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VJIK 539.3

O. I1. Koszayok, kaHO. ¢hi3.-mam. HayK

MOJIOENIOBAHHA KOHTAKTY MNMPYXHOrIO TINA
| TEKCTYPOBAHOI KBA3IENINTUYHUMUN BUIMKAMMN
YXXOPCTKOI OCHOBMU 3 YPAXYBAHHSAM MIDKKOHTAKTHOI PIAVHW,
LLLO HE 3MOYYE IX MOBEPXHI

3mMoaenboBaHo 6e3(hpUKLINHMIA KOHTaKT MPYXHOro Tina Ta TeKCTypoBaHOI
KBa3ieninTMYHUMM BUIMKaMU JKOPCTKOI OCHOBM, KONU Yy cepedHix YacTUHax
MiXXMoBepXHEBUX NMPOCBITIB MiCTUTLCA HECTUCNMBA PiAWHA, WO He 3MOYY€E NOBEPXHi
Tin, a Ha Kpasix — ras, wo nepebyBa€ nig cranum TMckom. BHacnigok noBepxHeBoro
HaTAry piAvMHM BUHMKaE nepenap TUCKIB y piAWHI 1 rasi, AKMW BM3Ha4aeTbCcA 3a
c¢opmynoro Jlannaca. CcdopMynboBaHy KOHTakTHy 3agadvy pAnsi  NpyXHoOro
niBNpocTOopy 3BEAEHO [0 CUHIYNSIPHOTO iHTErpanbLHOro PpiBHAHHA 3 AA4POM
Finb6epTa BiAHOCHO NoOXigHOI Big BUCOTM MPOCBITIB i TPaHCLEHAEHTHOrO PiBHSAHHA
ANl BU3HAYEHHS LWMPWHU PIAMHHOrO MicTKa.

Knroyoei cnoea: KoHmakm, npyXHe mifno, >XOpCmKa OCHO8a, MpKIo8epxHesai
npocsimu, Hecmuciuea piduHa, CUH2YIISIPHEe iHmeapanbHe PiBHSAHHS

BcTtyn. OgHum i3 cnocobiB nigBULLEHHSA NOKa3HUKIB Npaue3naTHOCTi KOH-
TaKTHUX 3'€dHaHb € TEKCTYpPYBaHHS NOBEPXOHb, SIKe nonsarae y opmyBaHHI
perynsipHo (NepioguyHO) po3TalloBaHUX BUIMOK, IMOK Y4 KaHABOK OOHaKo-
BOI hopMM Ha Mexi TBepAaoro Tina. [Ana CTBOPEHHSA perynsipHoi MOBEpXHi
BMKOPMUCTOBYIOTb Pi3HOMaHITHI TeXHOMOrii [7]: nasepHe TEKCTYpyBaHHS, TOY-
He anmasHe TOMiHHS,, TUCHEHHs, rpaBiloBaHHs, BiGponpokaTt, CTpyMeHeBy
abpasvBHy 0Bpo6Ky, MikpoeneKkTpoeposiiHy oBpobKy, LinipyBaHHA TOLLO.
3a KOHTaKTy TEKCTYpOBaHUX MOBEPXOHb MK HUMU BUMHUKaKOTb NEPiognYHO
po3TalloBaHi MIKKOHTaKkTHI npocsiTu. ig yac ekcnnyaTauii Tin 3 Takumm
MOBEPXHAMW BHACNIQOK pisHMX npoueciB (koHAaeHcauii, agcopbuii, ToLo)
NPOCBITU MOXYTb YaCTKOBO YM MOBHICTHO 3anoBHIOBATUCS PiguHOI. Pesynb-
TaTW YMUCMNEHHMX eKCNepUMeEHTanbHNX AocnigkeHb nokasanu [10, 14], wo B
pasi NPUCYTHOCTI PiGUHHMX NNIBOK HA MOBEPXHAX Tif, MiA Yac iX KOHTaKTy B
MDKKOHTaKTHUX MPOCBITaX MOXYTb YTBOPUTUCHA PiAUHHI MicTkM. Ha cbopmy
MeHicka (Bi4HOT NOBEPXHi PiAMHHOIO MICTKa, L0 MEXYE 3 ra3oM) BnnMBaloTb
napameTpu piguHn Ta matepianis Tin. Konm KOHTakTHUIA KyT MK piguHO0 Ta
noBepxHeto He nepesultye 90°, pianHa 3mMoyye NOBeEpPXHi Tin (TOGTO BOHM €
rigpodpinbHUMK) Ta Nig Aieto NOBEPXHEeBOro HaTAry fokanisyetbcst B GinbLu
BY3bKMX YaCTMHaX MDKKOHTaKTHMX MPOCBITIB, (POPMYIOUMN PIOUHHI MICTKU 3
MEHICKOM BBIrHyTOI (hOpMU. FAKLLO KOHTaKTHUIM KYT MK PiAMHOKO Ta noBepx-
Heto nepesuwwye 90°, pianHa He 3MouYye NOBepxHi Tin (To6TO BOHU € rigpo-
obHMMM) Ta fokanisyeTbCcs B TUX YacTUHAX NPOCBITiB, Ae IX BUCOTa € Hal-
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GinbLLO, HOPMYKOUN PIOUHHI MICTKM 3 MEHICKOM Bunyknoi dopmu. Brnnus
PIAVHHMX MICTKIB HA KOHTaKTHY MOBELAiHKY Tifl 3pOCTa€ 3i 3MEHLUEHHAM pOo3-
MipiB Tin Ta BUCOTU penbedy NOBEPXOHb.

Brieplue B3aeMopAii0 BUNYKNUX Tin 3 ypaxyBaHHAM BMNUBY PIOUHHUX M-
NMoBepXHEBMX MICTKIB B1BYeHO B [8, 15]. Po3B’a3aHo [9, 12] koHTaKTHi 3agauvi
Ons Tin 3 HOMiHANbHO MMOCKUMWU MOBEPXHAMMW, SIKi MarOTb NOOAMHOKI abo
nepioAMYHO po3TalloBaHi MPOCBITH, WO MICTATb OAUH BUA 3arnoBHIOBaYva —
piauHy abo ras. Y [3, 6, 11, 13] gocnigXeHo KOHTaKTHI 3agadi Teopii Npy>xHo-
CTi ANA ABOX MPY>XHUX Tif 3 ypaxyBaHHAM PiAMHHUX MICTKIB. Bnnue rasopi-
OVHHOrO 3anoBHIOBaya MPOCBITIB HAa B3aEMOAil0 NPYXXHOro Tina i >XOpCTKOl
OCHOBM, TEKCTYPOBaHOI BUIMKaMu Pi3HOi hopmu, po3rnsHyTo Y [2, 4, 5].

[aHa poboTa npuceaYeHa MOAENOBaHHIO KOHTaKTy NPY)XHOro Tina Ta Te-
KCTYpOBaHOI KBasieninTU4HUMKN BUIMKaMU XXOPCTKOI OCHOBU 3a HasiBHOCTi Y
MiDKNOBEPXHEBMX NPOCBITaX PiAnHK, LLO HE 3MOYYE X NOBEPXHI.

MocTtaHOBKa KOHTakTHOI 3apadi. PosrnaHemo 6e3dpuKLiiHy B3aemMo-
Jit0 MPY>XHOro i30TPOMHOro MNIBMPOCTOPY 3 XKOPCTKOK OCHOBOM, MeXa KOl
Ma€ HeCKiHYEeHHY CUCTEMY PO3TallOBaHUX 3 NEPIOAOM d MifKMX TYHENbHUX
BMIMOK LUMPUHK 2a , OpMa SKMX ONUCYETLCS NapHOK (OYHKLLED

@)’

1
tg®(na/d) ™

r(x)=—4| 1

Takow Wwo A~ 2a . [iBNPOCTIp NPUTUCKAETLCA OO OCHOBW PIBHOMIPHO PO3-
NOAINEHNMW Ha HECKIHYEHHOCTI CTUCKaSbH/MW HaBaHTaeHHsIMU P~. BHacni-
[IOK HEpIBHOCTi OCHOBW MiX TiflaMu1 BUHUKaOTb MPOCBITU BUcotu A(x) (puc. 1).

L el ]

d dr | d2 L‘
Beay | m) |y

@)

iouHa

Pl Te=l 111

Puc. 1 — CxeMa KOHTaKTy NpYXHOro Tifna Ta )XOPCTKOi OCHOBMU

Beaxaemo, Lo BOHM YaCTKOBO 3aMOBHEHI HECTUCMMBOIO PiAMHOI, WO MOBHi-
CTIO HE 3MOYYye NOBepXHi Tin (kpanoBui KyT 3mouyBaHHA 6 = 180°), a yacT-
KOBO rasom, wwo nepebysae nig ctanum Tuckom Py. KinbKiCTb pigvHU B KOX-
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HOMY MpPOCBITIi OA4HAKOBa i 3anULIAETbCA HE3MIHHOK NPW HaBaHTaXXEHHI.
ToMy BMKOHYETLCS YMOBa 36epexeHHs piagnHU

b
¢ j h(x)dx =V, @)

-b
ne (=1m; V, —ob’'em pignHu, WO Npynagae Ha OANHNLIEO [JOBXKMHN KOXHO-

ro NPOCBITY y MOro NO3A0BXHLOMY HaMPSMI.

MMig pieto NoBepXHEBOro HaTAry G piavHa nokanisyeTbCa y cepefHin ya-
CTUHI NPOCBITIB, Ae iX BUCOTa HanbinbLua, i dopmyBaTUME MKNOBEPXHEBUIA
PiOUHHWIA MicTOK Ha finsHkax (—b+ kd, b+ kd), a ras — Ha kpasix NpocBiTiB

Ha pinaHkax (—a+kd,—b+kd)U(b+kd,a+kd), k=0,+1,+2,.... MNe-
penag TUCKiB BU3Ha4vaeTbes chopmyrnoto Jlannaca [1]
2c

AP=P, - B =—".
20 @)

Y npoueci HaBaHTaXXeHHS 3MIHIOBaTUMYTbCS BUCOTa NPOCBITIB h(x) , BU-

cOTa MeHicka h(b), LUIMPWHA PIAMHHNX MICTKIB 2b i TuCk pignin B .

KoHTakTHO-KpanoBi yMoBM CHOpMYrbOBaHOI MMOCKOI KOHTaKTHOI 3agadi
MaloTb BUrNS4

— Yy3[0BX MNpOCBITiB |x—kd|< a, k=0,£1,£2,...:

1.,=0, xe(-c+kd,c+kd), 4)

Xy

o, =P, xe(-b+kd,b+kd), 5)

o, =-B, xe(a+kd,~b+kd)U@b+kd,a+kd);  (6)

— Ha AinsiHKaxX KOHTaKTy aS|x—kd|Sd/2, k=0,£1,%2,...:
7, =0, ()

v=0; (8)

— Ha HeCKiHYeHHOCTi ( y —> t 00 ):

J— 0 j— J—
6,=-FP", o,=0, 1,=0. (9)
TyT Gy, ©,,, T,, — KOMIMOHEHTU TEH30PA HAMPYXEHb; V — CKIAAOBa Bek-

TOpa nepemileHb y3nosx oci Oy .
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MeToguka po3B’a3yBaHHsA 3agadi. BukopnctoByoum MeTod KOMNeKc-
HUX noTeHuianiB Konocosa — MycxenilBini, HanNpyXeHHs1 i NepeMillleHHs B
NpY>KHOMY MiBNPOCTOpPi Nogamo y Burnagi [2]

G, +0, =4Re®(2)+P",

G, ~ity, = 0(z) - B(Z) +(z - 2)'(2) - P~ (10)

26(u' +iv') = K®(z)+®(2)—(z—7)®'—(2)+3jTKP°O - ()

pe z=x+1iy; ®(z) — kyckoBo-roriomopcHa y nrowwmni D =D, UD, dyH-
KUif, WO 3racae Ha HeckiHyeHHocTi y —>too; D i D, — BepxHa y >0 i
HwkHA <0 niBnnowuHn; k =3 —-4v; G, v — BiANOBIAHO MOAYNb 3CyBY i

KoediuieHT NyaccoHa maTepiany NpyXHoro Tina.
AKLLO BUPa3nUTK KoMmnnekcHuin noteHuian d(z) yepes noxigHy Big BUCO-

1 npocsitie A'(x) [2]

3-n[ a a
D(z) = 1) “h(t) ctg “(t t—Ir'(t)ctgn(td_Z)dt}, (12)

ne K=2(1-v)/ G, To noganHs (10), (11) 3200BONbHATUMYTE YCIM KOHTaK-

THO-Kpanosum ymosam (4) — (9), 3a BUHATKOM yMoB (5) i (6).
3apoBonbHuBLWKN 3a gonomorot nogaHb (10) — (12) ymosam (5), (6),

OTPUMAEMO CUHrynspHe iHTerpansHe piHsHHA (CIP) 3 agpom [MinbbepTa

BigHocHo A'(x)

jh(t)t (dx)dt (P°°—P(x))+§jr(z)ctg (d ) g (13)

—a

3amiHoto 3miHHux E=tgmx/d , n=tgnt/d , a=tgna/d , B=tgnb/d
TpaHcgopmyemo CIP (13) 3 agpom lNnbbepTa y CIP 3 agpom Kouwi

K@) , d i _pey LD o
_Ln e 2n ) ( ®) n_J;n—g n gl
B +20/h(P), |§|SB’
ﬂep(é) {Pl’ B<|§|£a,
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Y KpanHix To4Kax NpoCBiTiB MOBWUHHI BUKOHYBaTUCb YMOBW PIBHOCTI HYIO
BMCOTU 3a30piB, SKi Y HOBMX 3MIHHWNX MatoTb BUINAS

h(ta)=0. (15)

lMicna BpaxysaHHa dopmu BUiMok (1) CIP (14) Habyae surnsay

", d -P < 16
_Ln N K(P*-PE)-=, [¢]<a.  (16)

Y 3B'I3Ky 3 HasiBHICTIO HA MeXi OCHOBWM KyTOBMX TOYOK LUYKaTUMEMO
HeoGMexeHuH [2] y Toukax § ==+ a po3B’30K PIBHAHHA (16)

h,(é)z[K(Pw—Pl) Ba+1 |  Edvol +1

arcsin

2 thh(B) am (1+§2)\/ﬁ _
__Kod T(@&B)-T(a&-p) 4 &
2n2h(B) 14—&2 GIJE;;:EE;,

[Ons BM3Ha4YeHHs1 BUCOTW NpocBiTiB /4(E) HeoGXigHO NpoiHTerpyBaTh Bu-
pa3 (17) 3 ypaxyBaHHAM ymoBu (15). Ockinbku Len iHTerpan He BOAETbCS
B3ATU aHaniTM4HO, yHkuilo A(E) Bynemo Bu3Ha4YaTU HaGNkeHo, NoJaBLLV

|El<a.  (17)

h'(€) y Burnagi ckindeHHoi cymu pagy 3a noniHomamu Yebuwosa 1-ro pogy

g
h(é)———Z®e(2€+l)Ty+l( J (18)
’OL _ o

Hesigomi koediuieHTH ®€ 6yaemo Bu3HayaTu 3 cuctemn L +1 niHinHux
anrebpuvHUX piBHAHb, SKY OTPMMaeMo, npupiBHaBLLIK Bupasu (17) i (18) v
TOYKax Korokawin F:j =acos(nj /(2L +3)), j=1,...,L+1, 3a ki BuGpaHo

Hyni noniHoma Ye6uwosa 7, ;(E/a) .
MpoinTerpysasLun (18), 3 ypaxyBaHHsaM (15), 3HaxoAMMO BUCOTY NPOCBITIB

h(&) =’ - Z@d@( J €|<a. (19)

MiactaBmBLumM (19) B ymOBY 36epexeHHs KifnbKOCTi piguHu (2), oTpumaemo
TpaHCLeHAEHTHe PIBHAHHS ANs HEBiAOMOT NIBLUMPWUHU B AiNAHKU 3 piguHOIO

§ / 2 L 2 1
B

1+§2 =0
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KoHTakTHe 36mmkeHHs Tin Av™ [2] 6yae maTti Burnsa

20+1

L . ,
a7 =2 o2 r1-1]-Y o0 0| Ja+1-1] . @1
o =0

BucHoBku. 3MOaenboBaHO KOHTAKT MPYKHOrO Tina Ta TeKCTypoBaHOI
KBasieninTUYHUMWN BUIMKaMKN XKOPCTKOI OCHOBW, KOMW Y MiKMNOBEPXHEBUX
NpocBiTax MICTUTbLCA HECTUCNMBA PiguHa, WO He 3MOYye MOBEepXHi Tin, Ta
ras, Wwo nepebyeae nig ctanum Tuckom. lig Aieto noBepxHEBOro HaTAry pi-
OvHa dpopmye piavHHUIA MICTOK Yy cepeaHiX YacTuHax npocsiTie. MNepenag
TUCKIB y piguHi Ta rasi Bu3HayaeTbcs popmynoto Jlannaca. LupuHa gingHku
PiOVHHUX MICTKIB i BMCOTa MPOCBITIB 3a3garnerigb HEBIAOMI Ta 3MIiHIOOTLCS
pa3oM 3 HaBaHTaxeHHAM. CHopMynboBaHy KOHTaKTHY 3agdady 3BefeHO A0
CIP 3 agpom linbbepta BiGHOCHO BMCOTM MIKKOHTAKTHMX MPOCBITIB, SKe
nicns 3amiHn 3amiHHUX TpaHccpopmosaHo y CIP 3 sgpom Koui, i TpaHcueHae-
HTHOIO PIBHSIHHA BiJHOCHO OOBXWHMW LINAHKM 3 PiAVHON, siIke OTpMMaHo 3
YMOBW 30epexeHHs KinbKocTi piguHu. Cnig 3asHauuty, wo otpumaHe CIP
BiJHOCHO MOXiOHOI Bi4 BWUCOTU MPOCBITIB € HEMiHINHUM, OCKINbKN MICTUTb
HEBIOOMWA TUCK PIOVHW, SIKUI 3aneXxuTb Bif HEBIQOMOI BMCOTU MeHicKa.
Takox HaBeAeHO BUpa3 Ans KOHTAKTHOro 36nWKeHHs Tin.

lMy6nikayis micmums pesynbmamu GocnidxeHb, nposedeHux 3a epaHmom [pe3udeH-
ma YKpaiHu 3a KOHKypcHUM ripoekmom ®75/141-2018 [epxasHoz2o ¢hoHOy chyHOameHma-
JIbHUX OOCITIOXKEHb.
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YK 539.3
O. I. Kosa4ok, kaHO. ¢hu3.-mam. HayK

MOOENIMPOBAHUE KOHTAKTA YINPYIroro TenA
U TEKCTYPUPOBAHHOWN KBA3UIJIITMNTUYECKUMU BEIEMKAMU
XXECTKOW OCHOBbI C YYETOM MEXXKOHTAKTHOWM XXWOKOCTW,
HE CMAYUBAIOLLIEM UX MOBEPXHOCTHU

CmopenupoBaH 6e3(pUKLUNOHHBIA KOHTAKT YNPYroro Teria U TeKCTYyPUPOBaHHOM
KBa3U3aNNUNTUYECKUMU BbleMKaMM XECTKOW OCHOBbI, Korga B CpPedHUuX 4acTax
MEXNOBEPXHOCTHbIX 3a30POB  COAEPXMUTCH  HEeCkKUMMaeMas XUOKOCTb, He
CMayuBawLLaA NOBEePXHOCTU Tesl, a Ha KpasAX - ra3, HaxoAsILUINCS NoA NOCTOSIHHbIM
naeneHvem. BcneacteBue noBepXHOCTHOrO HaTsXKEHUS XKMAOKOCTU BO3HUKaeT nepenag
OaBNEeHUM B XUAKOCTM U rase, KoTopbin onpegensietca ¢opmynon Jlannaca.
CdopmynupoBaHHasi KOHTaKTHas 3afava AN ynpyroro nofynpocTpaHCTBa cBeAdeHa
K CUHTYNSAPHOMY MHTErparibHOMy ypaBHeHUIO C sigpoMm [unbbepra OTHOCUTENbHO
NPOM3BOAHOW OT BbICOTbI 3a30POB U TPAHCLEHOAEHTHOro YypaBHeHUs Ans
onpeaerneHus! LWMPUHbI XXMOKOCTHOrO MOCTHUKa.

Knrodeeble crioga: KoHmakm, ynpyzoe mersio, Xecmkasi OCHO8a, MEeXIMO8ePXHOCMHbIe
3a30pbl, HecXXkumaemas JKUOKOCMb, CUH2YITAPHOEe UHmMeepalsibHoe ypasHeHue.

UDC 539.3
O. P. Kozachok, PhD (Phys.-Math.)

MODELING OF CONTACT BETWEEN AN ELASTIC BODY
AND A RIGID BASE TEXTURED WITH QUASI-ELLIPTIC GROOVES
TAKING INTO ACCOUNT INTERSTITIAL LIQUID
THAT DOES NOT WET THEIR SURFACES
The frictionless contact between an elastic body and a rigid base textured with
quasi-elliptical grooves is modeled for the case when central parts of interface gaps
contain incompressible liquid that does not wet the surfaces of the bodies, and end

parts of the gaps are filled with gas under constant pressure. Due to the surface
tension of the liquid, a pressure drop described by the Laplace formula occurs in the
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liquid and the gas. The formulated contact problem for an elastic half-space is
reduced to the singular integral equation with the Hilbert kernel for a derivative of
the gaps height and a transcendental equation for the liquid bridge width.

Keywords: contact, elastic body, rigid base, interface gaps, incompressible liquid,
singular integral equation

One of the ways to increase the performance of contacting elements is
the surface texturing, which consists in formation of regular (periodically)
located grooves or pits of the same shape on the body surface. Various
technologies are used to create a regular surface [7]. When the textured
surface is in contact with a smooth one, an array of periodically located gaps
arises at the interface between the bodies. The interface gaps can be partial-
ly or completely filled with liquid due to various processes (condensation,
adsorption, etc.). A number of experimental studies [10, 14] have shown that
liquid bridges are present in the interface gaps when the contacting surfaces
are coated with liquid films. When the liquid dampens the contacting surfac-
es, it is localized in the narrower parts of the interface gaps under the action
of the surface tension, and when it does not wet the surfaces it is localized in
those parts of the gaps where their height is the greatest. The influence of
liquid bridges on the contact behavior of bodies increases with decreasing
body sizes and the maximum height of the surface relief.

For the first time, the interaction of convex bodies taking into account the
influence of liquid interface bridges has been studied in [8, 15]. In [9, 12], the
contact problems for bodies with nominally flat surfaces in the presence of a
single gap or an array of periodically located gaps containing one type of
filler, liquid or gas were solved. The contact problems for two elastic bodies
taking into account liquid bridges were investigated in [3, 6, 11, 13]. The
effect of the gaseous filler of the gaps on the interaction of an elastic body and
a rigid base of various surface texture shapes was considered in [2, 4, 5].

This article is devoted to the investigation of the contact between an elas-
tic body and a rigid base textured with quasi-elliptical grooves in the pres-
ence of the interstitial liquid that does not wet the surfaces of the interface
gaps. The liquid forms bridges in the central parts of the gaps under the
influence of surface tension, and in the end parts of the gaps, there is gas
under constant pressure. Due to the surface tension of the liquid, there is a
difference in the pressure in the liquid and the gas, which is described by the
Laplace formula. The width of the liquid bridge and the height of the gaps
are unknown in advance and vary with the applied load. The contact problem
formulated for the elastic half-space is reduced to the singular integral equa-
tion with the Hilbert kernel for the derivative of the gaps height and the tran-
scendental equation for the liquid bridge width.
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