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THE PROPERTIES OF TIME-FREQUENCY LOCALIZATION
OF BASIS FUNCTIONS USED IN OFTDM
COMMUNICATION SYSTEMS

A.E. Bpsancoxuil. BracTHBOCTI 4acTOTHO-4acoBol JToKadi3anii 6a3ucHux ¢pyHnkuii, ski BukopucroByorses B OFTDM cucremax
3B'S13KY. J{0CHiKYIOTBCS BIACTUBOCTI 4aCTOTHO-4acoBoi Jiokamizanil (UUJI) pisuux 6a3ucHuX (HyHKIH: OpAMOKYTHA (QYHKLIsS, QYHKIA
MOJIOBHHA KOCHHYCa, (QYHKILsI aJrOPUTMY i30TPOIHOro opTroroHansHoro meperBopenHs (Isotropic Orthogonal Transform Algorithm —
IOTA) i posmmupena ¢ynkuis aycca, sixi BukopuctoByloTbest B OFTDM cuctemax 3B'S3Ky. MeTOI0 € JOCIIIKECHHS BIACTHBOCTEH
YaCTOTHO-4ACOBOI JIOKai3awii 6a3ucHUX (YHKLIH, ki BUKOpHCcTOBYIOThCs B OFTDM cucremax 3B'S3Ky, IO € HEOOXiJHOI YMOBOO IS
CTBOPEHHS CUCTEMH Iepenaui iHpopMmanii Ha OCHOBI HOBHX 0a3ucHUX (YHKIH, 10oOpe JIOKaIi30BaHUX K B YaCTOTHIM, Tak i B yacoBiil
obxacri, 3 xopomuM npuaynieHHsaM MixkcumBonbHOT (MCI) 1 mixkkananbpHoi (MKI) inTepdepenuii. [Ipencrasieni pe3ynbTaTi, OTpUMaHi
3a JIONOMOTOI0 METOJy MAaTeMaTHYHOro MojeltoBaHHs. IIpeicTaBieHo Kinbka Pi3HUX THUIIB (OPMYIOUMX IMITYJIbCIiB, 3 MOAANBIINM
BHUKOpPHUCTaHHAM mapamerpa ['eiizeHOepra & sk ingukaropa BiactuBocted YUJI. Yum Oinbma &, TMM Kpama ChijbHa 4acTOTHO-4aCcOBa
nokamizanis 6asucHoi ¢ynkuii. Ha edextuBHicTs posmupenoi ¢ynxmii I'aycca BINMBaTUMYTh JBa Mapamerpa: o, i KUIbKICTh JaHOK
¢dineTpa M. BiacTHBOCTI 4acTOTHO-4acoBOi JIOKadi3awil, sIKi ONMUCYIOThCS mMapamerpoM ['elizeHOepra, (QyHKLi€I0 HEBU3HAYEHOCTI, a
TakoXK (YHKI[€EIO MEPelIKoa I MUTTEBOIO (YHKI€I0 KOpeNsiLii, J03BOJIIOTH ONMCATH, SIKAUM YMHOM CHIHAIM Ha PI3HUX HECYYHX
4acTOTax 1 3 PI3HUMH CHMBOJIAMH B3A€EMOJIIIOTH OJUH 3 OJHUM. 3a PaxyHOK BHUKOPHCTaHHS Pi3HUX Oa3uCHUX (QYHKIIN 3 pi3HUMH
BiactuBocTsMu YUJI, tuHAMIYHKI PO3IIOALNT CIIEKTpa MOXe OyTH JAOCATHYTO OLIbII IIPUPOJHIM YHHOM, OCKIJIBKH TIepeaBad i npuitmMayq
MIBUJIKO TIPUCTOCOBYIOTBCS 1O Pi3HHMX YMOB KaHaly 1 CepelOBMINA IEPEelIKoJ, i MOXHa OYiKyBaTH OiNbII BHCOKOI HaAiiHOCTI i
CIEKTPalIbHOI €(QEeKTHBHOCTI CHUCTEMH 3B'S3Ky. TakoX NpH CHPOLICHHI CHHXpPOHi3amii MOXHa O4YiKyBaTH MEHIIOI YYTJIMBOCTI [0
JacOBOTO 1 YACTOTHOTO 3CYBY.
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A.E. Bryanskiy. The properties of time-frequency localization of basis functions used in OFTDM communication systems. This
article investigates the properties of time-frequency localization (TFL) of various basis functions, such as rectangular function, the function
of half cosine, isotropic orthogonal transform algorithm (IOTA) function and extended Gaussian function used in OFTDM communication
systems. The aim is to study the properties of time-frequency localization of basis functions used in OFTDM communication systems which
is a prerequisite for creating information communication system based on new basis functions that are well localized both in frequency and in
time domain, with good suppression of intersymbol (ISI) and interchannel (ICI) interference. The results presented in the article are obtained
by the method of mathematical modeling. The paper presents several different types of forming impulses with the further use of the
Heisenberg parameter & as an indicator of TFL properties. The higher & is, the better the joint time-frequency localization of basis function.
Two parameters affect the effectiveness of extended Gaussian function. One of them is a and the other is the number of filter M units. The
properties of time-frequency localization described by Heisenberg parameter, uncertainty function and interference function and
instantaneous correlation function allow to describe how signals at different carrier frequencies and with different characters interact with
each other. By using different basis functions with different properties of TFL dynamic spectrum distribution can be achieved more naturally
because the transmitter and receiver quickly adapt to different channel conditions and environmental obstacles. Thus, we can expect higher
reliability and spectral efficiency of communications system. Also a lower sensitivity to time and frequency shift can be expected at
simplifying the synchronization.
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Introduction. When using forming impulses in orthogonal frequency-time division multiplexing
(OFTDM) systems [1] the reduction of intersymbol and interchannel interferences without adding cy-
clic prefix as compared to classical OFDM systems can be achieved. There have been proposed vari-
ous basis functions with good properties of TFL [2, 3] and consider implementation based on different
banks of filters. In contrast to classical OFDM scheme in which each subcarrier is modulated by com-
plex-symbol in OFTDM each subcarrier is modulated by real character and thus it is allowed to use of
well-localized time-frequency forming impulse with higher system requirements to TFL [4]. This ena-
bles a very efficient symbols packaging, increasing to a maximum, for example, bandwidth or stability
in the communication lines. OFTDM was implemented to the technical standard for digital radio
communication and its use has been considered in standard WRAN (IEEE 802.22).

Aim of the Research is to study the properties of time-frequency localization of basis functions
used in OFTDM communication systems [1], which is a prerequisite for creating information commu-
nication system based on new basis functions that are well localized both in frequency and in time
domain, with good suppression of intersymbol (ISI) and interchannel (ICI) interference [2].

Materials and Methods. The transmitted signals in OFTDM system can be written in the fol-
lowing analytical form:

0

S(t)z Z %am,ngm,n (t), (1)

n=—o0 m=0
where ap, (N€Zm=0,1,..., N —1) are real symbols transmitted on subcarrier with index m for sym-

bol time with index n;
Om.n (t) is the forming impulse with indexes (m, n) in a synthesized basis obtained from the con-

verted time-frequency version of the basic functions g(t) as follows [5]:
'(m+n)E .
Omn(t) = e 2120 g (t _n1o), VoTo = % (2

The paper presents several types of forming impulses with further use of Heisenberg parameter &

as an indicator of TFL properties.
Rectangular basic function is defined as follows:

i,npn|t|£1—0,

Jwo

To
0 t>—
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sin(nto f)

nf\/a .

g(t) = i G(f)= ©)

Fourier transform of rectangular basis function G(f)is the function sincthat has a first side lobe

— 13 dB and slowly fading along the frequency axis.
Function half cosine is defined as follows:

1 cos il npu |t| <t
I — = 10,
g =1V 2% 4)
0, mpu |t| > Tg.
It is quite compact in the time domain and has the rapid decline in the frequency domain and, as
well, can be used as a good basis function.
Gaussian function is defined as:
0u (1) = (20)" e ™ o> 0. )

Extended Gaussian function is obtained from Gaussian function (5) and can be described using
the following analytical expression:
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Zonon® == > o ga[t+£j+ga(t—£) 3 Gy cos(znli} (6)
2| Vo Vo 1=0 To

1 . . . ..
where tovo :E’ 0. is Gaussian function, and coefficients dy .., are real.

It should be noted that the Fourier transform of the extended Gaussian function and Gaussian
function hasthe same form as the functions itself, except the axles zoom factor:

FZo o0 (t) = Za,w,v0 ( f )v fga ( f ) = Qua ( f ) (7)
A special case of extended Gaussian function is a function ¢(t) = Z 11 (t) that is called isotropic
V22
orthogonal transfer algorithm or IOTA-function because of its invariance to Fourier transform
Fo(t) =C(1).
Instead of deduce of system implementing structure from the filter bank theory let’s find the real-

ization by direct sampling of continuous time model [1] excluding the conditions of exact recovery.
Let s(t) be the output signal of OFTDM modulator (for simplicity let’s assume further that

@o =0), which can be written as:

o N-1

S(t) = Z z |:anﬁ,en gm,2n (t) + arln”,]n gm,2n+l (t)], (8)

n=—o00 m=0

and the demodulated signal in branch k for the duration of symbol n can be written as follows:
~Re * xIm *
i = Re{ [ s(t)gm,zn(t)dt}, ann = Im{ [ s(t)gm,2n+1(t)dt}, 9
R R

where Reand Im are real and imagine parts respectively.

While sampling s(t) with speed Ti during the time interval [nT —to, NT + 7o} can be obtained [1]:

S

2, iT(ms2l) j2n™
s(nT +kTs) =Y. Z{aﬁfﬁg(nT +KT, —1T) + ja,;"?.g(nT +KT, =T —%ﬂelz e N, (10)
|=—0 m=0
whereneZ and kz—ﬁ,..., E—1.
2 2
Let si[n]=s[nN +k]=s(nT +KkTs) and making the replacement of variables p=n-1I, let’s re-

write (10) in the following way:

0

N-1
sc[n]= Z g(pT +kTs){Za§?npe
m=0

p=—

iZ(ms2n-2p) jorK
2 e N

o TN iEmeanop) o™ o o (11)
+p;wg [ pT +KTs —EJLZ;) jamn-p€ 2 e N }: g[n]- A (af%) + gk%[n] A (jam ),
where
A (X ) = Nz—‘ixm’nejg(mﬂn)ejzn%k, 2
m=0
0[P = G[PN +K] = g(pT +KT,), per. (13)

Therefore OFTDM modulator can be easily implemented using block of inverse fast Fourier trans-
form (FFT) [5], defined in (12), with further use of bank of filters of forming impulse, defined in (13).
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On the receiver side, by sampling the received signal r(t) at the speed 1 and integration approx-

imation by addition, let’s rewrite (9) as follows:

ﬁ7 m(k+ﬂj
R 2 2 —j2n 2
ar, ~Req T, j™ 2 Z «[n]- g [-nle NS (14)
N
y)
~Im - —(m+2n) & 7j2ﬁm7k
amn ~ M4 T w[nl-g _wl-nle " (15)
k=0 2

where gx[-n]=g[-nN + k] = g(kTs — NT) . OFTDM demodulator can be implemented using a bank of
filters g«[n] and gkfﬂ[n] , with further use of FFT block[4].
2

Assume that forming basic function g(t) (or its truncated form) has a finite length on the interval

—M1o £t <M1y, then its discrete form g[n] is not empty on the interval n——M—zl\I,..., w—1

2
Therefore the length of each branch of the filter is M .

To illustrate how a basic function changes depending on the time and frequency distribution, we
construct ambiguity function of the output signal of one branch of demodulation

Z|A(r—2nto,v—2mvo)|2 . Three-dimensional graph is shown in Fig. 1 using basic functions I0TA.

Axis are normalized by 1o and v, respectively. For simplicity, data transmitted on each basis function
are ignored and only neighboring points of spatial lattice to the same subset are consider.
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Fig. 1. Distribution of IOTA basis functions in time-frequency plane in OFTDM system:
IOTA basis function (a), contour graph (b)

These impulses at points of spatial lattice with distance 21, or 2v, have a negative envelope,

j2(m+n) . .
thanks to phase factor e 2 equal to -1 when |m|=2 either |n|=2, but not both. IOTA function
value is 0 on the edge of impulses so the neighboring impulses will be undertaken to interference until
normalized time or frequency dispersion is less than 2.

In order to compare the properties of various impulses localization and obtaining quantitative un-
derstanding of this there was calculated Heisenberg parameter &and direction parameter « for each

impulse. It should be noted that for the rectangular impulse Af > =fsin2(oaf)df =00 and, respectively,
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in theory {=0and «=0. For the extended Gaussian function and it will steadily increase to a maxi-
mum in proportion as o will be closer to 1 regardless of the direction [3]. Gaussian impulse reaches
the maximum value & and, therefore, has the best properties of TFL. IOTA impulse has good localiza-
tion confirmed by the maximum value of parameter £ among extended Gaussian functions.

Results. Let’s perform system simulation of OFTDM system in Matlab. Define the size of FFT /
IFFT equal to 64 during the subsequent modeling. As it was mentioned above, a forming basis func-
tion g(t) (or its truncated form) has a finite length at the interval - M1, <t <M.

Fig. 2 shows the signal constellation at the output demodulation of OFTDM system, when using
half cosine function and extended Gaussian function as basis functions.

/ N % A
' i % T T & @ Tel
los o5 o los W f05
. . . AN A . ' . . ¥ | W n
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Fig. 2. Signal constellation for QAM-16 modulation: half cosine function (a), half cosine function with frequency
shift (b), extended Gaussian function (c), extended Gaussian function with frequency shift (d)

Assume that M =5, therefore, filters on each branch will have only M =5 nonzero links. Extend-
ed Gaussian function can achieve almost ideal recovery when there is no noise or distortion, (Fig. 2, c)
while half cosine function leads to some distortion (Fig.2, a). When there is a random frequency shift
(for example Af =2000 Hz), as shown on Fig. 2,b and Fig. 2,d then there is a significant distortion of
the signal constellation in both cases, and it is difficult to say which of the basis functions is better.

The effectiveness of extended Gaussian function is affected by two parameters. One of them is a
and the other is the number of units of filter M . Fig. 3 shows the effect of these two parameters when
using filters with different number of units
(M =2 and M =5) and various values of

—

. . - . parameter oo (ao=1 and a =3).

05 . . . . Fig. 3 shows that when the number of
— 1o 51 = 7 filter units is fairly large (for exam-
Los ' * * los ' pleM =5), parameter o determines the
L. . . R PR . overall efficiency. The most suitable form
a b of TFL (a=1,with no distortion) provides
M Y the best efficiency (Fig.3, a compared to
DA - v : ' : ) Fig. 3, b). If there is an insufficient number
> = [T = . N of filter units (for example M=2) a basis
T 05 0 05 17 T 05 0 05 17 function with the largest value of o will be
R ' ) " los ) the least affected by truncation (Fig. 3, ¢

~ ~ L~ ~ . < L . compared to Fig. 3, d).
c d Conclusions. The properties of time-
Fig. 3. Signal constellation for extended Gaussian function  requency localization described by Heisen-
during QAM-16 modulation: M=5, a=1, (a); M=5, berg parameter, ambiguity function as well
a=3 (b); M=2, a=1 (c); M=2, o=3 (d) as interference function and instantaneous

correlation function allow describing how
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signals at different carrier frequencies and with different characters interact with each other. Since the
transmitted signal consisting of basis functions places a copy of basis function at each point of the
space lattice on the time-frequency plane, the smaller capacity of the basis function will be distributed
to neighboring spatial lattice, the better reconstruction of the transmitted signal can be obtained after
demodulation.

By using different basis functions with different TFL properties, dynamic spectrum distribution
can be achieved more naturally because the transmitter and receiver quickly adapt to different channel
conditions and environmental obstacles. Thus, higher reliability and spectral efficiency of communica-
tions system can be expect. In addition, less sensitivity to the time and frequency offset can be expect
when simplifying the synchronization. Therefore, OFTDM system is a promising candidate for the
future wireless communication.
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