOKHA
KBaApaTHOro nornepeyHoro nepepisy y HeckiHY4eHHi mMaTpuui Npu NOB3AOBXHbLOMY
CTUCKaHHi. [Ins po3B’A3aHHA 3adayvi 3aCTOCOBAHO CTaTUYHUM MeTo4 TPUBUMIPHOI
niHeapu3oBaHoi Teopii CTIMKOCTi B paMKax Mozerli KyCKOBO-OAHOPIAHOrO cepefoBuLLa.
NMpoBeaeHO NOPIBHANLHMIA aHani3 KpUTUYHMX AedopMaLin BONOKHa MpMU Pi3HUX
3HAYEHHAX MeXaHiYHUX i reoMeTPMYHMX XapaKTEPUCTMK BOJIOKHA ANA MIIOCKOI Ta
NpPOCTOpPOBOI 3aAavi.

Knro4oei cnoea: Kyckogo-oOHOpiOHa MoOesnb, mpusuMIpHa fliHeapu3ogaHa meopisi
cmitikocmi, Yucrosi Memoou.

V. A. Dekret, Dr. Sci. (Phys.-Math.),
V. S. Zelenskii, PhD (Phys.-Math.), V. M. Bystrov, PhD (Phys.-Math.)

STABILITY OF THE COMPOSITE MATERIAL WEAKLY
REINFORCED BY SHORT FIBRES

Paper examines the plane and spatial problem of short fibers stability of square
cross-section in the infinite matrix under longitudinal compression. To solve this
problem it was applied a static method of three-dimensional linearized theory of
stability within the model of piecewise-homogeneous medium. The comparative
analysis of the critical fiber deformation for different values of its mechanical and
geometrical characteristics of the component material for plane and spatial problem
was carried out.

Keywords: piecewise-homogeneous model, the three-dimensional linearized stability
theory, numerical methods.

The most rigorous and physically correct results under the theory of sta-
bility of laminated and fibrous composite materials under compression are
received, involving the basic equations of three-dimensional linearized theo-
ry of stability of deformable bodies (for example, the monograph [2]) and the
model of piecewise-homogeneous medium. This approach was first proposed in
[1]. Currently, research on three-dimensional linearized theory of stability of
laminated and fiber composite materials in the framework of the approach [1,
2] can be based on the model infinitely long fibers (infinite fibers) and models
of finite size fibers (short fibers). The comparative analysis of the results,
which were obtained with the assistance of the above two models presented
in [3, 4]. The assumption is used in these studies the admission that the loss
of stability study of the internal structure (internal instability) unidirectional
composite fiber composite can be simulated plane problem for a layered
composite. The validity of this assumption can be justified by the compara-
tive analysis of the results of plane and spatial problems of sustainability.

In the present work according to the approach [1, 2] the plane and spatial
stability problem of the isolated fiber in an infinite matrix under compression
was solved. To study the stability problem applied the second variant of
theory of small subcritical deformations [2], where subcritical state is deter-
mined by the geometrically linear theory. Such approach is considered to be
comprehensible for the relatively hard composite material which mainly col-
lapse at rather small deformations. Filler (reinforcing element) and a binder
(matrix) is simulated by linear-elastic isotropic bodies.
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The difficulty of obtaining analytical solutions for this class of problems
involves the use of modern numerical methods. In this paper, for the numeri-
cal solution of these problems using the method of grids based on modified
variational-difference approach [5]. This approach to solving the problem of
determining the stability of layered composites and fiber structure with non-
uniform subcritical state developed in [6 — 8].

The study subcritical state is performed in the framework of classical lin-
ear elasticity of isotropic body for which equilibrium equations and correla-
tions of elasticity written in the following form:

J o .
—lO'lj =O, XEQ, (1)
oud ouj —
0 0 0 ..
Gl] 251']'181“1 +2y81-j, 281(]) Zall'i'gj., 1,j,n 21,3. (2)
1

J

In the case of a plane problem indexes in (1), (2) and expressions given
below, change from 1 to 2.

Determining the subcritical state study of the stability problem is carried
out in the framework of the second variant of theory of small subcritical de-
formations [2] in the simulation of the matrix and fibers as linearly elastic
isotropic bodies. Thus, we have the basic relation in the form

%{wyaﬂ&iﬂuajzo, xeQ, i,j,a,ﬂzl,_3. (3)

Consideration is being given to the computational domain with initial

stresses iafj)- and surface load AP, where A — monotonically increasing

the proportionality factor, the problem of stability (3) is reduced to a general-
ized eigenvalue problem. The critical value of the parameter A is an eigen-
value problem and buckling u, — corresponding eigenfunction. The critical
load is determined from the expression

Pip =Min|A|P, (4)

where rnln|ﬂ.| — the minimum module eigenvalue of the problem on own

values, P — the intensity of the external loads applied at infinity to the compo-
site material. In the study of fiber buckling critical strain will determine by ratio

&1 =P (1-v)/(2G), ®)

where G, v —shear module and Poisson's ratio of fiber.

The problems (1) — (5) we solve by method of grids with use of the con-
cept of the basic scheme [5]. At such approach we build the differential
scheme for settlement area in each net knot as a certain sum of values of
the basic scheme representing the differential scheme received in the varia-
tional-difference approach on a template of a cell of a differential grid.
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Calculations have been executed for the following values of mechanical
and geometrical characteristics of components of a composite material:

EaE,;,1 =30,50,100 — the ratio of Young's modulus of fiber and a matrix;
v, =v,, =0,4 — Poisson's coefficients of fiber and a matrix; geometrical

parameters of fiber changed in an interval 10 < Im™' <100 .

The received results of calculations are presented in the form of depend-
ences of size of critical strain on mechanical and geometrical parameters of

a
a composite. The size of critical strain &7 (x) was considered in an aver-

age point of the reinforcing fiberi.e. at x=0.
Kpa
il

The analysis of results of calculation is shown that value of for a

spatial problem is less than corresponding value for a plane problem. Dis-
tinction between results for a plane and spatial problem for values has made
respectively 8%, 7,5%, 5%.

For the investigated interval of variation of geometrical and mechanical
characteristics of composite material the results of a spatial problem of sta-
bility of the isolated fiber in an infinite matrix at longitudinal compression can
be replaced approximately with results of a plane problem of the stability,
received with the set accuracy within the limits of «<model of short fibers».
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