ISSN 2076-2429 (print) . . N 5
ISSN 2223-3814 (online) Proceedings of Odessa Polytechnic University, Issue 1(57), 2019

MACHINE BUILDING ENGINEERING

MAIINHOBYAYBAHHA
UDC 539.38

S. Kurennov, DSc, Assoc. Prof.,
K. Barakhov,

D. Dvoretskaya
National Aerospace University “Kharkiv Aviation Institutest”, 17 Chkalov Str., Kharkiv, Ukraine, 61070; e-mail: kurennov.ss@gmail.com

AXISYMMETRIC STRESSED STATE OF THE ADHESIVE
JOINT OF TWO CYLINDRICAL SHELLS UNDER
AXIAL TENSION

C.C. Kypewnos, K.II. bBapaxos, [O.B. [sopeyvka. OcecMMeTpHYHMIi HANpPY:KeHHMH CTaH KJIEHOBOro 3’€¢IHAHHA [BOX
NUTHAPHYHAX 000I0HOK NPH 0CHOBOMY po3TsiranHHi. Po3risiHyTa 3aja4a DOCIiKEHHS HANIPY>KeHO-1e(OpPMOBAHOT0 CTaHy KOHCTPYKIL,
CKJIaJIeHOI 3 JIBOX CKIEGEHHX KOAKCialbHHX HHIHAPHYHUX TpyO. Llimo poOOTH € yTOYHEHHs KIACHYHOI MOJENI HAIpyXKEHOIO CTaHy
3’€AHAaHHA Ta JOCHIPKEHHS TOYHOCTI 3alpOIIOHOBaHOI Moxeni i ymoB 1i 3acrocyBaHHs. TpyOM poO3risimaloTbCs SK TOHKOCTIHHI
0CECHMETPHYHI 000JIOHKH, SIKi 3’€IHAHI 3a JOIOMOroI0 KIeHOBOro mapy HeHyJIbOBOI TOBIIMHU. JIOTHYHI HAaIpy»KeHHS B Kilel BBaXKAIOTHCA
MOCTIHHMMHE 32 TOBIIMHOIO KJICHOBOrO IIapy Ta JiIOYMMH JIHIIe B Horo cepenuHHii mosepxHi. HopMmanabHiI Hampy:KeHHS MOKJIAJAlOTHCS
JIHIAHO 3aJIOKHUMHU BiJl pajiianbHOi KoOpAUHATH. JIOTUYHI HAIIPY)KEHHS Y KJICHOBOMY ILIapi MPOMOPLiiHi Pi3HULI MO30BXHIX IepeMillleHb
CTOpiH 0DOJIOHOK, sIKi 00epHEeHi 10 KieioBoro mapy. HopmalibHi HanpyXeHHs — IPOHOPLiiHI Pi3HULI paiaibHUX MEPEeMillieHb 000JOHOK.
3amady 3HaXOMKEHHS HAINpyXKeHO-1e(pOpMOBAHOTrO CTaHy 3 €IHAHHS 3BEICHO IO CUCTEMH YOTHPHOX 3BHYANHUX NH(EPEHIIHHUX PiBHIHDB
BIZTHOCHO pajJiallbHUX Ta IIO3[0BXKHIX HepeMimeHb mapiB. CHCTeMy po3B’s3aHO MAaTPUYHHM MeTofoM. IlepeMiIieHHsS mapiB 3a MeKXaMH
CKJICHKH 3HAaXONATHCS 32 KIACHYHOIO TEOPII0 OCECHMETPHYHUX OOOJIOHOK. 3a/I0BOJICHHS KPallOBHX YMOB Ta YMOB CIPSDKEGHHS IIPH3BOIUTD
JIO CHCTEMH JIBAJISTH JBOX JIIHIHHUX PIBHSHB i3 IBAALSTH IBOMa HEBiIOMHMHU KoedinieHTamu. PO3B’s13aHO MOJENIbHY 3a/1auy, pe3yJibTaTh
MOPIBHAHO 3 PO3paxXyHKaMH, BUKOHAHHMH 32 JONOMOIOI0 METONY CKiHUCHHX eleMeHTIiB. JOTHYHI Ta HOpMalbHI HampyXeHHS y Kiel
JIOCATAIOTh MAKCUMaJIbHHX 3HadeHb Ha Kpasx KielioBoro mma. [ToxazaHo, IO 3alpOINOHOBaHA MOJENb 3 BHCOKOIO TOUYHICTIO OIHCY€
HaNpy)KeHUH CTaH 3’€JHAHHS, SKe Mae HAIUIMBH 3aJIUIIKIB KJICI0 Ha KiHIIX IIBa ajne He Mo)ke OyTH 3aCTOCOBaHA y BHIAJKY BiACYTHOCTI
HaruBiB Kieto. ToMy 1o y TakoMy pasi JOTHYHI HaIpy KeHHs BHACIIIOK 3aKOHY APHOCTI JOCATaloTh MAKCHMAaJIbHUX 3Ha4eHb He Ha Kpalo,
a Ha JesKii BifcTaHi Bif Kpaio miBa. BHACHiOK LBOrO PO3MOJIM HOPMaJbHHX HAIpPYKEHb y Kpa IBa TAaKOX CYTTEBO 3MIHIOETHCS 1
BiIpi3HAETHCA Bil pO3PaxyHKIB 32 3aIPOIIOHOBAHOIO MOJEIUIIO. TakuM YHMHOM, MaTeMaTHYHA MOJENb 3’€JHAHHS 3a IIEBHUX OOMEXEHb Ma€
JIOCTATHIO JUIS iHXKEHEePHHX 3a]a4 TOYHICTh 1 MOXKe OYTU BUKOPHCTaHA JUI PO3B’sI3aHHS 3a/1ad IPOSKTYBaHHS KOHCTPYKIIiL.

Kniouosi cnosa: xneiioBe 3’€qHAHHS, IWIIHAPUYHI OCECHMETPHYHI OOONOHKH, aHANTHYHUH PO3B’A30K, CHCTEMa 3BHYAIHUX
nudepeHitHuX PIBHIHB, CHMETPUYHI MATPULI

S. Kurennov, K. Barakhov, D. Dvoretskaya. Axisymmetric stressed state of the adhesive joint of two cylindrical shells under
axial tension. The research of the deflected mode of the construction, composed of two coaxially-glued cylindrical pipes, is done. Pipes are
considered as thin-walled axisymmetric shells, which are joined by adhesive layer of a certain thickness. The shearing stresses in the glue are
considered to be constant over the thickness of the adhesive layer, and normal stresses are linearly dependent on the radial coordinate. The
shearing stresses in the adhesive layer are considered to be proportional to the difference in the longitudinal displacements of the shell sides
that are faced to the adhesive layer. Normal stresses are proportional to the difference in radial displacement of the shells. It is supposed that
the change in the adhesive layer thickness under deformation does not affect the stress, that is, the linear model is considered. The problem of
the joint deflected mode finding is reduced to the system of four ordinary differential equations relative to the radial and longitudinal
displacements of the layers. The system is solved by the matrix method. Displacements of layers outside of the adherent area can be found by
the classical theory of axisymmetric shells. Satisfaction of boundary conditions and conjugation conditions leads to a system of twenty two
linear equations with twenty two unknown coefficients. The model problem is solved; the results are compared with the computation made
by the finite element method. The tangential and normal stresses in the glue reach the maximum values at the edges of the adhesive line. It is
shown that the proposed model describes the stressed state of the joint with high accuracy, and this joint has an influx of glue residues at the
ends of the adhesive line but cannot be applied in the absence of adhesive influxes. Because in this case, the tangential stresses due to the
parity rule reach maximum values not on the edge, but at some distance from the edge of the line. As a result, the distribution of normal
stresses at the edge of the line also substantially changes. Thus, the proposed model with certain restrictions has sufficient accuracy for
engineering problems and can be used to solve design problems.
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Introduction. Adhesive joints of coaxial cylindrical pipes are common elements in the design of
aviation, rocket and space technology. Such joints have several advantages compared with other clas-
sical types of compounds. Such advantages are tightness, high aerodynamic efficiency, manufactura-
bility, low weight, etc. However, the control of adhesive joints is difficult, and the operating experi-
ence of composite structures shows that the loss of the bearing capacity of the structure often occurs
due to the destruction of the connecting nodes. This is due to the fact that it is difficult to achieve uni-
form transmission of forces from one structural element to another in an overlap joint. As a rule, stress
concentration occurs in the joint seam at the edges of the gluing, which reduces the strength of the
structure. Therefore, the calculation of connecting elements is an important component of the calcula-
tion of aggregates for strength.

Analysis of publications. The task of determining in an analytical form the stress-strain state (SSS)
of the connections of cylindrical pipes in the general formulation has not yet been solved. For the de-
scription of the coaxial pipe connections, in the analytical form of the SSS, exclusively axisymmetric
models are used. Consider connections transmitting torque [1] or longitudinal load [2]. Mathematical
models of compounds transmitting longitudinal load can be divided into two types. In the first case,
the connected pipes are considered as thin-walled cylindrical shells. In this case, the stress distribution
over the thickness of the layers is set a priori, and in the carrier layers the stress distribution is assumed
to be linear, and in the adhesive layer, uniform across the layer thickness [3, 4]. Models of the second
type consider joints of thick-walled pipes, the local bending of which can be neglected. In order to be
able to build an analytical solution, it is assumed in [5, 6] that the normal stresses in the axial direction
in the pipes being joined are constant in thickness, and the normal stresses in the radial direction are
equal to zero. However, it is obvious that in a real construction the distribution of normal stresses
across the thickness of the layers differs from the uniform distribution. A model [7] was also proposed,
according to which normal stresses in the radial direction are variable, and stresses in the circumferen-
tial and axial directions are constant in thickness. Of course, the finite element method (FEM) is also used
to study the SSS of adhesive joints of coaxial pipes, as for example, in [2, 8, 9] and experiments [10]. This
approach allows you to explore a wide range of tasks, however, it complicates parametric studies,
complicates solving problems for complex structures, solving design and optimization problems, etc.
Comparison of the results of numerical calculations performed using FEM with analytical models
showed that for thin-walled shells the model [3, 4] shows good results.

Purpose of the study. One of the drawbacks of the mathematical model SSS of the adhesive lay-
er, which was used in [3, 4], is the hypothesis of a uniform distribution of stresses across the thickness
of the adhesive layer. Obviously, this leads to an imbalance of the layers, since the areas of the outer
and inner surfaces of the adhesive layer are different. In the joints of flat plates or beams of this imbal-
ance does not occur. The purpose of this work is to create a refined mathematical model of the com-
pound, which relieves it of the indicated disadvantage. It is proposed to consider the tangential stresses
acting only in the middle surface of the adhesive layer, and the normal (tear-off) stresses in the adhe-
sive — evenly distributed throughout the thickness of the adhesive layer. This approach was previously
used to model the SSS of flat adhesive joints [11]. This approach is used for the first time in modeling
the SSS of connections of cylindrical coaxial shells.

It should be noted that the new models SSS of the adhesive layer created in recent years make it
possible to describe the adhesive SSS with high accuracy and take into account the peculiarities of the
adhesive state at the ends of the adhesive joint, taking into account the boundary conditions on the ex-
ternal border of the adhesive layer [12, 13]. However, these mathematical models to describe the SSS
of cylindrical compounds have not yet been used.

Formulation of the problem. The joint scheme and its dimensions are shown in Fig. 1.

The origin is placed in the middle of the gluing area. The radii of the middle surfaces of the cy-

lindrical shells are denoted by R, and R, respectively. External and internal diameters of pipes facing
the adhesive layer D, and D,. The radius of the middle surface of the adhesive layer is R, . The thick-
ness of the bearing layers and the adhesive layer is denoted by 61, 5, and J .

Let us consider in more detail the area of gluing. The differential elements of the connection and
the acting forces are shown in Fig. 2
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Fig. 2. Differential element of joint
The equilibrium equations of differential elements of a compound are:
dN dN
Ri——+Roto=0; Ry—=—Rot0 =0, €
dx dx
d d D
—QI+EC51 T.=0; R Q. __202_-'-2:0, (2)
dx dx 2
dMm S0 dM 5
R Xl —R1Q1+Ro(sl+?) 70=0; R, dX2 ~R.Q, +R0(s2 +?Ojro =0. (3)

Here, the values of s, s, are the distance from the neutral axis when bending to the outer sur-
face of the base layer facing the adhesive layer. In the case of symmetric (homogeneous) layers, this
distance is equal to half the thickness of the base layer.

The equations of physical law:

N; = B (;U' +B{u) % . T, =B \g' Oy %, (4)
X i i X
ELS, o EVS

where i=1 2; B{" = G BY =—— @ - Membrane stiffness of the bearing layers in the
— My Hyx 1- gy

longitudinal and circumferential directions. In this case, we assume that the materials of the cylindrical
shells being joined are orthotropic;
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O i E" - the elastic moduli of the carrier layer with the number i =1, 2 in the corresponding

direction.
The equations of bending shells:

dZWl M;
=——. 5
dx? Ji ©
(i)
Where in the case of homogeneous bearing layers bending stiffness J; =1ﬁ li, and where
— Moy Hyx
inturn I; =& /12 - moment of inertia of the corresponding carrier layer.
The equilibrium equation of the differential element of the adhesive in the radial direction is:
ﬂ _ Do, — Doy . (6)
dx 80D0
Normal stresses in the glue will be presented in the form:
Do 8o d1o Do O d1o
G;=—|GCo+——|; oi=—|Go———— |. 7
2D2(°2dx) lDl(Ode) ()

This form allows you to turn the equilibrium equation (6) into an identity. When this stresses oy
will be considered proportional to the difference of the transverse displacements of the carrier layers:

oo = K(Wz —w1), 8)
where K =Ey8," - stiffness of the adhesive layer in tension-compression in the transverse direction.

The tangential stresses in the glue will be considered proportional to the difference of the longitudinal
displacements of the inner, facing the adhesive layer, sides of the carrier layers:

TOZP(UQ—U]_-I—SQ%-l—Sld—\M-), (9)
dx dx

S & & )
where P=| =+ —+——| - refined stiffness of the adhesive layer in shear [14].

Gy 2G 2G;

Build a solution. The system of equations (1) — (9) can be reduced to a system of four differen-
tial equations for the longitudinal and transverse (radial) displacements of the carrier layers, which in
matrix form can be written as follows:

4\ 2\ \ /
d\4/+A2d\2/+A1d—V+A0\7=O, (10)
X dx dx

Ay

where V =(u;; Uz; Wi W,)" - vector function of displacement of layers.

RBY S -1 1
RoP 1 -1
R,B{ B K K
A; = ) oo ) L A= - . L+ — -—— ;
RoP RoRP P P
-sf -5 K B” K
-5S  —% P RoR:P P
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Here B, = _ 5. - Bl = K B According to the theory of elasticity of an orthotropic body,
RR P77 R P

the equality is pyEx = nyEy . Consequently, the matrices of equation (10) are symmetric.

We look for the solution of equation (10) in the form V =he™, substituting in (10) and simplify-
ing, we obtain the equation:

Ash=0, (11)
where As = AL + A0 + A+ A, .

Characteristic equation det(As) =0 has a root A =0 of multiplicity of the second degree, and ten
non-zero roots. We find vectors h, from equation (11) up to an arbitrary factor C,. Therefore, the
general solution (10) can be written as:

\7 = ZCkﬁk exkx + Flo + |:|1X,

where H, and H, - eigenvectors corresponding to 1 =0;
h. - eigenvectors corresponding to eigenvalues A =0.

Cp Cu
_ Cn _ Cu KRyR, (].l(l)B(l) +ny)B(2))+ B(l) (1)8(2)
H. = ; Ho= o =-R @ @y, gOR@
0 Cletl KRO(Rsz + RlBy )+ By By
0 Croa

KRORl(l»l(l) @ +ny)B(2))+B(1) (Z)B(Z)
KR, (R;B\” + RB{”)+ B"B{?
Thus, the formula for displacement includes 12 constants Cy. From formulas (1) — (9) we find
the efforts N;i, Q; and T; in the bearing layers, bending moments M; and stresses t, and o; in the

adhesive layer.
Longitudinal and transverse movements of tips we denote us, w; (Xxe[-L —L;—L]) and us, Wy

(xe[L; L+ Ly]).Outside the area of gluing, displacements will be described by classical equations of
an axisymmetric cylindrical shell:

Oz =—he

Rl Ji d* oW (ONE) H(xl)Fo Rz2 J2 d4W4 2. (2 H(xz)Fo
B(l) dx’ + (1= oy )Ws =— 27'tyB(l) ' BO gy + (1 Hxy Fyx )W == 27_:/ @ 12)
y y y y
Ns =By ddu3 By hin VF\f ;. T=8 %+ iy %;
X 1 1 X
(13)
N =P 2, g @k g g W g0
X Rz Rz dX
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where R - longitudinal force applied to the joint; N; = =const u N4 =

27'CR1 27'CR2
Solving the differential equations (12) and (13), we find the dependencies describing the dis-
placements on the outer parts of the structure. Shell forces are described by dependencies:

dQ T dQs T dMs dM, d’ws ~ Ms  d’w . M,

=const .

dx _R]_’ dx _Rz’ dx ZQS’ dx =Q4’ dX2 T J]_ ’ dX2 T Jz .
Edge and pairing conditions:
dw:
u3|x:—L—L1 Zd_XS :Q3|x:—L—L1 =0; N2|x:—L =Q2|x:—L = M2|x:—L =0; u3|x:—L = ul|x:—L ,
x=—L-L1
wal o =w| Qus - _dwl Na| =N 5 Qs =Q_ i Ms|_ =Mf_;
x=—L X=—L dX L dX L x=—L X=—L x=—L X=—L x=—L x=—L
dw. dw;
Nl|x:L :Ql|x:L = Ml|x:L :0; u4|x:L = U2|X:L . W4|X:L :W2|X:L; d_x4x:L :d_)(ZX:L’ 4|X:L = 2|x:L;

Q4|X:L = Q2|X:L ; M4|X:L = M2|X:L; Q4|X:L+L2 = M4|X:L+L2 =0.
The boundary conditions lead to a system of linear equations for the unknown coefficients Ci
and coefficients arising from the integration of differential equations (12), (13).
Numerical example. Consider a structure having the following parameters: E{’ = E\” =70 GPa;
ny =nl=03; i=12; L=30mm; L=L,=50mm; &=8=3mm; G;=0.36 GPa;
Eo =0.9 GPa; 8,=0.1 mm; radii Ry =50 mm; Ry=R; +0.58 +0.58; R.=Ro+0.55, +0.58.

A longitudinal force is applied to the joint, uniformly distributed along the circumferential coordinate.

Fig. 3 shows graphs of tangential (a) and normal (b) stresses in the middle surface of the adhe-
sive layer.

=10 il 10

Fig. 3. Stresses in the adhesive layer

Stresses are shown in dimensionless form, as the ratio of the acting stresses toand oy to the tan-

gential stresses Ry /(4nRoL) , which would occur if the stresses were evenly distributed over the middle
surface of the adhesive layer.
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The stresses o, and oyin  4rik, ¢

this case differ little from the F,
stresses oy and are almost indis- 4z.R

tinguishable in the graph, and  F,
therefore are not shown in the fig-

ure, but their average value oo

is shown.

To verify the computational
model, the stress state of the struc-
ture under consideration was cal-
culated using FEM in the Comsol
Multiphysics 5.2 system. The fi-
nite element model of the structure
(Fig. 1) is supplemented with an Fig. 4. Stresses in the adhesive layer at the seam edge
influx of glue at both ends of the
seam in the form of a quarter of a
circle with a radius 58, , and the edge of the part being joined is supplemented with chamfers with a
side 23, . The characteristic size of the final element in the adhesive layer is 0.28,. Fig. 4 shows the
stresses in the vicinity of one of the seam edges. Continuous lines show the graphs of tangent (a) and
normal (b) stresses in the middle surface of the adhesive layer, calculated from the proposed model.
Dotted lines show stress graphs 1o, o1 and o, calculated using FEM. Power surges outside the area
of bonding are due to changes in the geometry of the adhesive layer, such as chamfer and adhesive
flow. Jumps have a local character, not exceeding the values at the edge of the adhesive layer.

If there is no adhesive influx, then due to the conditions of tangential stress pairing, the tangential
stresses at the seam edge are zero and reach a maximum at a distance of the order of the thickness of
the adhesive layer from the edge of the adhesive seam [15, 16]. At the same time, the normal stresses
o1 and o in the glue differ significantly (even by the sign) at the edges of the glue line, but they prac-
tically coincide in the depth of the region. In the presence of adhesive glue, which exceeds the thick-
ness of the glue layer several times in thickness, as in this case, the shear stresses reach a maximum at
the edge of the glue line. A voltage o1 and o, differ slightly from each other. Therefore, it can be con-
cluded that the proposed model better describes the SSS of the adhesive layer in the presence of adhe-
sive flow.

Conclusions. A mathematical model of the axisymmetric stress state of the adhesive joint of two
coaxial cylindrical shells is proposed. The solution was obtained in analytical form. Solved the model
problem. It is shown that the proposed model has good accuracy, although it has some limitations. It
can be used to solve problems of connection design. Further development of this model can be aimed
at clarifying the mathematical model of the adhesive layer, using the theory of Tymoshenko's shells to
describe the SSS bearing layers, taking into account the forces of inertia, temperature deformations,
etc. One of the possible ways to generalize this approach is to create a mathematical model, the so-
called double-shear connection. This is a combination of three carrier layers, in which the central car-
rier layer is connected to the two linings on the outer and inner side. Such a constructive solution al-
lows significantly reduce the bending moments and tearing stresses in the adhesive.
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