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OB YMNPOLLEHNU YACTOTHbIX YPABHEHUA
B 3AJAYE O KONIEBAHUU MPAMOYIOJIbHOMU MNACTUHBI,
PA3OENAIOLWENA MOEANBHBLIE XXUOAKOCTU
PA3HOM MNOTHOCTU B NPAMOYIO/IbHOM KAHATIE

MNMoka3aHo ynpolleHMe 4YacTOTHbIX ypaBHEHUA B 3agayve O KoneGaHuWU ynpyrowu
NAacTUHbI, FOPU3OHTaNbLHO pasaensiolei naeanbHbIe XMAKOCTA Pa3HON NNOTHOCTU
B NPAMOYFrOfibHOM KaHare C ABYMS )XeCTKMMMU OCHOBAaHUSIMU M B 3afjaye C OOHUM
KEeCTKMM, a APYrMM YNpyruMm OCHOBaHMSIMM B BuAe MPSMOYrofibHOW NnacTuHbl. B
nepBoM 3afaye MoKas3aHO, YTO ecnu o6a KOHTypa NNnacTuHbI GyAyT onepTbl UnU
CBOGOAHLI, TO YacCTOTHOe YypaBHeHMWe, Kak U ANA ABYX 3alleMIIeHHbIX KOHTYpPOB,
BHOBb pacnagaeTcsi Ha fABa YpPaBHEHMUs, ONUCLIBAKOLMX YeTHbie U HeYyeTHble
YacToThl. [N CMellaHHbIX CNOCOGOB 3aKpenneHUsi KOHTYPOB NNACTUHbLI YacTOTHOe
ypaBHeHue He ynpoljaeTtcs. Bo BTopoii 3agaye, AnA 3aweMneHHbIX KOHTYPOB ABYX
NAacTUH NoKa3aHo, YTO YaCTOTHOe ypaBHEHUe pacnajaeTcsi Ha ABa, ONUCLIBaOLUX
YeTHbIe U HeYeTHbIe YaCTOoThbl.

Knioueenle crnioga: 2udpoynpy2ocmb, MPsIMOy20/ibHasl —niacmuHa, udeasnbHasi
Hecxxumaemasi XUOKOCMb, MITOCKUe KonebaHust.

BBepeHue. 3agaya o konebaHuu NpSAMOYrofnibHOW MMAaCTUHLI, pasge-
naowen naeanbHble HeCKUMaEMbIe XXMOKOCTU Pas3HOW NIIOTHOCTU B XKeCT-
KOM MpSIMOYrofbHOM KaHane, ¢ y4eToM cBO6OAHON NOBEPXHOCTN Y BEPXHEN
XWUOKOCTW, NO-BUAUMOMY, BrnepBble Obina uccrnegosaHa B [1] Ha OCHOBaHMU
eavnHoro JlarpamxeBoro nogxona. B [2] aTa 3agaya Obina paccMoTpeHa Ha
OocHoBaHuM Juneposa noaxona. Hanbonee nonHoe vccnegosaHue csoboa-
HbIX KonebaHuni membpaHbl Ha cBOH6OAHON MOBEPXHOCTU XUOKOCTU B MPAMO-
yronbHOM kaHarne 6bino nposeaeHo B [11]. B [3] aTa 3apgava 6bina o6o6Lwe-
Ha Ha cny4yan OBYXCINOWHOW XMOKOCTM C MeMOpaHamu Ha cBOGOOHOW U
BHYTPEHHEWN NMOBEPXHOCTAX, a B [4] — Ha cnyyan ynpyroro AHa. Bonpocel
YCTOMYMBOCTM KonebaHuni membpaHbl, pasgenstollen naeansHble XXUAKOCTH
pa3HoW MMAOTHOCTU B NPSIMOYrOfbHOM KaHamne C KeCTKMM OCHOBaHUsiMU, Obl-
nn nogpobHo mccnenosaHbl B [5], a konebaHusa nnacTuHbl — B [6, 7]. Kone-
GaHMA NNacTuHbl, pasaensiolwen naeansHble XUOKOCTU Pa3HOW NNOTHOCTH
B NPSIMOYroflbHOM KaHarne C OOHWM >XeCTKUM, a ApPYruM yrnpyrum OCHOBaHU-
eM, 6binn nccnegosaxsl B [8]. B [8, 12] paccmaTpuBanoch BnusHWe cBoboa-
HOW MOBEPXHOCTW Ha YacTOTHbIN cnekTp. B [9] nccnegosaHbl ocecummeT-
pyYHblEe KonebaHmna ynpyrux OCHOBaHUN U naeanbHON XUAKOCTU B KECTKOM
KOnbLIEBOM uunuHapudeckom pesepByape. CBoboaHble 0CeCUMMETPUYHbIE
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koneGaHVst OBYXCMOMHOWM XWOKOCTU B KPYrOBOM LMMUHAPUYECKOM pesep-
Byape C ynpyrum pasgenureniem Mexay CriosiMu, Npy HanudumM cun noBepx-
HOCTHOrO HaTsXXeHus Obinn paccMoTpeHsl B [10].

B gaHHOM cTaTbe MPOBEAEHO YMPOLLEHUE YaCTOTHbIX YPaBHEHWR, nony-
YeHHbIX B 3agadve o konebaHuu ynpyrow nnacTuHbl, FOPU3OHTaNbLHO pasge-
nawLLen naeanbHble XUOKOCTU pasHoW NMOTHOCTU B NPSIMOYTONbHOM KaHane
C OBYMS X€CTKMMW OCHOBaHusAMU [6], 1 B 3agade C OOHWUM XXECTKMM, a OpY-
rMM yNpyrum OCHOBaHWEM B BuAE MPsIMOYrofibHOM nnacTuHbl [8]. B nepson
3ajaye nokasaHo, 4YTo ecnm oba KoHTypa nnacTuHbl OyayT onepTbl UMK CBO-
604HbI, TO YAaCTOTHOE YpaBHEHWe, Kak U ANst ABYX 3alleMIIeHHbIX KOHTYPOB,
BHOBb pacrnajaeTcs Ha OBa, ONUCbIBAKOLUMX YETHble Y HeYEeTHbIe YacTOTbl.
[ns cmewaHHbIX cnocoboB 3akpenneHusi KOHTYPOB MNMacTuHbl 4acTOTHOE
ypaBHeHwue He ynpoliaetcsa. Bo BTopon 3agaye, ons cny4vas 3alleMneHHbIX
KOHTYPOB ABYX MMacTuWH, NOKa3aHo, YTO YaCcTOTHOE ypaBHEHME pacnagaeTcs
Ha ABa ypaBHEHUs!, ONUCLIBAOLLMUX YETHBIE U HEYETHbIE YacTOThI.

MoctaHoBKa 3agaun. PaccMoTpum nrockue konebaHmna ynpyrow npsimMoy-
FOfbHOW MaCTWHbI, FOPU3OHTANbHO pasgensiowen naeansHble HecKumae-
Mbl€ XWUOKOCTW Pa3HOW MIOTHOCTM B XECTKOM MPSIMOYrONbHOM KaHane Lvpu-
HOW 2a C OOHWM XECTKUM, a APYrUM YNpyrM OCHOBaHWsSIMK B BUAE MPSIMO-
YrornbHOW NNacTuHbI (Ana onpegeneHHocTy Byaem cymTath, YTO 3TO BEpXHee
OcHoBaHue). MnacTuHbl Byaem cunTath M30TPOMHBIMU C U3TMOHOW >XECTKO-
CTblo D; W pacTarvBaloWwmMn ycunuamu 7, B CPeAMHHON MOBEPXHOCTU

(i=12). NHgekc i =1 ByaeT cooTBETCTBOBaTL BEPXHEWN NNacTuHe, a i =2 —

BHyTpeHHeI;I. KOHTypr nnacTtnH MOryt MMeTb Npou3BOJSIbHOE 3akpernreHue,
Hanpuwvep, ObITb 3aLLeMIIEHbI, onepTbl nnun cBOGOAHbI. BerHFIFI XMOKOCTb

MMNOTHOCTU p; 3anonHAeT KaHan Ao FJ'Iy6I/IHbI hl , @ HWKHAA XXNOKOCTb MJI0THO-

CTU p, — [0 rNybuHbl i, . KonebaHus nnacTuH u xuakoctn byaem paccma-

TpuBaTb B NIMHENHON NOCTAaHOBKE, CYMTAA COBMECTHbIe KonebaHusi nnacTuH
N XnaKocTu 6e30TPbIBHBIMU, @ ABWKEHUS XUOKOCTEN NOTeHUMansHeiMu [8].

B Hauane, paccmoTpum nepByko 3agady o konebaHum ynpyrom nnactu-
Hbl, FOPU3OHTaNbHO pa3gendaLwen naeanbHble XUOKOCTU pa3HOW MMOTHO-
CTU B NPSIMOYroflbHOM KaHane ¢ ABYMS XXeCTK/MU OCHOBaHusMU [6]. B atom
Cnyyae BepxHss MracTuHa cumtaeTcs abcomnoTHO xecTkon (7] =) u pac-
cMaTpmuBaeTCs TOMbKO BHYTPEHHAS nnactuHa (i=2). B [6] 6bina paccmor-
peHa aTa 3afjava 1 BbIBEAEHO criedylolliee YacTOTHOe ypaBHeHWe

4
q,k=1

"qu =0. 1)

3necb

Ci = ZﬂnE&ﬂﬂn; Co = onzk —wzzanEfnS o U=L Kk =1,4);

n=l1 n=l1
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0 . 0 2 0 . 1A -
C3k = Y BuEinCins Cax = —0° Y anERuLny (=2, k=14);
n=1 n=l
kndn . 0 1 T 0
ﬁn = 5. . <~ Ekn :Z J. Wkl//ndx,

5 =
w-a,— kndn —a

w,? (k£ =1,4) dyHoameHTanbHasa cuctema peLLeHuii O4HOPOOHOTO ypaBHEHWS

4.0 2.0 2

Ap —
Cp o g =0 (P=—£,q=—g pD"““’ ) )
dx dx

le " sz — auddepeHUmanbHble onepaTopbl FPaHNYHBLIX YCIIOBUI 3akpe-

MMeHnst NNacTUHbl Ha koHType y; (j=12). ina ynobcTea sanucu 3peck

BBEJEHO 0bO3HaueHne KOHTYpOB uYepe3 y; (MHOeKc j=1 cooTBeTtcTByeT

KOHTYPY x=-a,a j=2 — x=a). Tak, Hanpumep, AnA Cny4yas >eCTKoro
d

3allemsieHnsi NnacTuHel onepatop £, GyAeT eamHnyHbIM, a £, =d—.
X

B [6] 6bina nokazaHa BO3MOXHOCTb YMPOLLEHNS YaCTOTHOro ypaBHEHUS
(1) B cnyyae 3aLlemneHHbIX KOHTYpOB. [poBegeM ynpoLLeHUst 3TOrO ypas-
HeHWs Ans cnyyas onepTbiX 1 CBOGOAHBIX KOHTYPOB

O6a KoHTypa onepTbl. B 3TOM c/iyyae byaem umeTs [6]
2
S =1 Lo =(-1)", L=k,

o2 =(-1)"" s,
roe ’Q‘(}pk = (,ij |:W]?:|)L/ K ,ijn = (,Q,jp [u/n])‘y/ .
j

dyHOameHTanbHas cucTemMa pelleHVn Ans ypaBHeHus (2) 3aBuUCUT OT
3Haka BenuYUuHbI ¢ W 3HaKa BbIpaXeHus P4/4—q. PaccmoTpum pasnuyHble
BapuaHTbl COMETaHUN 3TUX 3HAKOB [6].

1.Myctb ¢>0 1 P2/4—q>0.
2.Myctb ¢<0.
3. NycTb P2/4—q <0 (kak cnegcteue aToro— g >0).

BHavane paccmoTpum nepsbivi cnyyan (g >0 u P2/4—q>0). B atom
crnyvae yHAameHTanbHas cuctema peLleHuii ypaBsHeHus (2) umeeTt Bua
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wl? ={sinh pyx, cosh pyx, sinh pyx, cosh pyx },

KoadhbULMEHTbI E,?n BbIYMCIAOTCA N0 hopMynam:

* . *
By = LISy, g, < LRy 4
n > n )
a(k,21+p12) a(k,%+p12)

h k . k

EY =201 [(—1)”—1} EY _ pasinhpy [(-1)"+1]
n 2. 2 n 2. 2
a(kn+p2) a(kn+p2)

a koadppuumeTsl Cyy MPUMYT BUA

0 0
0 0
Gy :ZIBZm—lEl,Zm—lv S} :ZﬁZmE2,2m7

m=l1 m=l1
0 0
_ 0 _ 0
Gs _ZIBZm—lE?a,Zm—l’ Ciq _ZﬁZmE4,2m’
m=l1 m=l1

o0 o0
2 . * 0 2 * 0
Cy1 ==pi sinh py + Z?/szlELszla Cyy = pj cosh py + zyZmEZ,Zmﬂ

m=1 m=l

o0 o0
2 . * 0 2 * 0
Cp3 =—py sinh py + 272m71E372m717 Cyq = py cosh py + zyZmE4,2mr

m=1 m=1

© 00
0
G = 7Zﬂ2m—1E82m719 G :ZﬂZ'"Ez’z’"’

m=1 m=l1
00 00
_ 0 _
3= _ZﬂZm—lElZm—l» Gy —Zﬂszg,zm»
m=1 m=l1

o0 o0
2 . * 0 2 * 0
Car = i sinh pf =D Vome1Evam-ts Cao = i cosh pi + )" 72mE3 s

m=l m=l

o0 o0
2 . * 0 2 * 0
C43 = pj sinh pj — 272m71E372m717 Cy4 = p3 cOsh py + z YomEaom-

m=1 m=l

3necb 7, =w2ank3, pﬁz =P/2i\[P2/4—q, p;k =ap;, (i=1,2).

C onpepenutenem 4acToTHOro ypasHeHus (1) npoBegem cregytolime
npeobpasoBaHus: ckragbiBaeM NepByko CTPOKY C TpeTben, a BTOPYH C YeT-

109



BepToun. [lanee BbluMTaeM U3 NEPBOWN CTPOKN TPETbIO, U3 BTOPOW YETBEPTYIO
1 NpUBOAUM onpeaenuTens K 65I04HOMY BUay.
B pesynbTaTe npeobpasoBaHuii (1) NnpeacraBnseTcs B Buae npousseae-

HUS! ABYX YpaBHEHUI

o0 o0
0 0
z Bom-1E12m1 z Bom—1E3 2m-1

m=1 m=1
X

o0 o0
2 . * 0 2 . * 0
—pj sinh py + z Yam-1E1am-1  —p2 sinh py + z Yom—1E32m-1

m=l1 m=1

o0 o0
0 0
z BamE2.0m z BomEaom

% m=1 m=1 -0,

o0 o0
2 0 2 0
pi cosh pj + z VomE2om P coshp; + z YomEa2m

m=1 m=1

KOTOpbIe ONUCbIBakOT Ye€THbIe N He4YeTHble YaCTOThl.

Ons BToporo (g <0) u Tpetbero (P2/4—q<0) cnyyaes aHanorm4yHo

nokasblBaeTcsl, YTO YaCTOTHOE ypaBHeHuWe (1) BHOBb pacnagaeTcs Ha Aga.

Takum obpasom, Ans ABYX ONepTbiX KOHTYPOB YacToTHoe ypaBHeHue (1)
ynpoLaeTcs M pacnagaeTcs Ha ABa YpaBHEHMWS, OMUCLIBAIOLLMX YETHbIE U
HeyeTHble 4YacToTbl. B oTnmume oT cnydas 3awemneHHbIX KOHTYpoB [6],
AanbHellee ynpoLLeHne ypaBHEHUI yxKe HEe MPOUCXOANT.

O6a KoHTypa cBO6OAHLI. B aTom cnyyae 6yaem umeTs [6]

d? & )
C=— e L= £, =k,
R D e " "

1,2
221n = (_1)n+ kn ) ’21211 =0, ’22211 =0.

BHavane paccmoTpum nepsbivi cnyydan (g >0 u P2/4—q>0). B atom
cnyyae KoappuLMEHTbI Cyk MPUMYT BUA:
o0 o0
2 . * 0 2 * 0
Cii==pi sinh p + > Va1 Elamts Ciz = Pi cosh pf + D 12 E o

m=1 m=l1

o0 o0
2 . * 0 2 * 0
Ci3 =—p) sinh py + 272m71E3,2m713 Cyq = py cosh py + Zysz4,2ma

m=1 m=1
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Cy) = pi cosh p;, Cyy =—pj sinh p},Cy3 = p3 cosh p3, Cjy =—pj sinh p3,

o0 o0
2 . * 0 2 * 0
Cs1 = pisinh pf =Y 721 Epamts Cip = pit cosh pf + D 12 Ed o

m=1 m=1

o0 o0
2 . * 0 2 * 0
C33 = pj sinh pp — 272m71E372m71: (34 = pj cosh py + z YomEa2m

m=l1 m=l1
Cyy = pi cosh p;, Cyy = pj sinh p{', Cy3 = p3 cosh p3, Cyy = p3 sinh p3 .

MpoBeasa npeoGpasoBaHWA CO CTPOKaMu U cTonbuamu, aHamnoruyHble
paHee pacCMOTPEHHbLIMU, MOMy4YMM YacToTHoe ypaBHeHue (1) B Buae

o0 o0
2 . * 0 2 . * 0
pi sinh p; — z Yom-1E12m-1 P2 sinh p; - z Yom-1E32m-1

m=1 m=1

p13 cosh pl* pg cosh p’zk

o0 o0
2 0 2 0
pi cosh py + z VomE2om  P3 cosh p; + z YomEspm
X

m=1 m=1

p13 sinh pik pg sinh p;

Ons BToporo (g <0) u TpeTbero (P2/4—q <0) cny4yaeB TaKxe MOXHO

nokasaTb, YTO ypaBHeHuWe (1) BHOBb pacrnagaeTtcs Ha ABa.

Takum o6pasom, Ans OBYX CBOGOAHLIX KOHTYPOB YaCTOTHOE YpaBHEHWE
(1) ynpoliaeTca u pacnagaeTcsa Ha [Ba ypaBHEHMs!, ONUCLIBAIOLLUX YETHbIE
N HeYETHbIE YacTOoTbl.

B oTnnyme oT 3alemMreHHbIX KOHTYPOB, AarnbHellee ynpoLleHe ypas-
HEHWIA yXKe HE NPOUCXOANT.

3aleMneHHbIA U onepTbin KOHTYpbI. byaem cuutatb, YTO NepBbIf
KOHTYp ( j =1) 3awemneH, a BTopon ( j =2 ) — onepT. PaccmoTpum nepsbin

cnyqan (g >0 u P2/4—q >0). KoacpcpuumeHTel C . 3anuLLIYTCH Tak:

0 0 0 0
0 0 0 0
G :ZﬁZm—lEl,Zm—hClZ :ZﬂZmE2,2m7C13 :ZﬂZm—lE?a,Zm—hCM =Zﬁsz4,2m ;

m=1 m=1 m=1 m=1

Cyy = pycosh pf, Cyy =—pysinh pf, Cy3 = pycosh py, Cyy =—p,sinh p3,

o0 o 9] o0 o0
0 0
G = *ZﬂszlEﬁszlan =Zﬂ2mEg,2maC33 = _Zﬂ2mflE3,2mflaC34 =Zﬂ2mE4,2ma

m=1 m=1 m=1 m=1
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o0 o0
2 * 0 2 0
Car = it sinh py =D Yoyt EYam-t> Caz = pf cosh p + Y 12 ES o

m=1 m=1

o0 o0
2 . * 0 2 0
Cy3 = p3 sinh p; — 272m71E372m713 Cyq = pycosh py + 272mE4,2m :

m=1 m=1

YacToTHoe ypaBHeHue (1) ynpoLiaeTcsi, HO He pacrnajaeTcs Ha ABa
ypaBHEHWS, ONMCLIBAOLLNX YETHBIE U HEYETHbBIE YacTOThl

G Gs|_,

~ |C C . ~
pycosh p3Cyy| 222 34— pysinh p3 Gy
42 Cu 41 Ca

roe
Ci1 = pycosh p5Cyy — py cosh pCy3, Csy = py sinh pyCs, = pysinh pyCyy,
Cy1 = py cosh p3Cyy — py cosh p{Cy3, Cy = py sinh p5Cyy — py sinh py Cyy.

MoxHO nokasaTb, YTO U B OCTarbHbIX Cly4asax 3akpenneHnin OByX KOHTY-
pOB MMacTUHbI YACTOTHOE ypaBHEHWE He pacnafaeTcs Ha YeTHble U HeyeT-
Hbl€ 4YacToThbl.

Tenepb paccMoTpum BTOpYlO 3adady [8] o konebGaHuM ynpyrown nnacTtu-
Hbl, TOPU3OHTANbHO pas3densolen naeanbHble XUOKOCTU PasHOW MiOTHO-
CTU B MPSAMOYrOfbHOM KaHane C O4HUM XXeCTKUMW, a APYruM — ynpyrum oc-
HOBaHWAMW B BMAE MNPSAMOYrONbHOW MNNAacTWHbI (CM. MOCTAHOBKY 3adauywn).
Ons cnyyas 3aliemneHHbIX KOHTYpoB B [8] Obino BbiBeAeHO crieaytollee
YacTOTHOE ypaBHeEHMWE

8

allcy |0 @)
q,r=1
3pecb
®© 0
~ 0 0 0
Clk = zallnElknﬂ C17k+4 = zalanan, C2k =C11k, C2,k+4 =0,
n=l1 n=l1

o0

Gy = zdllnElokn (-1)".Ca s :ZaIZnEgkn (-1)", Cat =Clot> Cogaa =0, (4)

n=1 n=1
o0 o0
_ 0 n _Ns g0 n _ _ A0
Crr = zaZInElkn (=1)".Crpsa = za22nE2kn (=1)", Gy =0, Cgpsa =Ct
n=l1 n=l1
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T2nTln

~ 0
~ 0,0y 0 _ dwi
s Gy, =l+ay, = v Gjk =——
n A, dx

ER Y|

w?k (k=1,4) — cdbyHgameHTanbHaa cuctema pelUueHu ogHOPOAHOro ypas-
HeHUus

ajy =1+ay, =
Vi

l a
> Qlipn = (’Qi]'p [Wn])L’/ , Elgm = Z J. Wgc[//ndx'

J a

d 4W3€ d? WSC
i
ax* dx?

_8Ap; - ki’
D;

1

g =0 (p=—L, g ). (5)

S

Mpu BbIpOXAEHUM NNACTUH B MeMbpaHbl ( D; = 0 ) ypaBHeHue (3) 3anu-
weTcs Tak [8]

4

||cqr =0, (6)
q,r=1
a cooTHoweHus (4) npumyT BUG
Ci = zdllnEloknn Cipez = zaIZnEgkn ,
n=l n=1
Cop = zdllnElokn (=", Cipur = zaIZnEgkn (1", ()
n=l n=l1
Cay = zazlnE&n (=1)", Capsz = ZdZZnEgkn (-1)" (k=12).
n=l n=l1

Ecrn ynpyrum AsnaeTcAa HWXKHee OCHOBaHMe, TO BO BCEX q)opmynax, CO-
oepxawmx g, nofaraem g :=-—g W OTCHET BBeOEeM CHU3Y BBEPX, T.€. BEpXHEe

OCHOBaHWE U BEPXHASA XUOKOCTb OKaXKYTCA BHWU3Y, @ HWKHEE OCHOBaHWE U
HWKHAS XXMOKOCTb OKaxyTcs BBEPXY. MOXHO COXpaHuTb U NpexHue obo3Have-
HUS, €Cn B NapameTpaXx, OTHOCALLMXCS K >KUOKOCTAM, NMOMEHSTb MECTamMm UH-
JeKcbl, Torga Bce nomnyveHHble ypaBHEHWS Y COOTHOLLIEHUS OCTaHyTCs B cune.

MpoBegem ynpolleHWe 4acTOTHbIX ypaBHeHun (3) u (6) B cnyyae 3a-
LLIeMIEHHbIX KOHTYPOB.

Cnyuan pByx membpat (D, = D, =0). B cnyqae membpaH (D; =D, =0)
YacToTHoe ypaBHeHue umeeT BuA (6) ¢ koadduumeHTamn (7). BHavane
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paCCMOTpMM cnyyan ¢; <0 (gAp; —kol-co2 <0). B aTom cnyyae koachuLm-

€HTbl lkn npumyT Bua [12]

E}, = Zl;di{[(—l)n —l}cos P [(—l)n +l}sin pl*} : (8)

124

2 *
3pecb p; =—¢; >0, p; =pa
MpoBens npeobpasoBaHus CO CTpokamu U ctonbuamu onpegenuTens
ypaBHeHus (6), kKak UB NepBoK 3agade, Nony4mm

8

o0

- 0 0
z aam-1E110m-1 z @12, 2m-1E212m-1

m=1 m=1 %
o0 o0
ED G EY
a21,2m-1£11,2m-1 422 2m-1£212m-1
m=1 m=1

o0

o0
- 0
zal 1.2mE12,2m z a2 2mES 2m

=1 m=1
| ) ©)
o0 o0
0 0
za21,2mE12,2m z a220mE2 2m
m=1 m=1

YpaBHeHue (9) pacnagaeTcsa Ha ABa ypaBHEHMWS, ONUCbIBAOLLNX HECUM-
METPUYHbIE U CUMMETPUYHbIE YacToTbl. C y4eTOM COOTHOLUEHMWI (8) 3Tu
ypaBHeEHUs1 MOryT ObITb 3anucaHbl B eAnHon hopMe AM1s1 HECUMMETPUYHBIX 1
CUMMETPUYHBIX YacToT

ik (a) a1~n kncfln) < ky, (wza{n den) o iknbn
A A

m=1 n m=1 n m=1 1

3aecb
~ 3 2
iy = Ay +kykoj, diy =Tiky +gAp;,

X ~ = 4 (~ 3 ~ 3 2,125 3
Ay = (alna2n —b, )w _(alndzn +dy,d, )knw +kydipday, -
Cnyqaﬁ q; > 0 paccmaTpmBaeTCcs aHarormyHo, U B 3TOM crny4yae

ypaBHEHUA AN HECUMMETPUYHBIX M CUMMETPUYHBIX YacTOT Takxke npea-
cTaenalTca B eamHon dopme (10).
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Cnyyvain membpaHbl U nnactuHbl (D; =0, D, #0). B cny4yae BepxHen
MeMbBpaHbl M HWKHEN nnacTuHbl, npu ¢ <0 (q =(gp1—k01a)2)/Tl <0)

Ans membpaHbl n g, <0 (g, = (gAp—k02w2 )/D2 ) Ana NNacTuHbI, YacToT-

HOE€ ypaBHEeHWe Nno aHanorny C npeabigyuinmm nogpasaesiom MOXKeT ObITb
npueeneHo K Buay

o0 o0 o0
~ 0 0 0
z a1 pm-1E11,0m-1 z @2,0m-1E21,0m-1 z @2,0m-1£23 2m-1
m=1 m=1 m=1
o0 o0 o0
E) q EY q EY x
a212m-1£11,2m-1 422 2m-1£21,2m-1 422 2m-1£23 2m-1
m=1 m=1 m=1
~ ~% ~ ~%
0 P cosh py Py cosh py
o0 o0 o0
~ 0 0 0
zall,ZmElz,Zm zalzngzz,zm za12,2mE24,2m
m=1 m=1 m=1
o0 o0 o0
x E Gy 2y ES Gy 5 By 2| =0 (11)
A21,2m*12,2m 22, 20mt22,2m a2 2mt24.0m| =Y -
m=1 m=1 m=1
~ . ~% ~ . ~%
0 Py 8inh py, Ppasinh p))

N3 (11) cneayet, 4to B crnyyae mMembpaHbl M nnactuHbl (D =0,
D, #0) npn ¢; <0 ypaeHeHve (3) BHOBb pacrnafaeTcs Ha ABa, Onuchbl-
BalOLLNX HECUMMETPUYHBIE N CUMMETPUYHBIE YacToThI.

Kaxgoe n3 aByx ypasHeHun (11) MOXHO ynpocTuTb, Hanpumep, Ans
HECUMMETPUYHbLIX YacTOT MONy4UM

0 0
- 0 ~ ~k ~ 0

Z a1 oma1Er1,2m-1 || P21 cosh Py Z 23 2m-1E230m1

m=1 m=1

0

0
~ ~ % ~ 0 0
— P23 €08 Py Z a2 om1E210m-1 |~ Z a1 20m-1E1120m-1 | %

m=1 m=l1

o0 o0
~ ~% 0 ~ ~ 0 _
x| P2y cosh pyy z 2,2m-1£232m-1 =~ P22 €08 P z @12, 0m-1E21,0m-1 | =0
m=1 m=1

MepBbIii U TPETUI CIyYan paccMaTprBalOTCs aHanorMyHo.
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Takum obpasoM, ypaBHeHue (3) 4Nna 3alleMeHHbIX KOHTYPOB MeMOpaHbI
W NNacTWHbl pacnagaeTcsa Ha ABa YpaBHEHUs!, ONUCHIBAKOLLUX HECUMMETPUY-
Hble U CUMMETPUYHbIE YaCTOThI.

Cnyvan gsyx nnactuH (D, =0, D, #0). B cny4yae 3akpenneHHbIx ABYX
NnacTuH koapduumneHTsl C,, ByAyT BEIMMCNATLCS MO hopMynam (4).

BHauane paccmoTpum BTOpow cnydan g; <0 (g; = (gApl- —kol-co2 )/Dl- )-

B aTom crnyyae koagpuLmneHTbl Egm npUMyT BUL:

~ ~ % ~ . ~%
o _ Picoshpy n 0 Pi1 810 P n
Eiin Zﬁ[ -1) —1} Eipp :ﬁ[(_l) +1]
a(kn +pl-1) a(kn +pl-1)
g0 _ Pipcosh Pi> o] g0 ___Pasin Pi> V41
i3n_ﬁ(_)_ , 4n__ﬁ(_)+ ,
a(kn _Piz) a(kn —pl-z)

Z2 2 - L.
roe i =*p;i/2+\p; /4_511' . b =ap;, (i=12).

lMpoBeas aHanormyHele NpeobpasoBaHUs CO CTpokamu 1 ctonéuamm on-
pepenuTens ypasHeHus (3), nonyyum

00

0
Z a2 2m-1E23 2m-1

m=1

00 00 00

- 0 - 0 0
Zall,Zm—lEll,Zm—l Zall,Zm—lEB,Zm—l Zalz,Zm—lEZI,Zm—l

m=1

m=1

m=1

Pry cosh i

00

m=1
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m=

~ ~%
P12 COS Py

1

0

0

0
0 0 - 0
2021,2m—1E1 1,2m-1 Za21,2m—1E13,2m—1 Za22,2m—1E21,2m—1

m=1

0

00

- 0
Zazz,zm—l E330m1

m=1

~ ~% ~ ~%
0 0 Pay cosh pyy P22 €08 P
o0 o0 o0 o0
Gy 1 2y BV G 1 2 ED EY EY
A1,2mE12,2m A 1,2mE14,2m A122m222m A12,0m242m
m=l1 m=l1 m=l1 m=l1
~ . ~% ~ . ~%
Py sinh pry Prosinpyy 0 0 B
o0 o0 o0 o0
E EY Gy 5 S Giyy 5 ES
D1,2mE122m A1 2mt14.2m 422 2mE222m 422 2mL24.2m
m=l1 m=l1 m=l1 m=l1
~ . ~% ~ . ~%
0 0 Pa18inh py ~Dysinpy




Takum obpasom, B cnyyae ¢; <0 ypaBHeHue (3) pacnagaeTtcs Ha OBa,

onucbiBawLWnMX HECUMMETPUYHbIE N CUMMEeTPUYHbIe HYaCTOThbl.
Kaxxgoe 13 atnx OByX ypaBHeHMIZ nognexur p,aaneﬂmemy YNpoOLEeHU0.
Tak, Hanpumep, HeCUMMETPUYHbIE YaCTOThbl 6y£l,yT HaxogunTbCA U3 ypaBHEHUA

o0 o0
~ ~% ~ 0 ~ ~ ~ 0
Py cosh pry z a11,2m-1E132m-1 = P12 €08 P13 z aiam-1E112m-1 |
m=I1 m=l1

o0 o0
~ ~% ~ 0 ~ ~ ~ 0
x| P31 cosh pyy z ay pm-1£232m-1 = P22 €08 P23 z a2 om-1E210m-1 |~
m=I1 m=1

o0 o0
~ ~% ~ 0 ~ ~ ~ 0
—| P11cosh pyy z a21,2m-1E13 2m-1 = P12 €08 P13 z a2 om-1E11,0m-1 %
m=1 m=l1

o0 o0
x| Py cosh py zdIZ,melEngmfl — Py €08 by deI,Zm—lEg 1.2m-1 |=0.
m=1 m=l1
MepBbIit ¥ TPETUIN Cy4an PacCMaTPUBALOTCS AHANOMMYHO.
Takum 06pa3oM, ypaBHeHue (3) ANs 3alleMIEeHHbIX KOHTYPOB MMacTUH
pacnafaeTcs Ha [Ba ypaBHEHWs!, OMUCHLIBAIOLLMX HECUMMETPUUHBLIE U CUM-
MeTPUYHbIE YacTOTbI.

BbiBoabl. [TpoBeaeHoO ynpolLeHWe YacTOTHbIX YpaBHEHWUI B 3ajadye o
koneGaHuM ynpyrow MnacTWHbI, TOPU3OHTANbHO pasfensioweln naeanbHble
JKMOKOCTU pa3HOW MIOTHOCTM B NPSIMOYrONIbHOM KaHane ¢ ABYMS )XeCTKUMU
OCHOBaHUAMMW U B 3afja4e C OOHWUM XKEeCTKUM, a ApYrUM ynpyrium OCHOBaHUEM
B BUOE NPSIMOYrofibHOM NnacTuHbl. B nepBoi 3afave nokasaHo, YTO ecnu
06a KOHTypa nnacTuHbl GyayT onepTbl Unu cBoboAHbI, TO YAaCTOTHOE YypaB-
HEeHWe, KaK 1 ANa ABYX 3aLleMIIeHHbIX KOHTYPOB, BHOBL pacnajaeTcs Ha ABa
ypaBHEHUS, OMUCBLIBAIOLLMX YETHBIE U HEYETHbIE YacToTbl. [ns cMellaHHbIX
CMocoGOB 3aKpensieHUss KOHTYPOB MIacTUHbI YaCTOTHOE YpaBHEHWE He Y-
poLyaeTcsi. Bo BTOpoit 3agaye, AN cnyyas 3alieMIIeHHbIX KOHTYPOB ABYX
NMacTWH, MoKasaHo, YTO YacTOTHOe ypaBHEHWE pacrajaeTcs Ha ABa ypas-
HEHUS, OMUCHIBAIOLLIMX YeTHbIE N HEYETHbIE YaCcTOThI.

MpepcTaBnsieT MHTEPEC PaCCMOTPETH BO3MOXHOCTL YMNpOLLEHUs o6LLero
YacCTOTHOrO ypaBHEHUSI ONA CryyaeB 3alleMsIeHHOro, ornepToro u ceobopn-
HbIX KOHTYPOB M NOMY4UTb ANA HUX YCINOBUS YCTOMYMBOCTM.

UccnedosaHusi nposedeHbl 8 paMKax rpozpammbl hyHOaMeHmarsbHbIX uccriedosaHull
MuHucmepcmea obpa3soeaHusi u Hayku YkpauHsi (npoekm Ne 0116U002522) u npu epaH-
moeou noddepxke AO®/] (npoexkm Ne ©71/47-2017)
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YK 533.6.013.42

O. O. Jlumap

MPO CMPOLWEHHA YACTOTHUX PIBHAHb B 3A0AUI
NMPO KONMUBAHHA NPAMOKYTHOI NMITACTUHW,
LLO PO3AINAE IAEANBHI PIAUHW PI3HOI LWINBHOCTI
B MPAMOKYTHOMY KAHAII

Moka3aHO cnpolleHHA 4acTOTHUX PiBHAHbL B 3afadi MPO KONMMBAHHA NPYXHOI
NNacTMHU, fika FOPU3OHTaNLHO po3AinfAe igeanbHi pigMHKM pi3HOI LWinbHOCTI B
NPSIMOKYTHOMY KaHani 3 gBoMa XOPCTKMMM OCHOBaMMu i B 3agadyi 3 OA4HOK
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JKOPCTKOIO, a iHLOK NMPYXHOK OCHOBOIO Yy BUMMsSIAI NPAMOKYTHOI NNacTUHWU. Y nepuwin
3afadvi nokasaHo, SIKWO obuaBa KOHTypy nnacTuHu OyayTb onepTi a6o BinbHi, TO
YacTOTHe PIBHAHHA, AK i ANA ABOX 3aTUCHEHUX KOHTYpiB, 3HOBY pO3nNafacTbCA Ha
OBa PiBHSHHA, WO ONUCYKTb NapHi i HenapHi YyacTtoTu. [inA 3miwaHux cnocobiB
3aKpinfeHHA KOHTYPIB NNacTUHU 4YacTOTHE PIBHAHHA He cnpouyeTbca. Y apyrin
3apadvi, ANs 3aTUCHEHUX KOHTYPiB ABOX NacTUH, NOKa3aHo, L0 YaCTOTHE PiBHSAHHSA
po3nafaeTbcA Ha ABa PiBHAHHSA, WO ONUCYIOTb NapHi i HemapHi YacToTh.

Knroyoei cnoea: 2idpornpyxHicmb, MPAMOKYmMHa riacmuHa, MI0CKi KOormueaHHs,
ideanbHa Hecmucnuea piduHa.

UDC 533.6.013.42

A. A. Lymar

ON SIMPLIFICATION OF FREQUENCY EQUATIONS
IN THE PROBLEM OF OSCILLATION OF RECTANGULAR PLATE
DIVIDING IDEAL LIQUIDS OF DIFFERENT DENSITY
IN RECTANGULAR CHANNEL

The simplification of the frequency equations in the problem of the oscillation of
an elastic plate horizontally separating ideal liquids of different density in a
rectangular channel with two rigid bases and in the problem with one rigid and
another elastic base in the form of a rectangular plate is shown. The first problem
shows that if both contours of the plate are supported or free, then the frequency
equation, like for the two clamped circuits, again breaks up into two equations
describing the even and odd frequencies. For mixed methods of fixing the contours
of a plate, the frequency equation is not simplified. In the second problem, for the
clamped contours of two plates, it is shown that the frequency equation splits into
two equations describing even and odd frequencies.

Keywords: hydroelasticity, rectangular plate, flat oscillations, ideal incompressible fluid.

In the beginning, let us consider the first problem of the vibration of an
elastic plate that horizontally separates ideal liquids of different density in a
rectangular channel with two rigid bases. In [6] this problem was considered
and the following frequency equation

4
q,k=1

Ic,. 0. ™)

Here

0 2 0 . —
Ci = zﬂnEanﬂn’ Co =i~ Z%Eknﬂ o (=1 k=14,

n=l1 n=l1

0 0 2 0 . Py
G = zﬂ"Eanjln’ Ca = ’Q‘j2k -0 zanEanj2n (J=2, k=14),

n=l1 n=l1
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a
k,d o |1 0
B :%' Epy =— J. Wi dx
w”a, —k,d, a

w,? (k= 1,4 ) a fundamental system of solutions of the homogeneous equation

d*w? d*w? T gAp —k w?
g Evguwp=0 (P=—,¢g=2""010)

, 2
ax* dx? D D @)

£, —the differiential operators, describing the plate loop boundary conditions.

In [6], it was shown that the frequency equation (1) can be simplified in
the case of clamped contours. We simplify this equation for the case of sup-
ported and free contours

Both circuits are supported. In this case we have [6]

d? 2
£ih=LL), =12 i =1, L1, =(-1)", Li2p =k,
X

Loon = (_1)n+l i
where 2‘}1,,;C =(£jp [Wﬂ)‘y- + L jn :(ij [W”])‘y/- '
; ‘

First we consider the first case (¢ >0 and P2/4 —g >0). In this case the
fundamental system of solutions of equation (2) has the form

wl? ={sinh pyx, cosh pyx, sinh pyx, cosh pyx },

coefficients E,?n -

k . %
E) = PLOTIAL cosh py [(—1)” —1} g0 _ pisinhpr [(—1)” +1}
n 2, 2 2, 2

a(kn+p1) a(kn +p1)

* . *
Egn _ pycosh py [(_l)n _1} g0 _ pasinhpy |:(_l)n +1}
a(k,21+p§) a(k,21+p§)

and the coefficients C

g take the form:

0 0 0 0
0 0 0 0
G :ZﬂZm—lEl,Zm—hClZ :ZﬁZmEZ,vacl?a :ZﬂZm—lE?a,Zm—hCM :Zﬁsz4,2m ;

m=1 m=1 m=1 m=1

o0 o0
2 . 0 2 * 0
Cyy ==pj sinh pf + zymelEl,Zm—ln Cyy = pi cosh py + zyZmEZ,Zmr

m=1 m=l
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o0 o0
2 . * 0 2 * 0
Cy3 = —p3 sinh py + 272m71E372m713 Cyq = p3 cosh py + zyZmEél,Zmr

m=I1 m=1

0 o0 o0 o0
0 0 .
G = 7Zﬂ2m—1E€2m—l»C32 =Zﬂ2mEg,2maC33 = _Zﬂ2m71E3,2m719C34 =Zﬂ2mE4,2ma

m=l m=l m=1 m=1

o0 o0
2 . * 0 2 * 0
Car = pitsinh pf =D Yam-1Evam-1s Cao = pi cosh pi + Y v2uE3 s

m=1 m=1

o0 o0
2 . * 0 2 * 0
C43 = pj sinh pj — 272m71E372m715 Cyq = p cosh py + z YomEa2m

m=1 m=1

Here y, =w2ank3, pﬁz =P/2i\[P2/4—q, p;k =ap;, (i=12).

As a result of the transformations, the frequency equation (1) is repre-
sented as a product of two equations

o0 o0
0 0
z Bom-1E12m1 z Bom—1E3 2m-1

m=1 m=1
X

e 0] o0
2 . * 0 2 . * 0
—pj sinh py + z Yam-1E1am-1  —p2 sinh py + z Yom—1E32m-1

m=l1 m=1

o0 o0
0 0
z BamE20m z BomEaom

% m=1 m=1 -0,

o0 o0
2 0 2 0
pi cosh pj + z VomE2om P coshpy + z YomEa2m

m=1 m=1

which describe even and odd frequencies.
For the second (g <0) and third (P2/4—q<0) cases, it is similarly

shown that the frequency equation (1) again splits into two equations.

Thus, for two supported circuits, the frequency equation (1) simplifies and
splits into two equations describing even and odd frequencies. In contrast to
the case of constrained contours [6], further simplification of the equations
does not occur.

Both circuits are free. In this case we have [6]

_ & Iy ¢’ Iy k?
= L=, Ly =k
dx?> 77 did " "

1,2
221;1 = (_1)n+ kn ) ’21211 =0, ’22211 =0.

£
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First we consider the first case (¢ >0 and P2/4 —g>0). Inthis case, the

coefficients C,; will take the form:

o0 o0
2 . * 0 2 * 0
Cyy =—pj sinh p; + z Yam-1E12m-1> Ci2 = pi cosh py + z YomE22m>

m=l m=1

o0 o0
2 . * 0 2 * 0
Ci3 =—pjsinh p; + 272m71E3,2m713 Ciq = py cosh py + Zysz4,2ma

m=1 m=l

Cy) = pi cosh p;, Cyy =—pj sinh p},Cy3 = p3 cosh p3, Cjy =—pj sinh p3,

o0 o0
2 . * 0 2 * 0
Cs1 = pisinh pf =Y 72 1Epamts Cip = pit cosh pf + D 12 ER o

m=l m=1

o0 o0
2 . * 0 2 * 0
(33 = pj sinh pp — 272m71E372m71: (34 = pj cosh py + z YomEa2m
m=l1 m=l1
Cy1 = pil cosh pi, Cyp = pi sinh pf',Cy3 = p3 cosh p3, Cyy = p3 sinh p .

Performing transformations with rows and columns similar to those previ-
ously considered, we obtain the frequency equation (1) in the form

0 o0
2 . * 0 2 . * 0
pi sinh p; — z Yom-1E12m-1 P2 sinh p; — z Yom-1E32m-1

m=l m=l

p13 cosh pl* pg cosh p’zk

o0 o0
2 0 2 0
pi cosh py + z YamE22m D3 cosh Py + Zyszél,Zm
X

m=l m=1

p13 sinh pik pg sinh p;

For the second (g <0) and third (P2/4—q<0) cases, it can also be
shown that equation (1) again splits into two equations.

Thus, for two free circuits, the frequency equation (1) simplifies and splits
into two equations describing the even and odd frequencies.

In contrast to the constrained contours, further simplification of the equa-
tions no longer occurs.

Pinched and supported contours. We assume that the first contour
(j=1) is jammed, and the second (j = 2) contour is supported. We consider

the first case (¢ >0 and P2/4 —gq > 0). The coefficients C,; are as follows:

0 0 0 0
0 0 0 0
Gy :ZﬂZm—lEl,Zm—hClZ =Zﬁ2mE2,2m»C13 :ZﬁZm—1E3,2m—l7C14 :Zﬁ2mE4,2m ;

m=1 m=1 m=1 m=1
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Cyy = pycosh p, Cyy =—pysinh p, Cy3 = py cosh p3, Cyy =—p, sinh p;,

o0 o 9] o0 0
0 0 _ 0
Gr=- Zﬂ2mflEl,2mfl G = ZﬂZmEg,Zm (= _ZﬂZm—lEli,Zm—l Gy = Zﬂsz4,2ma

m=1 m=1 m=1 m=1

o0 o0
2 0 2 * 0
Car = it sinh pf =D Yoyt EYam-ts Caz = pf cosh p + Y 12 ES o

m=1 m=l1

o0 o0
2 0 2 0
Cy3 = pjsinh p; — 272m71E372m713 Cyq = pycosh py + 272mE4,2m :
m=1 m=1
The frequency equation (1) is simplified, but does not break up into two
equations describing even and odd frequencies

G Gy
2 Cu

~ . - |G, C
pa cosh p5C — pysinh 3Gy, | M "B =0,

41 Ca
where

Cyy = py cosh p5Cyy — pycosh pyCy3, Csy = py sinh p5C3; — py sinh py Cay,
Cy1 = py cosh p5Cyy — py cosh py Cu3, Cap = py sinh p3Cyp — py sinh p{ Cyy.

It can be shown that in the remaining different cases of fastening of two
plate contours, the frequency equation does not break up into even and odd
frequencies.

Now consider the second problem [12] about the vibration of an elastic
plate that separates horizontally ideal liquid of different density in a rectangu-
lar channel with one rigid and another elastic base in the form of a rectangu-
lar plate. For the case of constrained circuits, the following frequency equa-
tion was derived in [12]

8
|4 =0. )
q,r=1
Here
0 o)
~ 0 0 0
Cix = zallnElkm Ciisa = zaIZnEann Cok =Criks Crpa =0,
n=l1 n=l1
0 0
~ 0 n 0 n 0
Gy = zallnElkn (-1)".Ca 414 :zaIZnE2kn (—1)", Cat =Cpag> Cyprq =0.,(4)
n=l n=1
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o0 o0

Cox = zazlnE&n (=1)".Crsa = deZnEgkn (-1)", Cgi =0, Cyyrq = Cop s

n=1 n=l
= = 0
~ Dulin - 5Ty d wik
ay, =l+ay, = o a22n:1+a22n:%' Cyk‘ dl ,
n n X yi
J
0 0
’Q‘ijpk (’Q‘ijp |:Wzk:|)‘ s 'Q‘i]'pn :( ijp ['//n]‘ zkn - J. k'//ndx
Yy

wl-ok (k= 1,4 ) a fundamental system of solutions of the homogeneous equation

4 0 2 2
dWik_pd zk+q W =0 (p= I q_:gApi_kOiw
dx4 14 dx 1771 4 Dl l D

1

), ®)

When the plates degenerate into membranes ( D; =0), equation (3) is
rewritten as follows [8]

=0, (6)

and the relations (4) take the form

o0 o0

~ 0 0
Ci = zallnElknn Cipez = zaIZnEan ,

n=1 n=l

o0 o0

Cop = D annEiky (<1)"s Gz = D 2, Egin (-1)" ")

n=1 n=1

o0 o0

Cat = D @it (1) Capia = D doonEp (F1)" (k=1,2).

n=1 n=1

We simplify the frequency equations (3) and (6) in the case of clamped
contours.

The case of two membranes (D; = D, =0). In the case of membranes
the frequency equation has the form (6) with the coefficients (7). First we
consider the case ¢; <0 (gAp; —kol-co2 <0). In this case the coefficients

Egm will take the form [8]
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E}, = l_pl{[(—l)n —l}cos P [(—l)n +l}sm pl*} : (8)
adl'n
Here pl-2 =—q; >0, p;k =p;a
Performing transformations with rows and columns of the determinant of
equation (6), as in the first problem, we obtain

o0 o0
~ 0 0
zall,Zm—lEll,Zm—l ZalzszlEzl,szl
m=1 m=1
o0 o0
E G EY
a212m-1£11,2m-1 422 2m-1£21,2m-1
m=1 m=1
o0 o0
~ 0 0
z anamEn2,om z @12, 0mE2,2m
m=1 m=1
. =0. 9
. . 9)
E Giyy 2 ES
D 1,2mE12,2m 422 2mt22,2m
m=1 m=1

Equation (8) splits into two equations describing asymmetric and sym-
metrical frequencies. Taking into account relations (8), these equations can
be written in a unified form for asymmetric and symmetric frequencies

< by (@%ay, ~kydy, |

2
z . n . Z:k (a) azg den) “"{Z%J o

m=l n m=1 n m=l °n
(10)

Here

- 3 2
iy = iy + kyko;, diy = Tiky +gAp;,

Y S 4 (~ 3 L3 2,,25 5

Ay = (alna2n —b, )w _(alndzn +a2nd1n)knw +kydipday, -

The case g; >0 is considered similarly, and in this case the equations

for asymmetric and symmetrical frequencies are also represented in a uni-
fied form (10).

The case of the membrane and the plate (D, =0, D, #0). In the case
of the upper membrane and the lower plate, with ¢;<0

(g1 = (gp1 —k01a>2 )/Tl <0) for the membrane and g, <0
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(g = (gAp —k02w2 )/D2 ) for the plate, the frequency equation, by analogy

with the previous subsection, can be reduced to the form

o0 o0 o0
. 0 0 0
z a1 pm-1E11,0m-1 z @2,0m-1E21,0m-1 z @2,0m-1E23 2m-1
m=1 m=l1 m=1
o0 o0 o0
E) q EY q EY x
a212m-1£11,2m-1 422 2m-1£21,2m-1 422 2m-1£23 2m-1
m=l1 m=l1 m=1
~ ~% ~ ~ %
0 P21c0sh pyy Pa1c0sh pyy
o0 o0 o0
. 0
z a1omEr2,0m z @2,2mED 2m z 2,224, 2m
m=1 m= m=
o0 o0 o0
x E EY EY o =0 (11)
a1, 2mE12,2m a2,0mE22,0m apnomEaaom|=0-
m=1 m=1 m=1
~ . ~% ~ . ~%
0 Py 8inh py, Ppasinh p))

It follows from (11) that in the case of a membrane and a plate
(Dy=0,D, #0) ¢; <0, equation (3) again splits into two equations describ-
ing asymmetrical and symmetrical frequencies.

The case of two plates (D, =0, D, #0). In the case of fixed two plates,

the coefficients C,,. will be calculated from formulas (4).

Ap; —kg;o*
M)_ In this
D,

1

First we consider the second case ¢; <0 (g; =

case the coefficients Egm will take the form

~ ~ % ~ . ~ %

DPj1 cosh p;y n Dj1sin Py n

Elln _ﬁ[(_l) _1j|’ E12n :ﬁ[(_l) +1j| ’
a\ky + pji alky + pii

~ ~ % ~ . ~ %

Do cosh piy n 0 Do sin pjy n

E, —ﬁ[(‘l) —1} Egy :_kz——fz[(_l) +1]
a\k, —pi» a\ky — piz

~2 2 ~ ~ .
where Pil,izzipi/z"'\,l’i /4—ql-, p;kzapl-, (i=1,2).
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Carrying out analogous transformations with rows and columns of the de-
terminant of equation (3), we obtain

o0 o0 o0 o0
~ 0 ~ 0 0 0
Zal 12m-1E11 2m-1 Zal 12m-1E13 2m-1 Zalz,Zm—l 21 2m1 Zal 2.0m-1E23 2m-1
m=1 m=l1 m=l1 m=l1
~ ~% ~ ~%
Pricosh pyy P12 €08 Prp 0 0 N
o0 o0 o0 o0
E B i EY G EY
D1,2m-18112m-1 D12m-18132m-1 22, 2m-1£21,2m-1 B2, 2m-1£23 2m-1
m=l1 m=l1 m=l1 m=l1
~ ~% ~ ~%
0 0 Pa1 cosh py; P22 €08 Py
o0 o0 o0 o0
i1 9, EL Gy 1 2 ED EY EY
a1.2mE12,2m A1,2mE14.2m a12,2mE222m A2.2mE24.2m
m=l1 m=l1 m=l1 m=1
~ . ~% ~ . ~%
prysinh pry Prasin pip 0 0 0
o0 o0 o0 o0 ’
E ED Gy 5 ES Gyy 5 S
D1, 2mE12,2m A1 2mt142m 422 2m222m a2 2mL242m
m=l1 m=l1 m=1 m=l1
~ . ~% ~ . ~%
0 0 Pa8inh py; ~DPypsinpy

Thus, in the case of equation (3) it splits into two equations describing
asymmetric and symmetrical frequencies.

Conclusions. The frequency equations are simplified in the problem of
the vibration of an elastic plate that horizontally separates ideal liquids of
different density in a rectangular channel with two rigid bases and in a prob-
lem with one rigid and another elastic base in the form of a rectangular plate.
The first problem shows that if both contours of the plate are supported or
free, then the frequency equation, like for the two clamped circuits, again
breaks up into two equations describing the even and odd frequencies. For
mixed methods of fixing the contours of plate, the frequency equation is not
simplified. In the second problem, for the case of clamped contours of two
plates, it is shown that the frequency equation splits into two equations de-
scribing even and odd frequencies.
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