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SOLUTION OF THE SPECIFIC BOUNDARY PROBLEM IN 

THE CASE OF THE ONE-DIMENSIONAL WAVEGUIDE 

І.Ю. Дмитрієва. Розв’язання спеціальної крайової задачі для одномірного хвилеводу. Запропоновано 
аналітичне розв’язання крайової задачі, яка породжена симетричною системою диференціальних рівнянь Макс-
вела у випадку довільно збудженого лінійного ізотропного однорідного середовища. Початкові та граничні умо-
ви розглядаються для одномірного пів нескінченного хвилеводу, вважаючи основною змінною координату часу. 
Одержані результати дозволяють розв’язувати у явному вигляді задачі розповсюджування сигналів у вказаних 
середовищах, в тому числі і питання мобільного зв’язку. 
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И.Ю. Дмитриева. Решение специальной краевой задачи для одномерного волновода. Предло-
жено аналитическое решение краевой задачи, порожденной симметричной системой дифференциальных 
уравнений Максвелла в случае произвольно возбужденной линейной изотропной однородной среды. На-
чальные и граничные условия рассматриваются для одномерного полу- бесконечного волновода, считая 
основной переменной координату времени. Полученные результаты позволяют решать в явном виде за-
дачи распространения сигналов в указанных средах, в том числе и вопросы мобильной связи.  

Ключевые слова: краевая задача, однородная изотропная линейная произвольно возбужденная сре-
да, одномерный полубесконечный волновод.  

I.Yu. Dmitrieva. Solution of the specific boundary problem in the case of the one-dimensional 
waveguide. We propose an analytic solution of the boundary problem that is generated by the symmetrical sys-
tem of the differential Maxwell equations in the case of an arbitrary excited linear isotropic homogeneous me-
dium. The initial and boundary conditions are given for the one-dimensional semi-infinite waveguide, consider-
ing the temporal coordinate as the main variable. The present results allow solving explicitly the problems of the 
signal transmission in the aforesaid media including the questions of the mobile communications. 

Keywords: the boundary problem, homogeneous isotropic linear arbitrary excited medium, the one-
dimensional semi-infinite waveguide. 

 
It is well known that the signal transmissions in the various kinds of media can be described ana-

lytically by means of the corresponding systems of PDEs [1, 2]. In its turn, these mathematical objects 
generate the respective boundary problems that reflect the aforesaid physical phenomena in the frame-
work of the appropriate temporal and spatial restrictions [3, 4]. Solving such problems explicitly, one 
covers simultaneously two of the researching directions, as of the classical electromagnetic field theory, 
as of the current technical electrodynamics. Both of them are tightly connected and equally important. 

Classical electrodynamics is the fundamental basis of technical radio electronics and the modern 
theory of electromagnetic wave propagation too [5].  

Hence, an explicit analytical study of the relevant vector boundary problems remains essentially 
necessary even nowadays, when a lot of applied computer programs exist. Moreover, if one investi-
gates  the  concrete  industrial  or  physical  phenomenon,  it  is  quite  natural  to  construct  first  of  all  its  
mathematical model whose correct analytic solution is in conformity with the original problem state-
ment and does not infringe it. 

The preferable approach here is the strict but simple mathematical procedure that can be under-
stood by the majority of engineers, staying at the same time in the limits of the usual program of 
higher mathematics which is lectured at the technical universities. 
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That is why we propose the essential industrial problem whose explicit solution bases on the gen-
eral analytical diagonalization method. The latter represents the operator analogy of the classical alge-
braic Gauss algorithm [6], and was applied successfully when the differential symmetrical Maxwell 
system was studied [7]. Such system describes the electromagnetic wave propagation in the various 
kinds of media and can be used in the mobile connections as well. 

The virtue of the above mentioned operator diagonalization approach is its independence, either 
on the original matrix structure, or on the initial and boundary conditions. So, it is very convenient to 
reduce the given system to the equivalent totality of the respective scalar equations, and only after-
wards to formulate the relevant boundary problem. 

Further, if we compare even the most advanced mathematical applied achievements studying the 
modern electromagnetic field problems, it can be noticed that almost all of them originally are bound 
to the initial and boundary conditions [8]. Moreover, the proposed solution relies basically on the con-
crete spatial coordinates, not on the temporal one. 

Finally, it is easier to formulate and study the scalar boundary problem for an only one function 
than deal with the vector analogy that includes even the finite system of the corresponding equations. 

Therefore, the main purpose of the present paper is the analytic solution of the specific boundary 
scalar problem that is generated by the symmetrical differential Maxwell system in the case of an arbi-
trary excited linear isotropic homogeneous medium. The initial and boundary conditions are given for 
the one-dimensional semi-infinite waveguide considering the temporal coordinate as the main variable. 

Such problem statement in the scalar case is obviously approved owing to [9] where the solvabil-
ity criterion of the symmetrical differential Maxwell system is proved. The medium is the same as we 
consider here, and the unified scalar wave PDE represents the equivalent object instead of the original 
Maxwell system. 

Before we come directly to  the aforesaid scalar  problem study,  it  should be noted that  the sug-
gested formulation is really specific, since there is no one-dimensional analogy of the classical rot (ro-
tor) operation. Therefore, we can not reduce formally the unified wave PDE [9] from the statement of 
( , , , )x y z t  to the case of ( , )x t . It means that just in the present situation the complete diagonalization 
process of the original Maxwell system must be done as the first step, and the unified wave PDE is its 
final result. Only after that we have right to formulate the required boundary problem basing on [9] 
and solving it explicitly by means of the integral transforms technique [10]. 

So, let the symmetrical differential Maxwell system be given in the case of an arbitrary excited 
linear isotropic homogeneous medium over the space ( , )x t , where ,x t are the spatial and temporal va-
riables respectively:  

  
1

1

( ) ,

( ) ,

CT
a a
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ì ¶
¶ = s ± le + e +ïï ¶
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where: 
 ( , )x t=E E

ur ur
, ( , )x t=H H
uur uur

 — are the sought for vector functions of the electric and magnetic field 
tensions; 

s , am , const 0ae = >  — are the specific conductivity, absolute magnetic and dielectric perme-
ability of the medium; 

l = const >0 — is the parameter of the signal that excites the medium. An absorption of the sig-
nal by the medium corresponds to “+”, a seizure implies “–”;  

r>0 — is the theoretical constant which is responsible for the “symmetry” of the right parts of (1) 
and whose existence is only assumed at the current stage of research; 
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( , )
CT CT

x t=j j
r r

; ( , )
CT CT

x t=e e
r r

 — are the known vector functions that describe the outside cur-
rent sources and tensions; 

1 x
¶

¶ =
¶

 — is the partial differential operation by the spatial variable x . 

Vector functions E
ur

, H
ur

, j
CTr

, e
CTr

 belong to one and the same class of four-times continuously 
differentiated functions over the space ( , )x t  [9].  

After simple algebraic transformations system (1) can be rewritten as follows 
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where:  

 *
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0aD r= + m ¶ ; *
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are the symbols of the partial differential operators;  

 1F E=
uur ur

; 2F H=
uur ur

; 1f j
CT

=
ur r

; 2f e
CT

=
uur r

   (4) 
are the unknown and given corresponding vector functions. 

Further, (2) can be diagonalized either by the operator analogy of Gauss method [6, 7], or by the 
inverse matrix operator construction with respect to the original matrix (2). The last method is re-
flected in [9].  

Namely, matrix from (2) looks like 

  1

1

C
D

- ¶é ù
= ê ú-¶ -ë û

M   (5) 

and 

  2
1det ;CD= ¶ +M 1 1 1

1
(det )

D
C

- - - -¶é ù
= ê ú¶ -ë û

M M ,  (6)  

where:  
 -1M  — is the inverse matrix operator regarding (5); 

det M  — is the determinant of (5); 
1(det M)- – is the inverse operator of det M . 

An application of (6) to (2) … (4) takes (2) to the unified wave PDE 

  ( )2 2
0 1

*¶ + ¶ =F f
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where:   

 ( ) ( )
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is the operator differential polynomial; 
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are the sought for and known functions respectively. 



ISSN 2076-2429 (print) 
ISSN 2223-3814 (on line) Праці Одеського політехнічного університету, 2012. Вип. 1(38) 
  

  
ПРОБЛЕМИ ФУНДАМЕНТАЛЬНИХ І ПРИКЛАДНИХ НАУК 

 

245

It should be noted here that since the initial system (1) is considered for the space ( ),x t , then 
vector  functions  from (7),  (9)  can  be  accepted  simultaneously  as  scalar  in  the  framework,  as  of  the  
original problem statement, as of the PDE (7). 

Moreover, we have to repeat again that there is no right to reduce directly the unified general 
wave PDE from [6, 7] over the space ( ), , ,x y z t  to  the present  case of ( ),x t . This fact is completely 

explicable because of the general situation [6, 7] when instead of 2
1¶ from (7) the operator 

2 =rot rot rot  appears and acts. It is well known that the one-dimensional rot operator does not exist. 
Now, taking into account the results of [9], we can formulate the wanted boundary problem for 

the semi-infinite axis over the space ( ),x t . 
The mentioned statement is the following 
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The given mathematical model (10) describes the wave propagation (signal transmission) in the 
semi-infinite one-dimensional waveguide along the direction of its spatial variable x  and taking into 
account the temporal parameter t . The medium remains the same, as in (1), — isotropic linear homo-
geneous and an arbitrary excited. It is quite natural, since (10) is equivalent to (1) because of [9]. 

The first and the second initial conditions from (10) determine the behavior of the sought for vec-
tor field function and its instantaneous velocity at the zero time. The third, boundary condition from 
(10) concerns the behavior of the same function in terms of the spatial origin point and describes the 
signal independence of time remaining constant. The last, fourth boundary condition in (10) at the in-
finite point ( )x = ¥  is required by the original problem statement and classical integral transform that 
must be applied here [10]. Physically it means the natural signal (wave) fading by its spatial coordi-
nate x  at the infinity. 

The present contour of integration implies an application of the simplest version of the integral 
transforms. It is the continuous sine ( sin ): 

 { }( )
0
sin d , \ 0 .x x const

¥

a a = Îò R   (11)  

The simplified geometrical picture of (10) is the following: 
  0 :x  0_________________ ( , )x t ________________® ¥   

Applying (11) to (10) we get the equivalent problem in terms of the respective transforms, and it 
is written further. Only, it should be noted that the double integration by parts gives the result which 
we use here. Namely, 

  2 2
1

0
( , )sin d (0, ) ( )x t x x t t

¥

a¶ a = a -aò F F F
r r r

,  (12) 

where:  
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 — is the continuous sine -transform of ( , )x tF
r

 by the variable x . 

Hence, using (11) for (10) and considering (12), we obtain the transform analogy of (10) with the 
appropriate ODE where ( )taF

r
 is the unknown: 
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In general, the second-order inhomogeneous linear ODE with the constant coefficients from (13) 
can be rewritten as follows 

  ( ) ( ) ( ) ( ),t a t b t t*
a a a a
² ¢+ + =F F F f

rr r r
  (14)  

where:  

 2
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e m
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are its coefficients; 

  ( ) ( )
0

, sin dt x t x t
¥

* *
a a= aòf f
r r

  (16) 

is the transform of the function ( ),x t*
af
r

. 
Additionally, it is clear that (14)...(16) is the equation of forced oscillations [11] whose general 

solution is the sum of the particular solution of (14) and the general one of the corresponding homoge-
neous ODE with respect to (14). The latter is the equation of free oscillations [11], and its general so-
lution is well-known [11]: 

  ( ) ( )
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where:  

  ( )2
2 2 4

4
a a a a

drD a b const
a a -æ ös

= - = - + = Îç ÷e m m eè ø
R .  (18) 

The aforesaid respective partial solution of (14) is the following [11]: 
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Then the required general solution of (14) is the sum of (17) and (19), where an addition is done 
in the appropriate cases 

 ( ) ( ) ( )0 1t t ta a a= +F F F
r r r

.  (20) 

Realizing the initial conditions from (13) and taking into account (17)…(20) we get the system 
regarding the unknown real constants 1 2,C C  from (17): 
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Simplifying (21), (22) with respect to the unknown constants 1 2,C C  we obtain the three linear 
systems: 

  
( )

( )
1 2 1 1

2
1 2 1 2

0 ,

0 , if 0;
2 2

C C
a D a DC C D

a a

a a

ì + = +
ï
í- + + ¢- = - + >ïî

F g

F g

r r

r r   (23)  

  
( )

( )
1 1 1

2
1 2 1 2

0 ,

0 , if 0;
2 2

C
a DC C D

a a

a a

ì = +
ï
í

¢- + = - + <ïî

F g

F g

r r

r r   (24)  

  
( )

( )
2 1 1

2
1 2 1 2

0 ,

0 , if 0,
2

C
aC C D

a a

a a

ì = +
ï
í

¢- = - + =ïî

F g

F g

r r

r r   (25) 

where:  
 ( )1,2i ia =gr  — are the same in all cases and are given in (13), (21), (22); 



ISSN 2076-2429 (print) Праці Одеського політехнічного університету, 2012. Вип. 1(38) ISSN 2223-3814 (on line)   

  
ПРОБЛЕМИ ФУНДАМЕНТАЛЬНИХ І ПРИКЛАДНИХ НАУК 

 

248 

( )1 0aF
r

, ( )1 0a¢F
r

 — are described in (19), (21), (22) and have their own different expressions in 

each of three values of 2D from (18).  
The corresponding solutions of (23)...(25) are given below: 

  ( )( ) ( )( )1,2 2 1 1 1
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Substituting (26) – (28) for 1,2C  into (17), (20) we get the required analytic solution of (13). 
Afterwards, an application of the inverse integral sine -transform  

 ( ) ( )
0

2, sin dx t t x
¥

a= a a
p ò

F F
r r

 

to (20) gives at last the explicit solution of the original boundary problem (10).  
Hence, the raised problem is solved analytically completely, and the purpose of the present paper 

is achieved here too. 
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