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AVNHAMIKA NPYXXHOIo NiBNPOCTOPY 3 LUMNIHOPUYHOIO
NMOPOXXHUHOIO, NIAKPIMJIIEHOK OBOJIOHKOIO,
NMPU NOBEPXHEBUX HABAHT AXKEHHAX

PosrnspaeTbcs TPUBUMIPHMIA NPYXHUIA iHEPUiMHMIA NiBNPOCTIP 3 LMNIHAPUYHOIO
MOPOXHUHOKO, NiQKPINSIEHO 0GONOHKO, MPMYOMY BiCb OGONOHKM NapanesfibHa Ao
noBepxHi niBnpocTopy. BuBYaeTbcAa BMNagok, KONU A0 NIOWMHU, WO o6MeXye niB-
NpPOCTip, NPUKNAQaceTLCA iMNyNbCHe HOPMaNibHe HaBaHTaXEHHSA, fike 3aneXxuTb Bif
yacy sik oauHu4Ha yHkUina XeBicanga. 3agaya po3B’sizaHa YMcenbHo, B 6e3po3mip-
HUX BeNMYMHax, 3a AOMNOMOrold MeToda CKiHYeHHUX enemeHTiB. JudepeHuianbHe
MaTpuyHe piBHAHHA po3B’AsaHe 0 -metogom BinbcoHa. BctaHoBneHo 36ikHiCTH
nepeMiweHb Ta HanpyxXeHb 4O BiAMNOBIAHONo CTaTUYHOrO PO3B’A3KY, WO MPOINIOCT-
poBaHo rpadiyHo. poBegeHO aHania BNAMBY FMUOUHM 3ansiraHHss OGONIOHKM Bif
noBepxHi NiBNPOCTOPY Ha AUHaMIYHUIA HanpyxeHo-AedOPMOBaHUIA CTaH PO3rMAHY-
TOi cucTeMm.

Knroyosi cnoea: yuniHdpudHa oboroHKa, npyxHuUl nigrnpocmip, Mo8epxHsi rienpoc-
mopy, OUHaMi4He HaBaHMaXKeHHs!, Memo0 CKIHYeHHUX efleMeHmis.

BcTtyn. Ha cborogHi Baxnvee 3Ha4YeHHs ANst NPakTUKWM MarTb AUHAMIYHI
3apavi aona obonoHOK HernMboKoro 3andraHHs Yy MNpPYXHOMY iHepuUiHOMY
nisnpocTopi. MoaibHMm 3agavam Ana pyxoMux HaBaHTaXeHb, siki Npuknage-
He [0 BHYTPILWHbOI NoBepxHi 060MoHkM npuceadeHa pobota [1]. B [8] poar-
nsHyTa noAibHa 3agaya B HECTaLOHapPHIN NOCTaHOBLL.

TakoX Baknumee 3Ha4YEeHHS MaloTb 3agadi, Konv guHaMivyHe HaBaHTaXeH-
HA NpuKnageHe He A0 BHYTPILLHBbOI NoBepxHi 0O0MOHKKM, a 4O NOBEPXHi NiBn-
pocTtopy. B [5] po3rnaHyTa nogibHa 3agada y cTauioHapHin noctaHoBui, ane
npuv YMOBI, LLIO NOPOXXHUHA He NigkpinneHa 060MoHKOL.

[aHa poboTa npuceBaYeHa AvHaMIYHUM 3ag4advam Ans NPY>XHOro nienpoc-
TOPY, AKUA Mae LUUNIHOPWYHY NOPOXHUHY NigKpinneHy ob60noHKOoW, Ska Mae
HeBenuky rMubunHy 3andraHHs Bif HaBaHTaXXeHOI MOBEpPXHi NiBnpocTopy Yy
HecTaLioHapHiN NocTaHoBLI. TakoX AOCMIAXYETbCA NUTAHHS BNNUBY rnubu-
HW 3ansiraHHA Ha OUHaMIYHWA HanpyXeHo-A4edOpMOBaHUN CTaH CUCTEMU
obonoHka-niBNpocTip.

MoctaHoBKa 3apavi. Po3rnagaeTbca AnHamika Npy>HOro niBnpocTopy 3

LUUNIHAPWUYHOK MOPOXHUHOK, MiAKPINMEHO MPY>KHOK TOHKOK OGOMOHKOL,
npuv4oMy BiCb OGONOHKM NaparnenbHa rpaHuli NiBNpocTopy, nia Aicto HaBaH-
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TaXeHb, WO AiloTb Ha MOBEPXHIO MIBMNPOCTOPY Ta 3anexaTb Big 4acy, sk
oauHMYHa yHKLiA Xeicaraa. Hexal obonoHka Ta NiBNpoOCTip BiaHeECeHi Ao

HEpPYXOMOi AeKapToBOI CUCTEMW KoopAauHaT {x, y,z}. BHyTpilIHA noBepxHA
0BONOHKN 3a4aETLCA PIBHAHHAM x>+ y2 =b?, a MOBEPXHA KOHTAKTYy MiX

NiBNPOCTOPOM Ta 0BONOHKOK — x>+ y2 =a® (h=a-b — TOBLMHA OBOMOH-
kn). KoHTakT Mk 060MOHKOI Ta NIBNPOCTOPOM BBaXXaemo XOPCTKUM. [no-
WKMHa, Wo obmexye NiBNPOCTip 3a4aeTbCA PIBHAHHAM y=l(l>a). B mo-

MeHT Yacy ¢ <0 060ofioHKa Ta NPOCTIP 3HAaXOASATLCS B CTaHi CMOKOK Ta Bifb-
Hi Big HanpyxeHb. [1oTiM B MOMEHT Yacy ¢ =0 npuknagaeTbca iMnyrbCUBHE
HaBaHTaXXeHHs1, ke Ajie No Hopmani 40 NOBEPXHi NiBNPOCTOpY.

Cnig 3a3HauuTy, WO B AaHin pobOoTi NPUAMAETLCS, WO HaBaHTaXKEHHS,
sKe [ie Ha MOBEPXHI0 MIBNPOCTOPY PiBHOMIPHO po3nogineHe 3a Biccio Oz,
TOOTO He 3anexuTb Big 3MiHHOI z , TOMY MoYaTKOBa 3agaya 3BOOMTbCS [0
Nnockoi 3agadi Teopii NPYXHOCTI.

Ockinbkn anst 0BOMoHKM i NIBNPOCTOPY BMKOPUCTOBYHOTHCS TOYHI PIBHAHHS,

. . . , - (k k k
TOAi NOTPIBHO 3HANTM TaKi BEKTOP-PYHKLL il )(x, :t) =(u§c )(x, y,t),u(y )(x, y,t)) ,
L0 330BOMbHATE AMHAMIYHOMY PIBHAHHIO TEOpIii NPY>XHOCTI, ke Yy BEKTO-
pHi chopMmi mae Burnag, [6]

2=(k)

(7\, it ZMk)grad div(;(k)j —Hg rotrot(;(k)j =pi

e A, — napametpu Jlame; p ;. — WINbHICTb (TYT 3HaYeHHs iHaekcy k =1

BianoBigae 060noHLUi, @ £ =2 — NiBNPOCTOPY, LU0 OTOYYE O6ONOHKY).
Togai rpaHWYHi yMOBU MatoTb BUrNsAA:

1 1 1
o ()=o) () <o) (x| =0
chlx) (x’y’t) :Ggé) (x’y’t) =Gg/ly) (x’y’t) :Gg{y) (xnyat) 5
@2 @2 02 (O]
Ggé/) (xay,l) :ngj) (x,y,t) 5 (2)
) [O))
u)(cl)(xayﬂt) :u)(CZ) (x,y,f) ,ugjl) (x,y,t) :u_g;z) (x,y,t) ;
2 (O] [oFp) ®9
G(yzy)(x’la’):‘f(xaf)acg) (xnl,t)=cg) (x,1,¢)=0.
TyT ®; — BHYTPILIHA MOBEPXHA OBOMOHKW, M, — rPaHULA KOHTaKTy Mix

06OMOHKOIO Ta MIBMPOCTOPOM; f (X, y,f) — HaBaHTaXEHHs!, sike i€ No Hop-

Mani 4o NoBepXHi NiBNPOCTOpPY.
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Mpun uboMy HeobXigHi AN 3a40BONIEHHS TPAHUYHUM YMOBaM HanpyXeH-
HS BUPaXaloTbCs Yepes nepeMilleHHs 3rigHo (opmMyI:

k k
G(k)zsz(l‘Vk)a”)(c)Jr 2G v a”(y).
xx 1-2v; ox 1-2vi 0y~

(k) _2Gi (1-vg) a“gk) L 26kvi out)

o)/ = ; 3
e 1-2v; oy 1-2v, O0x )

k k
) _ a”_)(f) au_(y)
ny k +
oy ox

ne v, — KkoediuieHTn MNyaccoHa; G, — moayni 3cysy marepiarny.
[MoyaTkoBI YMOBM NPUAMAKOTLCA HYNLOBUMU, TOBTO BCi LUYKaHi BENUYUHN
Ta iX nepLi NoXiAHi 3a 3MiHHO Yacy npu ¢ =0 AOPIBHIOKTL HYMIO.
Mepenpgemo Tenep 0o 6e3po3MipHUX BENUYMH:

k) k —(k) —(k) —(k 1 k)
1) (B 2o )
(4)
. JG
{x*,y*}=l{x,y};r=3t;l<=ﬁ;v=ﬂ;p Sy dlzl—K;cs:—z,L:—
a a a G P2 P2

Topi cniseigHOWEHHS (3) NPUAMYTL BUMNSA:

(1) (1)
0 _2v(-v) Y% 2yv, Y,
T 1=2vp Oxs 1-2v; Opx

—(z)_z(l—vZ)anf)+ 2, U,

° ;
X 1-2vy  Ox«  1-2v, Oy«

(1) (1)
—(1) _ 2'}’(1 _Vl) aU)’* 4 2'}’\’1 aUx* . (5)
Yyx 1—2\/1 ay* 1—2V1 0 X« ’

) )
5@ :2(1‘V2)8Uy* L2V Vs
Yyx 1—2\/2 ay* 1—2V2 0 X+ ’

_ o) vV _ ou® oy
G(]) _ X P (2)_ X P

=Yl ——"—"+—"|,0 =l —+t—-|.
Ty 0 Vx 0 X Ty 0 V= 0 Xk

Mpw LBOMY FpaHUYHI yMOBH (2) NepenulyTbCs Tak:
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— 1 —
GEC*)X* (x5,3%,7) =0
o]

(1)

VxYx

—(1
= GEC*)y* (X*,y*,l) = 0,
] ]

(e, y5,7)

EEC?X* ()C*,y*,‘t) ZES))C* ()C*,y*,‘t)
w2

b
2

—(1)

(¢ ()C*,y*,‘f) =0 *()C*,y*,‘t)

>

e o 7 0
—(1 —(2
csg*)y* (x*,y*,r)mz = Gi*)y* ()c*,y*,t)w2 : 6)
U)(;)(x*,y*ﬂ) =U)(:)(x*,y*,t) ;

(0)) )

U(l)(X*,y*,T) =U(2) (X*,y*,‘f) 5

Y ™ Y ©s
002) (e Lt) =~ F (56,7).00, (¥e, 1) =5, (s L) = 0.

TyT @, — 6e3po3mipHa BHYTPILLHA NOBEPXHA 0BONOHKM (xf +y3 = dlz) 0,y —
6e3po3MipHa rpaHuMLa KOHTaKTy MK ODONOHKOK Ta MiBNPOCTOPOM
(xg +y>g = 1).

BapiauinHa noctaHoBKa 3agavi. [epergemo Tenep 4o BapiauiiHoi no-

craHosku 3anaui. Hexait 5UW) =(8U)(:),8Ug: )) — nopaTKoBi MoXnuBi Gea-

o - - 5B (540 5. 5.0
pO3MipHi nepemilleHHsa Todok Tina Q. Togi deV'/ = SSX*X*,SSy*y*.SSX*y*

MOXnmBi 6e3po3MipHi gedopmallii, ki BignosigaroTb MOXAMBUM MNEPEMILLEHHAM

SUF = (SU)(:),SUS:)) , Ta 3a4al0TbCs HACTYNHUMM CNiBBIAHOLLEHHAMM:

= = +
Tax 0 Xk ’ e e 0 V= ’ Ty 0 YV 0 Xk

) _G@Ugw_sgw _8$U$U.84m _ofeut?) 6@U$U,

Hexan Tino 3Haxogutbcsa y piBHOBa3i nig Aieto noBepxHeBux cun F Ta
BHYTPILLHIX cun R . [pn4oMy NOBEpXHEBI CUNK Ail0Tb Ha NOBEPXHI @ (B Aa-

HOMY BMMagaKy mzmlu{(x*,y*)eR2|y* =L}), wo obmexye Tino Q, a

BHYTPILLHI BcepeanHi obnacti Q. Po3rnaHeMo Tenep BapiauiiHe PiBHAHHSA
Jlarparxa [7]:
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57 Zo, 7)

—(k) —(k . . .
ae V( ) = U( )+17(k) — noBHa 6e3po3MipHa noTeHuianbHa eHepris 060oH-
K Ta niBnNpocTopy, Wo oTodye o6ornoHky. NepetBopumo Bupas (7) HacTyn-
HUM YNHOM:

S _ 8(50«) . H(k>) _s0™) 510,
ne

U™ = [[(GumBerur, +03ereB8yp, +0reEry )R ()
Q

617(")=—jj(6U("))Tde—jj(aU("))TRdQ*. ©)
[ Q

Bupas (8) € Bapiauieto 6e3po3mipHoi eHeprii aecdopmadii, a (9) — Bapia-
uin 6e3po3mipHoi poboTn 30BHIWHIX cun. Togdi, 3rigHO OO0 BapiauiiHoro
npuHumny Jlarpawxka [7] noTpibHO 3HaWMTKM Taki 3HaYeHHS nepemiweHb

k . - . .
SU( ), ONns 9KMX NOBHA eHepris cucTemMu MiHiManbHa, TO6TO Taki nepemi-
LLIEHHS, SIKi 3a40BOSNbHAIOTL BapiauinHOMy piBHsIHHIO JlarpaHxa (7).

Po3B’si3aHHA 3apadi MeToAOM CKiHYEeHHUX enemeHTiB. [na po3s’s-
3aHHS MocTaBneHol 3aJadvi MeToaoM ckiHieHHuX enementis (MCE) nposo-
OMMO anckpeTm3auito obnacTi, B sKii po3TalloBaHe TiNo, LWIAXoMm po3ouTTa
Ha TPUKYTHUWKK, Npu4oMy 0BOMOHKa Ta NIBNPOCTIP po3bmBalOTLCA OKPEMUMN
TpUKyTHUKamMn. Takox Byaemo npunyckatu, wo Ha eigctadi 10 pagiycis Bia
rpaHuLi KOHTakTy 0BOMOHKM Ta MIBNPOCTOPY NEepPEMILLleHHsI JOPIBHIOTb Hy-
mo. [ani, Ha ocHoBi OTpumaHoi TpuaHrynauii Tina, 6yayemo 6e3po3mipHy
MaTpULIO KOPCTKOCTI, 6E€3po3MipHY MaTpuL0 Mac Ta BEKTOP CTaTUYHUX i
OVHaMIYHMX eKBiBaneHTHNX BY3MOBNX HABaHTaXeHb HA OCHOBI CXEMW, HaBe-
AeHoi B [8]. Ockinbkn MaTpuusa XOPCTKOCTI € CMMETPUYHOI Ta A0AAaTHbO
BM3Ha4eHotw [4], Toai ana pos3s’asaHHs CJIAP, oTpumaHoi And cTaTudHOI
3aJavi, BUKOPUCTOBYEMO METOA CMPSKEHUX rpagieHTiB [2], anroputMm sKoro
HaBeaeHo, 3okpema B [8].

[ns po3s’asky AndepeHLUiNnHOro MaTpuUYHOro PIiBHSIHHS [4], sike BUHUKaE
npy po3B’A3aHHi AMHaMIYHMX 3agadv Teopil MPYXHOCTI, 3aCTOCOBYETbCA O -
meToa BinbcoHa [3]. Llen meToa € iTepauiiHuM mMeToaoM 3a 3MIHHOK Yacy
Ta [J03BONSiE 3BECTU pO3B’'A3yBaHHA  HecTauioHapHoOi 3agadi Ao
pO3B’A3yBaHHA iTepauiiHOi MOCnigOBHOCTI KBasicTaTudHMX 3adad [8]. Ons
po3B’a3yBaHHA CJIAP, ski BUHMKaIOTb B iTepauiiHoOMy npoLueci, 3acTOCOBYe-
MO MeTO[, CNPSKEHWX rpadieHTis [2].
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PesyanaTu Yyuncnosoro aHanisy. PosarnsHemo Bunagok, Komu Yy MO-
MEHT vacy =0 NpuKnagaeTbCcq iMI'IyJ'IbCHe HaBaHTa>XeHHA

F(x,yx,1)=F (x+,y« )H (1), 5ie fjic no Hopmari o NoBepxHi niBNpocTo-

. . 11 .
py Ha AnaHuUl X« €|:—5,5j|, YV =L, Ta 3anexutb Big Yacy AK OAUHM4YHa

dyHkUia Xesicanaa. OCKiNbKM HABaHTAXEHHS Qi€ CUMETPUYHO BiAHOCHO OCI
O yx, TOMY MOXHa 3pobutn po3pis obnacTti 2 no uin oci, Ta BpaxysaTu Len

po3pi3 3a fonomoroto ymosu 3U

=0.
xx=0

Po3paxyHku, 30kpeMa ¢hopmyBaHHA MaTpuLlb XOPCTKOCTI Ta Mac, 6yno
NpoBeAeHO AN Takux 3HaYyeHb 6e3p03MIpHMX BEMNYMH:

k=0,02; y=30; p =4; d; =1-x =0,98.

BennunHu x«, y«,t,L — 3MiHIOBanuchb.

Puc. 1,a intocTpye gedopmaLiio rpaHuLi KOHTaKTy 060MOHKM Ta niBnpoc-
TOpY, NPy rMBKWHI 3ansaraHHa o6onoHkn L =2, npuyomy kpmea 3 — t=0,5,
KpmBa 2 — t=1, kpuBa 1 — t =15, NYHKTUPOM NO3HAYEHO CTaTUYHUIN PO3B’sA-
30K, @ TOMKamu — noyaTKoBe MONOXEHHS rpaHuLi koHTakTy. Ha puc. 1,6 Ha-
BefleHi aHarnoriyHi rpadikv ons rmbuHu 3ansaraHHa 060MoHKN L =6 .

y 1

05

05

6)
Puc. 1 — Oedopmalis rpaHULIi KOHTaKTy 06ONOHKM Ta NiBNPOCTOPY B Pi3Hi MOMEHTH
yacy, AN HaBaHTaXeHHSA, Lo 3aneXuUTb Big Yacy sik ogMHU4Ha cdyHkuUia XeBicanpa:

a) o6onoHka Ha rnubuHi [ =2 ; 6) o60noHka Ha rMubuHi L =6

Ha puc 2,a npointocTpoBaHO nepeMilleHHst NoOBEPXHi NiBNPOCTOpY Y MO-
MEHTU Yacy, aHanorivyHi 4o puc. 1 Ana rmbuHn 3ansaraHHs o6onoHkn L =2 .
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Ha puc. 2,6 HaBegeHO aHanoriyHi pesynbtatu Ansd rmubunHn 3ansraHHa o6o-
JIOHKN L =6.

7 4 § 8 1p 2 4 6 8 10 x
0 0
2 0.2
-0.4
0.4
-064
.06.
-0.87
11 0.8
-1.24 _3 14
=1 o]
Uy Uy

a) 6)
Puc. 2 — MNepemilleHHA NoBepxHi NiBNpocTOopy B Pi3Hi MOMEHTH Yacy,
ONSA HaBaHTaXeHHSA, Lo 3aNeXuUTb Bif Yacy sik ogMHUYHa dyHKuUia XeBicanpa:

a) o6onoHka Ha rnmbuHi L = 2 ; 6) o60n0HKa Ha rnubuHi L = 6

Ha puc. 3 npointocTpoBaHO Hanpy»XeHHs, Lo BUHUKAOTb Ha MPaHuLL KOHTaKTy
MK OBOMOHKOI Ta NIBMPOCTOPOM Y MOMEHTU Yacy, aHaroriyHi puc. 1 y nopis-
HSIHHI 3i CTAaTUYHMM PO3B’A3KOM, NPUYOMY rMMbWHa 3ansaraHHs 060mnoHkn L =2 .

o]
(LN
S

Dj""u.'s' 115
0.1

6)
Puc. 3 — Po3nogin HanpyxeHb 06GONOHKM Ha rpaHLji KOHTaKTy 3 NiBNPOCTOPOM
3a KyTOBOIO KOOPAUHATOIO B Pi3Hi MOMEHTU Yacy, ANl HABaHTaXeHHs, WO 3aNeXuTb

BifA Yacy, ik oaAuHUYHa (pyHKUis XeBicanaa: a) Cx.x« ; 6) Oxuys

Ha puc. 4 npoinoctpoBaHo po3nogin nepemiweHs U " niBNpocTopy no

oci Oy« Bifg rpaHuvLi KOHTakTy 060MOHKM i NIBNPOCTOPY A0 NOBEPXHi NiBNPOC-
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TOPY B MOMEHTU 4acy, sk i Ha puc. 1. 3okpema, Ha puc. 4,a L =4, a Ha
puc. 4,6 - L=6.

1 15 2 25 3 35 4y 1 2 3 4 5 g ¥

a) 6)
Puc. 4 — Po3nopgin nepemilieHb Uy* nienpocTtopy no oci Oy« B pi3Hi MOMeHTH

yacy, AN HaBaHTaXeHHSA, Lo 3aNeXuTb Big Yacy, AK oauHu4YHa ¢yHkuisa XeBicanpa:
a) o6onoHka Ha rnubuHi [ =4 ; 6) o6onoHka Ha rMubuHi L =6

BucHoBku. OTprMaHO po3B’si30K HecTauioOHapHOI 3adadi Ans NpPYXHOro
iHepLuiHOro MiBNPOCTOPY 3 LMMiHOPUYHOK MOPOXHUHOW, sika nigkpinneHa
obonoHkor. [Onsa aHanisy AnHaMIiYHOro HanpyXeHo-4edOpMOBaHOro CTaHy
AaHoi CUCTEMM 3aCTOCOBAHO METO[ CKIHYEHHUX enemMeHTiB. [na HaBaHTaXeH-
HSl, IKe 3anNeXuTb Bi Yacy siK oanHMYHa yHKUia XeBicanga oTpyMaHo 36ix-
HICTb NepeMillleHb Ta HanpyXeHb NIBNPOCTOPY Ha HaBaHTaXXEHI NOBEPXHi A0
BiAMOBIAHOMO CTaTMYHOrO PO3B’A3KY. AHamnoridHa 36DKHICTb nepemileHb i
HanpyXeHb NPOCNIOKOBYETLCS | HA rpaHULi KOHTaKTy 06ONOHKM Ta NiBNpoC-
Topy. [NpoaHani3oBaHO 3aneXHiCTb BEMUYMHUN NEPEMILLEHb BiNbHOI NOBEPXHI
Big rMnbuHun 3anaraHHa 060noHkK. BCTaHOBNEHO, LLO Ha MMUOMWHI 3ansaraHHs
obonoHkn noHag 6 pagiycis BNNMB HanpyxeHo-geopMoBaHOro ctaHy 060-
TNIOHKM Ha MepeMilLleHHs BinbHOI NOBEPXHI € BiQHOCHO He3HayYHUM. OTpuUMaHi
pesynbTaTh MOXYTb BMKOPUCTOBYBATUCH MPU AVHAMIYHOMY PO3paxyHKy ni-
O3eMHUX crnopyf, 30KpeMa TyHeniB MeTpo Ta nig3emHux Tpybonpososis.
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ANHAMMUKA YIPYTOro nosnyrnpoCTPAHCTBA
C UMNUHAPUYECKOMW NONOCTbIO, NOAKPEMNEHHON
OBOJIOYKOMU, NMPU NOBEPXHOCTHbIX HAIPY3KAX

PaccmaTpuBaeTcsi TpexmepHoe ynpyroe MHepuuanbHOe MOJyNPOCTPAHCTBO C
LUITMHOPUYECKOW NOJIOCTbI0, NOoAKPensieHHOW O6GONoYKON, NMPUYEM OCb O6OJOYKM
napannenbHa MNOBEPXHOCTU nonynpocTpaHcTBa. WM3yuyaetca cny4vaw, korga K
NMNOCKOCTH, KOTOopasi oOrpaHM4YMBaeT MNOJIyNPOCTPaHCTBO, MNpuUKNagbiBaeTcs
MMNynbCHasi HoOpMaribHasi Harpy3ka, KoTopasi 3aBUCUT OT BPeMeHU KaK eduHUYHasi
cdyHkumna XeBucaraa. 3agaya pelieHa YACNEHHO, B 6e3pa3MepHbIX BelMunHax, npu
noMoWwM MeToda KOHeYHbIx 3nemMeHToB. [uddepeHunansHoe maTpuyHoe
ypaBHeHue  peLleHo 0 -metogom BunbcoHa. YcTaHOBneHa CXOAWMOCTb
nepemMelleHni U Hanpsi>keHUA K COOTBETCTBEHHOMY CTaTUYECKOMY peLleHUlo, YTo
npounncTpupoBaHo rpacduyeckn. [poBeaeH aHanu3 BIAUAHUA  TNYOUHbI
3anoxeHusi OGOJSIOYKM OT MNOBEPXHOCTU NONYyNpPoOCTPaHCTBA Ha AMHaMUyeckoe
HanpshkeHHo-AedhopMUpPoBaHHOE COCTOSIHME PAaCCMOTPEHHOW CUCTEMBbI.

Knroueenie cnoea: yunuHOpuyeckasi 060I0YKa, ynpy20e MoaynpocmpaHcmeo,
ro8epxHoCmb  Moyrpocmparcmea, OuHaMuyeckasi —Hazgpyska, Memod KOHEeYHbIX
371eMeHmos.
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DYNAMIC OF THE ELASTIC HALF-SPACE WITH CYLINDRICAL
CAVITY, SUPPORTED BY THE SHELL, UNDER SURFACE LOADS

Three-dimensional elastic inertial half-space with a cylindrical cavity, supported
by the shell, at that the shell axis is parallel to the surface of the half-space is con-
sidered. Case of normal load, which depends on time as unit Heaviside function is
applied to a plane which limits the half-space, is studied. The problem is solved nu-
merically in dimensionless quantities, using the finite element method. Differential
matrix equation is solved by Wilson 0 -method. Convergence of displacements and
stresses to the appropriate static solution has been established, which was shown
graphically. Influence of the depth of the shell from the surface of the half-space on
the dynamic stress-strain state of the considered system is analyzed.
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Today very important problem is the definition of the dynamic stress-
strain state of the elastic half-space with a cylindrical cavity, supported by an
elastic shell, located at a shallow depth from the surface of the half-space. In
[5] solved such problem for the moving loads with cavity without shell.

In this paper the dynamic of elastic half-space with cylindrical cavity,
supported by elastic shell, under surface normal loads, is studied. Influence
of the depth of the shell from the surface of the half-space on the dynamic
stress-strain state of the considered system is also studied.

Dynamic of the elastic half-space with cylindrical cavity, supported by the
thin elastic shell is considered. It is assumed, that half-space is limited by the
plane and the shell axis is parallel to this plane. Suppose that the system is

attributed to the Cartesian coordinate system {x, y,z}. Then, inner surface

of the shell is described by equation x? +y2 =p?, x* +y2 =a® — contact

boundary between shell and half-space (7 =a—b — thickness of the shell).
Plane, which is limited the half-space is described by y =1(/>a).

Case, when to the plane, which limits the half-space the impulsive normal
load is applied is studied. The load depends on time as unit Heaviside func-
tion. It is also assumed, that the load evenly distributed on axis Oz, so we
have plane problem of the elastic theory. It is assumed, that contact between
shell and half-space is rigid.

. . . 1
Then we passed to dimensionless coordinate system {x*,y*}z—{x,y},
a

/G

G . . . .
T =f2t — dimensionless time variable, where G, , p, — shear modulus
p2a

and density of the half-space. Other corresponding dimensionless quantities
defined by equations:

.0 =L,

Oxx ,O0yy ,Oxy
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x 7y a x 27y XX 2= Yy 2 Xy
F=L; K=ﬁ; v=ﬂ; p*=&; dy=1-x; L=L,
Gy a ) P2 a

—(k) —(k) —(k
where U)(Ck),Uﬁk) — dimensionless field of displacement, ch),c(yy),cﬂcy) -
dimensionless stresses (k=1 corresponds to shell, k=2 - half-space),
F =F (x«,yx,7) —dimensionless normal load.

Using Lagrange’s variation principle we solved previously described
problem numerically by finite element method (FEM). Scheme of FEM for
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static problem is described in [8]. For dynamic problem we use Wilson 0 -
method [8]. This method reduces differential matrix equation to iterative se-
quence of quasi-static problems. All systems of linear algebraic equations
are solved by numerical method of conjugated gradients [2].

Calculations were carried out for the next values of dimensionless quantities:

k=0,02; y=30; p =4; d; =1-x =0,98.

Results for the different values of dimensionless depth of the shell from
the surface of the half-space were illustrated graphically and coincided.

Convergence of displacements and stresses to the appropriate static so-
lution has been established, which was shown graphically. Influence of the
depth of the shell from the surface of the half-space on the dynamic stress-
strain state of the considered system is analyzed. It was determined that if
the shell was situated on the depth more than five its radiuses, the influence
of the shell on the stress-strain state of half-space was relatively small under
surface loads.
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