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KOJNIEBAHUA HEOFPAHI/I':IEHHOVI
MHOIOCJIOUHOU UAEAIIbHOWU XKWOKOCTMW,
PA3OENEHHOU YNIPYTUMU NNACTUHAMU

PaccmoTpeHa 3agaya o kone6aHMM HeOrpaHM4YeHHOW MHOrOCIIOMHOMW TsKeron
naeanbHOW HeCXUMaeMON XWOKOCTU, TOPU3OHTaNbHO pa3fderieHHOW YNpyrumu
M3O0TPOMHLIMM NNacTMHaMM B NMHEMHOM nocTaHoBke. [ony4yeHo aHanuTU4yeckoe
pelweHne 3agayvM AOnsi NMPOM3BONILHOIO 4Yucrna cnoeB XuakocTu. PaccmoTpeHbl
pasnuyHble NpefenbHble Cly4Yyan BbIPOXAEHUSA NNacTMH B MeM6paHbl, B abconoTHO
XecTKue, UX OTCYTCTBMEe, a Takke Oonbwue rnyb6uHbl xugkocTen. Ons cnyvas
OOVMHAKOBbIX NNAacTUH, NNIOTHOCTEM M T[NyOUH XMAKOCTEN HaWwgeHO npocToe
aHanuTUYeckoe pelleHUe paccmaTpuBaemon 3agayu. Mogpo6HO wuccnenoBaHbI
cry4yauv o4HoO-, ABYX- U TPEXCIIOWHbIX XXUOKOCTEN.

Knroyesble croea: 2udpoyrnpysocmb, Heo2paHUYeHHasi MHO20C/olHasi udearibHasi
HecXumaemasi XXUOKOCMb, HeO02PaHUYEHHbIE TaCMUHbI.

BBeaeHue. B HacTosLLee BpemMs NPOBOAATCA AOCTATOMHO MHTEHCUBHBIE
nccrnegoBaHust NOBEAEHMS NEAsHOro MOKpoBa W NiiaBaloLLEN Ha MOBEPXHO-
CTU XMOKOCTW YMNPYron NnacTuHbl AN MX UCMOMb30BaHUS NpU CO3AaHun
OOMNroCPOYHbIX METEOCTaHLUA, a3pOAPOMOB, KOCMOAPOMOB, UCKYCCTBEHHbIX
OCTPOBOB, NNaBalLWmX NAaTPopM pasnnYHOro HasHadeHma un ap. [3-5, 7-9].

B paHHOM cTaTbe NpodoSPKeHbl UccnenoBaHusd, Hadatele B [1, 2, 6] ans
cny4yas HeorpaHM4eHHOW MHOMOCIIOMHOW TSXENon uaeanbHOW HecXumae-
MOW XWAKOCTW, pasgeneHHon ynpyrumum nnactuHamu. MNMpegnonaraetcs, 4To
nnacTuHbl (MembpaHbl) MOryT HaxoaMTbca Ha CBOHGOAHON NOBEPXHOCTU UMK
BHYTPEHHUX MOBEPXHOCTSAX HEOrPaHWYEeHHONW MHOrOCNONHOM uaeanbHON
XngkocTu. [NonyvyeHHble aHanUTUYecKMe peLleHrsa MoryT BbiTb MCMONb3oBa-
Hbl, HaNnpUmep, B 3aga4ye O NoBEeAEHUUN NEeAOBOro NOKpoBa Un NnasaroLLen
NNacTuHbl B Cry4ae UX CXaTus UM pacTseHusa (OAHOCIOMHAs XMOKOCTb),
NPy OLEHKE BIMSAHMA CTpaTuUdMKaLUnM XUOKOCTM Ha KonebaHus nnacTuHbl
(MHOrocrnowHas XMOKoCTb), @ TakKe BO MHOIMMX TEXHONOrm4eckmx npoLec-
cax, rge HaxoasaT NpUMeHeHVe MHOrOCNONHbIE NNacTUHYaTbIe rMapoynpyrue
KOHCTPYKLWN C BENMMYMHOW CNOEB, 3HAYUTENbHO MEHbLUNX OCHOBHOIO Xapak-
TEepHOro pasmepa.

MocTtaHoBKa 3agaum. PaCCMOTpI/IM MeXaHU4eCKylo CUCtemy, COCTOA-
LYK U3 m HEeCMeLUMBAOWUNXCA TAXKEeNblX KMOKOCTEN C NAOTHOCTSMMU p; W

rnybuHamu h; (i =1,m). Ha cBoB6oAHON NMOBEPXHOCTU BEPXHEN XMOKOCTU
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(i=1) n Ha noBepxHOCTAX pasgena (BHYTPEHHWUX MOBEPXHOCTHAX) MHOMo-
CMOVIHOW uAearnbHON HECKMMAaeMOWN XWUOKOCTU MOTYT HaxoAuTbCa ynpyrue
MeMbBpaHbl UK NNacTUHbLI C pacTarusaloWwnMmn yeunuamm 1; B cpeauHHOn
NoBepxHOCTU (oTcyeT Bydem BecTM cBepxy BHU3). [MnacTuHbl cuuTaroTcs
M3OTPOMHLIMK U obrnagjatT U3rMbHowm xecTkocTbio D;. B panbHenwem npwu
D; =0 nog nnactuHon B6yaem noapasymeBaTb MembpaHy C pactarmsato-
wum yeunuem T; . [ABWKEHNUs XKUOKOCTU U NnacTuHok Byaem paccmaTpusaTth
B cucteme koopauHaT Oxyz , pacrnofniOXXeHHOW Tak, YTo NfockocTb Oxy Ha-
XOOMUTCA Ha NMOCKOW HEBO3MYLLEHHOW CPeAMHHOW MOBEPXHOCTU MepBOu
nnactuHel (i =1), a ocb Oz HanpasneHa NPOTUBOMOSIOXKHO BEKTOPY YCKO-
peHua cunbl Taxkectn g . 3apady bygem paccmatpuBaTb B pamkax NHewn-

HOW Teopuwn, nonaras CoBMeCTHble KonebaHua nNnacTuH K xmuakoctn 6e3oT-
PbIBHbIMU, T.€. 6€3 KaBuUTaLmMK, a ABUKEHWNS XUAKOCTEN — NOTEHLManNbHbIMN.

YpaBHeHusi konebaHuin ynpyrux nnacTUH U MHOrOCMOWHOM uaeanbHOn
XnakocTn umeroT Bug [1, 2, 6]

oW, T
a;zl + DA =Ty Wy = Bi=Fy mpn z==H ;, (i=1m); M

koi

1

AD, =0, (i=1,m) )

C rpaHN4YHbIMK YCITIOBUAMUAL

ow, oD, i=1,m
L0 tpn =i, (=T ©)
a(Difl :& npu Z:—Hi,(izza_m); (4)
Oz 0Oz
D
oD, ~0. 6)
oz z=—Hp

8neck ko = pg; -Soi i Wi(x,3,t), po;» o;— COOTBETCTBEHHO HOPMAIbHbIN
npornd, MMAOTHOCTb U TOMWMHA i - NNAacTUHbL;, A, U A — COOTBETCTBEHHO
[ABYMEPHbIN 1 TpexMepHbIi onepatops! Jlannaca; @; (x, Y, z,t) — noTteHuyman

cKopocTen i -1 xugkoctn (i =1,m); P(x,y,z,t) — rmapognHamuyeckoe aas-
neHve B i -nXuakoct, a Fy(x,y,z,t) — AaBneHne Haa BepxHel NnacTUHOWM;

i—1
H =l (H =0).
k=1
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Kpome ynooBneTBOpeHUs rpaHuWdHbIX —ycrnosusaMu  (3)—(5)  dyHKumm
®; (x,y,2,¢) n W;(x,,t) AOIMKHEI BMECTE CO CBOMMM YaCTHLIMI NPON3BOA-

HbIMW COOTBETCTBEHHO 4O BTOPOro M YETBEPTOro NMOPSAKOB BKIOUYUTENBHO
ybbiBaTb Ha 6ECKOHEYHOCTN.

Hasnenne P(x,z,t) Haxogutca wu3 wuHTerpana Koww —JlarpaHxa
o, R
a_+gz+_:Qi' roe Q; — nNpousBosibHble YHKUMK BpemeHn. N3-3a He-

‘ i
npoHuuaemoctu aHa (5), He orpaHuMymBas O6LLHOCTU, 3TU PYHKLIMN MOXKHO
MOMOXWUTb PaBHbIMU HymMO. B NpoTMBHOM cnyyae 3Tm OyHKUMKM noanexar
onpegeneHuio.

C yyetom mHTerpana Kowwm — JlarpaHxa ypaBHeHue (1) MOXHO 3anucatb
cnegyroLimm obpasom

2

ow
koi ?zl‘FDiAzWi —T;AW; + gApW; =

oD;_ oD, L —
=P Pt M Z=—H, (i=Lm), (6)

rae Ap;=pi—pi (po=0) -

MpumeHasa k (6), (2) n rpaHnyHbIM ycrnosusaMm (3)—(5) ABymepHoe WHTe-
rpansHoe npeobpasoBaHue Pypbe, NoNy4um

W, _
ko; atzl +[12(12Di+7})+gAPi}Wi:
oD, oD, R
= pi1 altl_pia_tl npn z=-H,, (i=Lm); (7)
9=
D, - —
OO 28, =0, (i=Tm); ®)
oz
oW, oD, . —
7:@—; npn z=-H,, (i=1,m); 9)
0Dy -0. (10)
Oz z=—Hpy 1

Bpecb @, (&,m.zt) w W;(Em,t) TpachopmaHTbl  ®ypbe  chyHKLMiA
@, (x,3,2,8) n Wy (x,3,1); A=yE* 417 .
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Mpencrasum dyHkumn @, (&,7,z,¢) B BUAE

®; = 4 (&)™ + B, (Emt)e ™ (i=1m). ()

Moactasms (11) B (8)—(10), nony4ymm cuctemy fnMHEWHbIX YpaBHEHWU OT-
HOCUTETIbHO HEU3BECTHBIX A;,B; 1 W :

(e Mg M) = =1m);
(4 =4y )e 1 = (B, =By )T (i=2,m); (12)

~1H, AH,
A, e —B et ml =0,

m

Paspelunm cuctemy ypaBHeHui (12) oTHocuTenbHO A; U B;:

M

2Ashk;

(%W~ W) B = ( 5= )(1 =L 1 =0), (13)

roe k; = Ah; .

U3 dopmyn (11) n (13) crneayeT, 4YTO 3aTyxaHWe NOBEPXHOCTHbIX BO3MYyLLE-
HWIA C yaaneHnem OT NNacTuH Briybb XWAKOCTU HOCAT 3KCMOHEHLMaNbHbIN
xapakrep.

Moactasums (13)

B (7), monyumm cuctemy AncdepeHumanbHbIX ypaBHe-
HUI OTHOCUTENbHO W,

e T o
W+ oW, _E(biflwifl +b; Wz+1) 0 (G=LmW,, =0), (14)
4
2 (22D +T;)
STV AA
roe CZ)IZ = ikpl C()l-z, a)l.2 = EARD; , b = Pi y a4 =a; +ik01,
14 Koi a; coshx;
4;
a; = pj_ycthi; |+ p; cthk; , k; =Ah; , (15)

wl-z = gAAp; /a; —vacToTa KonebaHuit CBOGOAHOM NoBEPXHOCTN &; (i=1) 1
BHYTPEeHHew nosepxHoct &; (i#1)npn &;_; =¢;,1 =0, T.e. npu 3ameHe i —1
M i+1 BHYTPEHHUX MOBEPXHOCTEN abCoNTHO TBEpAbIMU MOBEPXHOCTAMM.
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Ecnu i -a nnacTuHa BbipoxaaeTcs B MeMbpaHy, To B COOTHOLLEHMSIX (15)
HeobxoauMo nomnoxuts D; =0, a ecnu oHa OTCYTCTBYET, TO Heo6xoANMO
nonoxute D; =0, T; =0, py; =0.

CnefyeT OTMeTUTb, YTO CTPYKTypa cuctembl m AuddepeHumanbHbiX
ypaBHeHui (14) onpegenseTtca TeM, 4To konebaHusa i - NNacTuHbl 3aBUCAT
TONbKO OT konebaHwi i—1 u i+1 nNnacTmH WU coBnagjaeT CoO CTPYKTypow
ypaBHEHWUI AN HeorpaHUYEHHON MHOMOCNOMHOW XXWAKOCTM [2].

Mpu oTcyTcTBMM nnacTvH (MemGpaH) ypaBHeHus (14) coBnagaloT C
ypaBHeHuamu [2].

Mpencrasus I/I_/l B Buae Wio ¢’“", nonyuMm ypaBHeHWEe COBCTBEHHbIX
YacToT KonebaHun TSHKENow HeorpaHMYeHHOW MHOrOCIOMHOW uaearnbHOWn

XnOKoCTu, pasp,eneHHoﬁ ynpyrumun nnactuHamm

ag by 0 -« 0
by a; by - 0
IDi|= [+ o e S =0. (16)
bm72 Am-1 bm—l
0 bmfl ajn

* ~ ~
3pecb g =(a>l-2 —0'2)/02 - .
B cnyvae abconoTHO xecTKon BepxHen nnactuHbl (W) =0) B maTtpuue

Dy, cnenyet BbIYEPKHYTb NEPBYIO CTPOKY U NepBbIn cTonbel, 1 B 3TOM Chy-
Yae ypaBHeHue (16) npumeT Bua

|Dy| =0. (17)

ManMLI,bI Dlm n DZm ABNAKOTCA TpexanaroHarnbHbIMU CUMMETPUYHbIMU

MarpuLamu.
Tak, Hanpumep, ANa ABYXCNOWHOW XMAKOCTU (m = 2 ), pa3geneHHon yn-

pyromn nnacTuMHOW, YacTOTHOE ypaBHeHwue (17) umeeT peLueHne
ol =@ = /’t[gAp+/12 (,1202 +T2)J/d2 :

roe a, = ppcthiy +pycthiy, +Aky,, Ap=Apy =py—py.
Ecnm i -9 nnactuHa ctaHoBMTCA abcomtoTHO xecTkon (W; =0 ), To ypas-
HeHue (16) pacnagaeTcs Ha ABa ypaBHEHUS

Dy =0 w |Dyyy|=0. (18)
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AHarnormyHas cutyauusi BO3HUKAET, €Cnu i -l CIOW KUOKOCTU (i ¢m)

aBnaeTca 6eckoHeuHo Gornblumm (/; =, b; =0 ), To ypasHeHue (16) BHOBb
pacnagaetcsa Ha ABa ypasHeHus (18). MNepBoe ypaBHeHWe onucbiBaeT cob-
CTBEHHbIe KonebaHus i -CIONHON XWUAKOCTU C XKECTKUM i - aHoM (W, =0),
a BTOpOe — m — i -CIIOVHOWN >XMOKOCTU C >XEeCTKOW MIiacTUHOM Ha i +1 BHYTpeH-
Hel nosepxHocTw (W, =0). Takum obpasom, GeckoHe4HO GOMbLUION CroW
i -1 XXWOKOCTU SKBMBANEHTEH XXECTKOMY AHY ANA i -ro Cros W XXeCTKoW nna-
CTMHe Ha i+1 cnos XuokocTu. Tak, Hanpumep, ona m=3 nNpun h =

(b =0) ypaBHeHus (18) umetoT BUA,

i[gp1+12(/12D1+T1)}
* 2 ~2 _
a =0|c" =0 =

p1 +Akoy

anpu hy = (b, =0) -

*

a b

*

b a

/l[g(p3 ~py)+ 27 (2°Ds +T3)}

2_ =2 _
3 Py + p3 cthics + Aky;

-0 n a3=0|c

Mpu A =00 WAM NpU h, | = B YAaCTOTHbIA CMEKTP ypaBHeHW (18)
OyayT BXOAUTb COOTBETCTBEHHO YacTOThbI

ﬂ.|:gp1 +22 (22D, +Tlﬂ
Py + Aoy

o =0 =

ﬂ.[g(pm — Pt )+ A (/lsz +T, )J

Pt + P cthic,, + Ak,

nn o’ = ~,%, =

Ecrnm xe Bce h; = oo, TO HacTOTHOE ypaBHeHUe (16) ByaeT nmeTb peleHre

2 2
L _ﬂ.[gApl-+ﬂ. (2 Dl-+7})}
o =af = :

pi + piy + Ako;

Jlerko 3ameTuTb, YTO OnNpeaenuTens ypaBHeHus (16) |D1m| =d,, MOXHO
BbIYMCIATb MO PEKYPPEHTHOMN hopmyne

dy =y 1 ~bpy 1dyy 5 (m>2). (19)
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Ecnn koacbduLmeHTbl pekyppeHTHOro ypaBHeHus (19) He 3aBUCAT OT m

* 2
(a, =a v b,_; =—g), TO 3TO ypaBHeHVe NMeeT peLueHve [8]

d, =Ca" +C,B8". (20)
3pecb Clzw, C2=M (a#0,8#0,Tk. g0 na=p),
a(a-p) p(a-B)

2
a=%+\/5, ﬁz%—\/ﬁ, D=%+q.

*
BHauane paccmotpum ypasHeHue (17). Ytobwl a,, n b,_; He 3asucenu
OT m , MOJIOXKUM

Dy=..=D,=D,Ty=...=T, =T, kﬂ:"ﬂ;..:k‘)—’":lco,
P2 P3 Pm
Iy =hy = =hm=h,g—1 ’;2_...:%#5 1)
2 3 m

a b 0 - 0 0 0
gb a b - 0 0 0
o 1=o, (22)
0 00 5b a b
0 0 0 0 pb a
roe
a(x) a (x-1)a, a="1 = (14 p)cthr + Ay, x N
== - ’ == 0> =75 == ’
0 Pi o? p; shx,
&2 ﬂ.[g(l+[))+12(lzD+T)} L
@2 = ~ L, q=—pb*, k=2h,(i=2,m). (23)

YpaBHeHue (22), cornacHo (20), (21) n (23), nmeeT peLueHne

a3 _(a2+q)ﬂ+aq
5) (@ rq)arar o
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Ona ABYXCMOWHOW XWMAKOCTU (m=2) OHO CBOAWUTCA K YpaBHEHUIO
a(x)=0, koTopoe onpeaenseT oAnH HaGop YacToT

A[g(l+,5)+/12 (/IZD+T)}

a

0'12 = ° =

OTMeTUM, YTO NpY YETHOM m YpaBHEHWE (24) Bcerga CoaepKuT 3Ty YacToTy.
Ona TtpexcrnonHon xugkoctn (m=3) (24) cBoAUTCA K YpaBHEHUIO

a’ (x)+¢ =0, koTopoe naeT ABa HaBopa YacToT
ﬂ.[g(l+,5)+&2 (/IZD+T)}
oiy) = :
b2 a+\pb

YpaBHeHue (16) ¢ yueTtom (21) npumeTt Bug

@ b0 - 0 0 0
b ab - 0 0 0
0 00 -« pb a b
0 0 0 0 pb a
nnu
aldm71 +qdm72 =0 (m >2 ) (26)

3pecb a = af / o1 -

1 _ m-2
Tak kak d,,_| = {(az +q—ﬂa)a”’ 2 —(a2 +q—aa) } TO pelueHue
a-p

(26) moxHo 3anucaTb B BUAE, aHanormyHom (24)

>2). 27)

N (a2+ —aa)(al +q)
[E] :(a2+Z—ﬂa)(ali+Z)

Ona opgHocnonHom »wugkoctn (m=1) (25) npuBOoAUTCA K ypaBHEHUIO
a; =0, KoTopoe AaeT oAMH Habop YacToT

ﬂ.|:gp1 +22 (22D, +Tlﬂ
o1 = D = ’
ree py coth x + Ak,

a ans ABYXCIMONHOW XNOKOCTU (m =2 ) — K YPaBHEHUO aa —,5b2 =0, KoTO-
poe uMeeT ABa Habopa yacToT.
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Ona TtpexcrnonHom xugkoctn (m=3) (27) cBOAWUTCA K YpaBHEHUIO
(a2 + q)al +aq =0, KOTOpOe onpeaenseT Tpu Habopa YacToT.

MpumeHsisi obpaTHoe npeobpasoBaHue Pypbe K HAMAEHHBIM PYHKLUAM
W, , nonyyaem pelLeH1e NocTaBneHHoWM 3aaayum B Buae

~+00 +00

1 _
ACST ‘ZI j 7, (&m,)e S agay .

B crnyyae coBMeCTHbIX MIOCKUX KoneGaHuii NnacTuH U XKUOKOCTU BMECTO
ABYMEPHOro MHTerpanbHoro npeobpa3oBaHus dypbe MPUMEHSIETCA ofHOMEp-
Hoe, a B Crnyvae OCECUMMETPUYHBIX KonebGaHui — MHTerpansHoe npeobpasosa-
HWe XaHKens HyneBoro nopsigka. Bug OCHOBHbIX ypaBHEHWIA Kak B criyyae
NMNOCKMX, TaK U 0CECUMMETUYHbBIX KONebaHuiA, MONMHOCTLI0 COXpaHAeTCs.

BbiBoAabl. B nuHeliHoOM noctaHOBKE paccMOTpeHa 3agdada o konebaHum
HEOrpaHNYEHHOM MHOMOCIIONMHOMN TSXKENOW maeanbHOW HeCKMMaeMoun Xua-
KOCTW, FOPU3OHTarbHO pasgeneHHon ynpyrumy M3oTponHbIMU MriacTUHaAMMU.
MonyyeHo aHanuUTU4YecKoe pelueHne 3ajadu Ond NpPOM3BOJSIbHOrO 4umcna
CNOEB XMAKOCTU. PaccMOTpeHbl pasnuyHblie npedernbHble CryyYan BbIPOX-
AeHust NnacTuH B MeMbpaHbl, B abCONOTHO XeCcTkue, ux oTcyTcTBme, 6ornb-
wre rnybuHbl xxuakocTen. [ns crnyvyas oguHaKoOBbIX NAAcTUH, NAOTHOCTEN U
rnyGuH XnaKocTen HanaeHo NPOCToe aHanMTUYeCcKoe peLleHne paccMmaTtpu-
BaemoW 3agauu. NMogpobHo nccnegoBaHsbl Criydam ogHo-, ABYX- U TPEXCHON-
HbIX XXMOKOCTEN C ynpyrumm nnactuHamu. lNokasaHo, YTO YacTOTHbIV CMEKTP
COOCTBEHHLIX KOnebaHuni TSXKeNon m -CIONHOWM naeanbHOWM XUAKOCTKW, pas-
OEeneHHOoN ynpyrumu nnactuHamu, COCTOUT U3 m HabopoB COBCTBEHHbIX
4YacTOT, XapaKTepm3YyHOLLNX COBMECTHbIE KonebaHmna NNacTuH U KUOKOCTU.

B panbHerwem nnaHupyeTcs paccMOTPETb BRUsiHME cTpaTudmkaumu
XXWOKOCTM Ha KonebaHus nnacTuHbl, Haxoaslencs Ha cBoboaHOM MoBepXx-
HOCTM MHOrOCITOMHOM XXWAOKOCTU U BIUSHWE PacTArMBatroLLnX U CXUMAOLLNX
YCUIMUI B NiacTUHaxX Ha YacCTOTHbIN CNEKTP.

UccnedosaHusi nposedeHbl 8 paMKax rpozpammbl hyHOaMeHmarsbHbIX uccriedosaHull
MuHucmepcmea obpasoeaHusi u Hayku YkpauHsi (npoekm Ne 0116U002522) u npu epaH-
moeou noddepxke AOD/ (npoekm Ne ®71/47-2017).
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KONMBAHHS1 HEOEMEXXEHOI BArATOLLAPOBOI
IAEANIBHOI PIANHWU, PO3AINEHOI NPYXXKHUMWU NIACTUHAMU

Po3rnsiHyTo nNpo KonMBaHHA HeoOGMexeHOoi GaraTo-wapoBOi BaXKOi igeanbHOI
HECTUCNMBOI  PiAWHKN, TOPU3OHTaANbHO PO3AINEHOI MPYXHUMM  i30TPOMHUMMU
nnacTMHaMmyu B NiHiIWHIA nocTaHoBUi 3agavyy. OTpuMaHO aHaniTM4HUMWA pPO3B'A30K
3apavi Ans AOBINBHOro 4yvcna wapis piavHU. Po3rnsHyTo pisHi rpaHu4Hi BUnaaku
BUPOAXEHHS NNacTMH B MeM6paHu, B abCONTHO XOPCTKi, X BiACYTHICTb, a TakoX
BeJNIuKi rMM6uHM piauH. na BMnagky ogHaKOBUX NMACTUH, WiNbHOCTI i FMMGUH pianH
3HaugeHoO MPOCTUMA aHaniTUYHMWA PO3B’A30K AaHoi 3apavi. [OetanbHo AocnigXeHi
BUNaAKu oAHO-, ABOX~ i TPULLAPOBUX PiAVH.

Knroyoei cnoea: eidpoynpyxHicmb, HeobmexeHa 6Gazamowaposa idearbHa
Hecmucnueoi piduHa, HeOBMEXEH| MnmacmuHu.
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VIBRATIONS OF UNLIMITED MULTI-LAYER IDEAL LIQUID
SEPARATED BY ELASTIC PLATES

A linear formulation of the problem of the vibration of an unbounded multi-layer
heavy ideal incompressible fluid horizontally separated by elastic isotropic plates is
considered. An analytical solution of the problem is obtained for an arbitrary number
of fluid layers. Various limiting cases of plate degeneration into membranes, their
absence, and large depths of liquids are considered. For the case of identical plates,
densities and depths of liquids, a simple analytic solution of the problem is found.
The cases of one, two, and three-layer liquids are investigated in detail.

Keywords: hydroelasticity, unlimited multilayer ideal incompressible fluid, unlimited plates.

At the present time, sufficiently intensive studies of the behavior of the ice
cover and the elastic plate floating on the surface of the liquid are conducted
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in connection with their use to create long-term weather stations, aero-
dromes, cosmodromes, artificial islands, floating platforms for various pur-
poses and many others [3-5, 7-9].

The investigations, that has begun in [1, 2, 6] for the case of an un-
bounded multilayer heavy ideal incompressible fluid separated by elastic
plates, are continued in this paper. It is assumed that the plates (mem-
branes) can be located on a free surface or internal surfaces of an unlimited
multilayer ideal fluid. The obtained analytical solutions can be used, for ex-
ample, in the problem of the behavior of ice cover or a floating plate in the
case of their compression or stretching (single-layer liquid), in assessing the
effect of liquid stratification on wafer vibrations (multilayer liquid), and also in
many technological processes, where multi-layer lamellar hydroelastic
constructions with a size of layers considerably smaller than the main
characteristic size are used.

The equations of oscillations of elastic plates and multilayer ideal fluid
have the form [1, 2, 6]:

oW, 2
kOi?"'DiAZWi —T AW+ gApW; =
oD;_ oD, . —
=P Pt At z==H = Lm); (1)
AD; =0, (i=1,m) )
with boundary conditions:
Wi _0i 4 z=-H;, (i=l,m);
ot Oz
o00;_; 00, L
a—;lza—zl at z=-H;, (i=2,m); (3)
o, 0.
Oz z==Hy 4

i1
Here ko; = poi -o; » H i:zhk (H,=0), Ap;=pi=pi1 (po=0).
k=1
We apply the two-dimensional integral Fourier transform to equations
(1)~(2) and the boundary conditions (3)—(5). Representing the function
®; (&,m,2,t) inthe form @, =Al-(§,n,t)e’12+8i (é,n,t)e”lz (i=1,m) and

solving the resulting system relative to 7; (§,n,t) , We obtain:

1
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1 1

_ 1 o e J—
O,y + b ) =0 =L, @
4

where @, (&,n,z,t) and W, (&,m,t) are the Fourier transforms of the func-

tions CDl-(x,y,z,t) and Wl-(x,y,t), /1=\/§2+172 ,

| ﬂ.[gApl- +22(2%D, +TI.)J
a)l' = d y
1

po P
coshx;

dl' =4a; + j’k()l y

Representing 17; in the form 7}, ¢'“’, we obtain the equation of the natu-

ral frequencies of vibrations of heavy unlimited multilayer ideal fluid separat-
ed by elastic plates

*

aq b 0 - 0
*
b ay b
|D1m|:... =0, (5)
*
bm72 Am-1 bm—l
0 bmfl ajn
~2 2
‘-0
here ale—zdi.
o

In the case of an absolutely rigid upper plate (#; =0 ) in the matrix, the

first row and the first column should be deleted, and in this case the equation
(5) takes the form

[Dan| =0 (©)
The matrices D,,, and D,,, are linear three-diagonal symmetric matrices.

Thus, for example, for a two-layer liquid (m = 2 ) separated by an elastic
plate, the frequency equation (6) has a solution

ﬂ.[gAp+ﬂ.2 (42D, +1, )}
ol = ~22 = ,

a

where a, = p, cthiy +pjcthxy, +Akyy, Ap=Ap, =py —p .
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If the i-th layer (i=m) of the liquid is infinitely large (h; =0, b; =0),
then equation (5) splits into two equations

D=0 W |Diyy|=0. 7)

At Iy =0 or h,_; = in the frequency spectrum of equations (7) enters
the frequencies

ﬂ.|:gp1 +22 (22D, +Tlﬂ
Py + Aoy

0'2 :d')lzz

ﬂ.[g(pm — Pt )+ A (/lsz +T, )J

Pm-1 + P cthic, + Ak,

or 0'2=~,%,=

If all h; =00, then the frequency equation (7) will have a solution

ﬂ.[gApl- +22(2%D, +TI.)J
o° = cbl-z =

pi + piy + Ako;

The determinant of equation (5) can be calculated from the recurrence
formula

diy = Ay =gy (m>2). (8)

If the coefficients of the recurrence equation (8) do not depend on m

(af,, =a and b,%,,l =—¢q ), then this equation has a solution
dm =C1am +C2ﬂm. (9)
d2 —adl

Bla-B)

Here Clzdz_ﬂj;), C, = (a#0,B8+0,since g0 and
ala—

a#f),
a a a2
a=5+\/D, ﬁzz—\/D, DZT—q>O.

First we consider equation (6). In order that af,, and b,,_; do not depend
onm,weset Dy=...=D, =D, Th=..=T, =T, h=hy=...=h, =h,
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Koo _Kos _ _kow _yom_P2_ P

L=—==p,
P2 P3 Pm P2 P3 Pm
o )
alx)=—=(x-1)a,
(1= =)
x=@2/o?, a~)2=~l-2/pl-=/1|:g(l+[))+/12(ﬂ,2D+T)}/d, (10)
by 1 . & < < <2
b=—t=——, a=—"=(1+p)cthx + pAky, g=—pb~,k = Ah,
p; shx ol
(i=2,m)
Equation (8) according to (14), (15) has a solution
a3 (a2+q)ﬂ+aq
— ="t (11)
B (a2+q)a+aq

For a two-layer liquid (m=2), it reduces to an equation a(x)=0 that
defines one set of frequencies

A[g(l+,5)+/12 (/IZD+T)}

a

0'12 = ° =

It is interesting to note that for even m the equation (11) always holds
this frequency.

For a three-layer liquid (m =3) equation (11) reduces to an equation
a’ (x)+¢ =0 that gives two sets of frequencies

) ﬂ.[g(l+,5)+12 (/12D+T)}
o2 = a+\pb '
Equation (5), taking into account (8)—(10), takes the form
ady_+qdy_ =0, (m>2), (12)

*
here a; =g /Pl .

Since d

m-1 =
o

1 2 m-2 (2 m=2

y {(a +q ﬂa)a ( +q—aa) , then the so-
lution of (12) can be written in a form analogous to (11)
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, (m>2).

N (a2+ —aa)(al +q)
[E] :(a2+Z—ﬂa)(ali+Z)

Applying the inverse Fourier transform to the functions found, we obtain
the solution of the problem

Wy (5, 7,t) = J' 7, (E.m.0)e E Mgy

In the case of joint plane oscillations of plates and liquid, instead of the
two-dimensional integral Fourier transform, one-dimensional, and in the case
of axisymmetric oscillations, the zero-order integral Hankel transform is
used. The form of the basic equations for both planar and axisymmetric os-
cillations is completely preserved.
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