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Ɉ. Ɇ. ɉɪɢɬɨɦɚɧɨɜɚ, ȼ. ȼ. ɒɚɪɚɜɚɪɚ 
Ⱦɧɿɩɪɨɩɟɬɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

ɈȻ’ЄɄɌɇɈ-ɈɊȱЄɇɌɈȼȺɇɂɃ ɉȱȾɏȱȾ ȾɈ ɉɊɈȽɊȺɆɇɈȲ 

ɊȿȺɅȱɁȺɐȱȲ ȺɅȽɈɊɂɌɆɍ ɊɈɁȼ’əɁȺɇɇə ȾȿəɄɈȽɈ ɄɅȺɋɍ 
ȻȺȽȺɌɈɉɊɈȾɍɄɌɈȼɂɏ ɁȺȾȺɑ ɈɉɌɂɆȺɅɖɇɈȽɈ 

ɊɈɁȻɂɌɌə ɆɇɈɀɂɇ 

Ɋɨɡɝɥɹɧɭɬɨ ɡɚɫɬɨɫɭɜɚɧɧɹ ɩɚɪɚɞɢɝɦɢ ɨɛ’єɤɬɧɨ-ɨɪɿєɧɬɨɜɚɧɨɝɨ ɩɪɨɝɪɚɦɭ-
ɜɚɧɧɹ ɜ ɪɚɡɿ ɩɪɨɝɪɚɦɧɨʀ ɪɟɚɥɿɡɚɰɿʀ ɚɥɝɨɪɢɬɦɭ ɪɨɡɜ’ɹɡɚɧɧɹ ɛɚɝɚɬɨɩɪɨɞɭɤɬɨɜɨʀ 
ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ ɿɡ ɨɛɦɟɠɟɧɧɹɦɢ ɭ ɜɢɝɥɹɞɿ ɪɿɜɧɨɫɬɟɣ ɿ 
ɧɟɪɿɜɧɨɫɬɟɣ ɡɚ ɞɨɩɨɦɨɝɨɸ ɡɜɟɞɟɧɧɹ ɞɨ ɡɚɞɚɱɿ ɧɟɞɢɮɟɪɟɧɰɿɣɨɜɧɨʀ ɨɩɬɢɦɿɡɚɰɿʀ. 

Ɋɚɫɫɦɨɬɪɟɧɨ ɩɪɢɦɟɧɟɧɢɟ ɩɚɪɚɞɢɝɦɵ ɨɛɴɟɤɬɧɨ-ɨɪɢɟɧɬɢɪɨɜɚɧɧɨɝɨ ɩɪɨ-
ɝɪɚɦɦɢɪɨɜɚɧɢɹ ɩɪɢ ɩɪɨɝɪɚɦɦɧɨɣ ɪɟɚɥɢɡɚɰɢɢ ɚɥɝɨɪɢɬɦɚ ɪɟɲɟɧɢɹ ɦɧɨɝɨɩɪɨ-
ɞɭɤɬɨɜɨɣ ɡɚɞɚɱɢ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɡɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜ ɫ ɨɝɪɚɧɢɱɟɧɢɹɦɢ ɜ ɮɨɪɦɟ 
ɪɚɜɟɧɫɬɜ ɢ ɧɟɪɚɜɟɧɫɬɜ ɩɭɬɟɦ ɫɜɟɞɟɧɢɹ ɤ ɡɚɞɚɱɟ ɧɟɞɢɮɮɟɪɟɧɰɢɪɭɟɦɨɣ ɨɩɬɢ-
ɦɢɡɚɰɢɢ.  

Use of object-oriented paradigm for implementing the algorithm of solving mul-

tiproduct optimal set partitioning problem with constraints in the form of equalities 

and inequalities is considered. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɡɚɞɚɱɚ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ, ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿ-
ɪɧɚ ɨɩɬɢɦɿɡɚɰɿɹ, ɡɚɞɚɱɚ ɭɦɨɜɧɨʀ ɨɩɬɢɦɿɡɚɰɿʀ, ɧɟɞɢɮɟɪɟɧɰɿɣɨɜɧɚ ɨɩɬɢɦɿɡɚɰɿɹ, 
r-ɚɥɝɨɪɢɬɦ, ɨɛ’єɤɬɧɨ-ɨɪɿєɧɬɨɜɚɧɟ ɩɪɨɝɪɚɦɭɜɚɧɧɹ. 

ȼɫɬɭɩ. ɍ ɜɢɩɚɞɤɭ ɩɪɨɝɪɚɦɧɨʀ ɪɟɚɥɿɡɚɰɿʀ ɚɥɝɨɪɢɬɦɿɜ ɪɨɡɜ’ɹɡɚɧɧɹ ɦɚɬɟ-
ɦɚɬɢɱɧɢɯ ɡɚɞɚɱ, ɡɨɤɪɟɦɚ ɿ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ, ɹɤ ɩɪɚ-
ɜɢɥɨ ɡɚɫɬɨɫɨɜɭɸɬɶ ɩɪɨɰɟɞɭɪɧɢɣ ɩɿɞɯɿɞ. Ƀɨɝɨ ɭɠɟ ɩɪɚɤɬɢɱɧɨ ɧɟ ɡɚɫɬɨɫɨ-
ɜɭɸɬɶ ɭ ɫɭɱɚɫɧɨɦɭ ɫɜɿɬɿ, ɣɨɦɭ ɧɚ ɡɦɿɧɭ ɩɪɢɣɲɥɨ ɨɛ’єɤɬɧɨ-ɨɪɿєɧɬɨɜɚɧɟ 
ɩɪɨɝɪɚɦɭɜɚɧɧɹ (ɈɈɉ). ɈɈɉ ɞɨɡɜɨɥɹє ɜɿɞɧɨɫɧɨ ɥɟɝɤɨ ɫɬɜɨɪɸɜɚɬɢ ɩɪɨɝɪɚ-
ɦɢ ɬɚɤɢɯ ɪɨɡɦɿɪɿɜ, ɹɤɿ ɧɟɦɨɠɥɢɜɿ ɜ ɪɚɡɿ ɡɚɫɬɨɫɭɜɚɧɧɹ ɩɪɨɰɟɞɭɪɧɨɝɨ ɩɿɞɯɨ-
ɞɭ, ɭ ɜɢɩɚɞɤɭ ɡɚɫɬɨɫɭɜɚɧɧɹ ɹɤɨɝɨ ɨɞɟɪɠɚɧɚ ɩɪɨɝɪɚɦɚ ɛɭɥɚ ɛ ɧɚɫɬɿɥɶɤɢ 
ɫɤɥɚɞɧɨɸ ɿ ɡɚɩɥɭɬɚɧɨɸ, ɳɨ ɜɧɟɫɟɧɧɹ ɛɭɞɶ-ɹɤɢɯ ɡɦɿɧ ɞɨ ɧɟʀ ɫɬɚɥɨ ɛ ɫɤɥɚɞ-
ɧɢɦ ɿ ɪɢɡɢɤɨɜɚɧɢɦ ɩɪɨɰɟɫɨɦ. ɈɈɉ ɞɨɡɜɨɥɹє ɫɬɜɨɪɸɜɚɬɢ ɩɪɨɝɪɚɦɢ, ɹɤɿ 
ɥɟɝɲɟ ɱɢɬɚɬɢ, ɪɨɡɭɦɿɬɢ ɬɚ ɪɨɡɲɢɪɸɜɚɬɢ ɡɚ ɪɚɯɭɧɨɤ ɧɟɡɧɚɱɧɨɝɨ ɡɦɟɧɲɟɧɧɹ 
ɟɮɟɤɬɢɜɧɨɫɬɿ ɪɨɛɨɬɢ.  
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 ɍ ɞɚɧɿɣ ɫɬɚɬɬɿ ɡɚɫɬɨɫɨɜɚɧɨ ɨɛ’єɤɬɧɨ-ɨɪɿєɧɬɨɜɚɧɢɣ ɩɿɞɯɿɞ ɞɨ ɩɪɨɝɪɚɦɧɨʀ 
ɪɟɚɥɿɡɚɰɿʀ ɚɥɝɨɪɢɬɦɭ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɩɟɪɟɪɜɧɢɯ ɛɚɝɚɬɨɩɪɨɞɭɤɬɨɜɢɯ ɡɚɞɚɱ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ, ɹɤɢɣ ɦɚє ɩɟɪɟɜɚɝɢ ɩɟɪɟɞ ɬɪɚɞɢɰɿɣɧɢɦ 
ɩɪɨɰɟɞɭɪɧɢɦ ɩɿɞɯɨɞɨɦ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. ɉɿɞ ɧɟɩɟɪɟɪɜɧɨɸ ɛɚɝɚɬɨɩɪɨɞɭɤɬɨɜɨɸ ɡɚɞɚɱɟɸ ɨɩ-
ɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ ɿɡ n-ɜɢɦɿɪɧɨɝɨ ɟɜɤɥɿɞɨɜɨɝɨ ɩɪɨɫɬɨɪɭ nE  ɧɚ 
ɩɿɞɦɧɨɠɢɧɢ ɿɡ ɡɚɞɚɧɢɦɢ ɩɨɥɨɠɟɧɧɹɦɢ ɰɟɧɬɪɿɜ ɩɿɞɦɧɨɠɢɧ ɿɡ ɨɛɦɟɠɟɧɧɹɦɢ 
ɭ ɜɢɝɥɹɞɿ ɪɿɜɧɨɫɬɟɣ ɿ ɧɟɪɿɜɧɨɫɬɟɣ ɪɨɡɭɦɿɬɢɦɟɦɨ ɬɚɤɭ ɡɚɞɚɱɭ [1]. 

ɇɟɯɚɣ   – ɨɛɦɟɠɟɧɚ, ɡɚɦɤɧɭɬɚ, ɜɢɦɿɪɧɚ ɡɚ Ʌɟɛɟɝɨɦ ɦɧɨɠɢɧɚ ɜ           
n-ɜɢɦɿɪɧɨɦɭ ɟɜɤɥɿɞɨɜɨɦɭ ɩɪɨɫɬɨɪɿ nE . ɇɟɨɛɯɿɞɧɨ ɡɧɚɣɬɢ N M  ɜɢɦɿɪ-
ɧɢɯ ɡɚ Ʌɟɛɟɝɨɦ ɬɚɤɢɯ ɩɿɞɦɧɨɠɢɧ 1 1 2 2

1 1 1,..., , ,..., ,..., ...,M M

N N N
       (ɦɨɠ-

ɥɢɜɨ ɩɨɪɨɠɧɿɯ), ɳɨɛ 
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x dx b i p
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    
(3) 
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( ) , 1,..,
j

i

M
j

i

j

x dx b i p N
 

     
(4) 

ɿ ɩɪɢ ɰɶɨɦɭ, ɳɨɛ ɮɭɧɤɰɿɨɧɚɥ (5) ɞɨɫɹɝɚɜ ɦɿɧɿɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɧɹ 

 1 1 2 2

1 1 1

1 1

,..., , ,..., ,..., ..., ( ( ,  ) ) ( ) .
j
i

M N
M M j j j

N N N i i

j i

F c x a x dx 
  

            (5) 

Ɏɭɧɤɰɿʀ  ,j

i
c x   – ɞɿɣɫɧɿ, ɨɛɦɟɠɟɧɿ, ɜɢɡɧɚɱɟɧɿ ɧɚ  , ɜɢɦɿɪɧɿ ɡɚ x  

ɡɚ ɛɭɞɶ-ɹɤɨɝɨ ɮɿɤɫɨɜɚɧɨɝɨ  (1) ( ),..., n

i i i
    ɿɡ   ɞɥɹ ɜɫɿɯ 1,...,j M . 

Ɏɭɧɤɰɿʀ  j
x  – ɨɛɦɟɠɟɧɿ, ɜɢɦɿɪɧɿ ɧɚ   ɞɥɹ ɜɫɿɯ 1,...,j M . 

 (1) ( ),..., n

i i i
    – ɡɚɞɚɧɚ ɬɨɱɤɚ ɩɿɞɦɧɨɠɢɧɢ j

i
 , ɨɞɧɚ ɿ ɬɚ ɫɚɦɚ ɞɥɹ ɜɫɿɯ 

1,...,j M , ɹɤɭ ɧɚɡɢɜɚɸɬɶ ɡɚɝɚɥɶɧɢɦ ɰɟɧɬɪɨɦ ɩɿɞɦɧɨɠɢɧ 1..., M

i i
  . 

1

1 ,..., M

N
a a , 

1 ,...,
N

b b  – ɡɚɞɚɧɿ ɧɟɜɿɞ’єɦɧɿ ɱɢɫɥɚ. 
Ⱦɥɹ 1 ,...,

N
b b  ɜɢɤɨɧɭєɬɶɫɹ ɭɦɨɜɚ ɪɨɡɜ’ɹɡɧɨɫɬɿ ɡɚɞɚɱɿ 

1 1

( )
M N

j

i

j i

x dx b
 

  .                                                 (6) 
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Ɇɟɬɨɸ ɞɨɫɥɿɞɠɟɧɧɹ є ɪɨɡɪɨɛɤɚ ɩɪɨɝɪɚɦɧɨɝɨ ɡɚɛɟɡɩɟɱɟɧɧɹ ɞɥɹ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɛɚɝɚɬɨɩɪɨɞɭɤɬɨɜɢɯ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ ɿɡ 
ɮɿɤɫɨɜɚɧɢɦɢ ɰɟɧɬɪɚɦɢ ɣ ɨɛɦɟɠɟɧɧɹɦɢ ɭ ɜɢɝɥɹɞɿ ɪɿɜɧɨɫɬɟɣ ɿ ɧɟɪɿɜɧɨɫɬɟɣ, 
ɿɡ ɡɚɫɬɨɫɭɜɚɧɧɹɦ ɨɛ’єɤɬɧɨ-ɨɪɿєɧɬɨɜɚɧɨɝɨ ɩɿɞɯɨɞɭ ɩɿɞ ɱɚɫ ɩɪɨɝɪɚɦɭɜɚɧɧɹ. 

Ɇɟɬɨɞ ɪɨɡɜ’ɹɡɚɧɧɹ. Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɡɪɭɱɧɨ ɩɟɪɟɮɨɪɦɭɥɸɜɚɬɢ 
ʀʀ ɜ ɬɟɪɦɿɧɚɯ ɯɚɪɚɤɬɟɪɢɫɬɢɱɧɢɯ ɮɭɧɤɰɿɣ ɦɧɨɠɢɧ j

i
 : 

 
1,

1,..., , 1,..., .
0, \

j

ij

i j

i

x
x i N j M

x


   
 

                (7) 

Ɍɨɞɿ ɡɚɞɚɱɭ ɦɨɠɧɚ ɛɭɞɟ ɩɟɪɟɩɢɫɚɬɢ ɬɚɤ. 

Ɂɧɚɣɬɢ ɜɟɤɬɨɪ-ɮɭɧɤɰɿɸ  * 1    ɬɚɤɭ, ɳɨ 

       
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1 1
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 
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N N
x x x x x         (9) 

( ) 0 1j

i
x    ɦɚɣɠɟ ɜɫɸɞɢ (ɦ.ɜ.) ɞɥɹ x , 1,..., ,i N 1,..., ,j M  (10) 
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(13) 

Ɉɩɬɢɦɚɥɶɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ ɜɢɡɧɚɱɚɸɬɶ ɞɥɹ 1,..., ,i N  1,..., ,j M  

ɬɚ ɦɚɣɠɟ ɜɫɿɯ x  ɬɚɤɢɦ ɱɢɧɨɦ [2]: 
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i k x j M

   


       

  
 

 ψ *

1
,, ψ *

N
  ɨɛɢɪɚɸɬɶ ɨɩɬɢɦɚɥɶɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɞɜɨʀɫɬɨʀ ɡɚɞɚɱɿ ɭ ɜɢɝɥɹɞɿ 
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 
1,...,

1 1

( ) min , ( ) max
M

j j j

k k k i i
k N

j i

G c x a x dx b    


 

              (15) 

ɡɚ ɭɦɨɜ 

0, 1,...,
i

i p N    . (16) 

ȼɿɞ ɡɚɞɚɱɿ ɭɦɨɜɧɨʀ ɨɩɬɢɦɿɡɚɰɿʀ (15) – (16) ɦɨɠɧɚ ɩɟɪɟɣɬɢ ɞɨ ɡɚɞɚɱɿ ɛɟɡ-
ɭɦɨɜɧɨʀ ɨɩɬɢɦɿɡɚɰɿʀ ɡɚ ɞɨɩɨɦɨɝɨɸ ɜɜɟɞɟɧɧɹ ɞɨ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ɧɟɝɥɚɞɤɨʀ 
ɲɬɪɚɮɧɨʀ ɮɭɧɤɰɿʀ ɦɧɨɠɢɧɢ { 0, 1, 2,..., }

i
i p p N      

 
1

( ) ( ) max 0, max
N

i

i p

P G S  
 

     ,                      (17) 

ɞɟ S  – ɞɨɫɢɬɶ ɜɟɥɢɤɟ ɞɨɞɚɬɧɟ ɱɢɫɥɨ (ɡɧɚɱɧɨ ɛɿɥɶɲɟ ɡɚ ɦɚɤɫɢɦɚɥɶɧɢɣ ɿɡ 
ɦɧɨɠɧɢɤɿɜ Ʌɚɝɪɚɧɠɚ). 

Ⱦɥɹ ɮɭɧɤɰɿʀ (17) ɜɟɤɬɨɪ ɭɡɚɝɚɥɶɧɟɧɨɝɨ ɝɪɚɞɿєɧɬɚ 

 1( ) ( ),..., ( )N

P P P
g g g

    ɭ ɬɨɱɰɿ 
1( ,..., )

N
    ɦɨɠɧɚ ɨɛɪɚɬɢ ɬɚɤ: 

1

( ) ( ) ( ) , 1,...,i

M
j j

P i i

j

g x x dx b i p
   



   , 
(18) 

 
1

( ) ( ) ( ) max 0,sign( ) ,

1 ,..., ,

i

M
j j

P i i i

j

g x x dx b S

i p N

    


    

 

                   (19) 

ɞɟ 

 
   

1,...,
1, ɹɤɳɨ , min , ,

0 ɜ ɿɧɲɨɦɭ ɜɢɩɚɞɤɭ.

j j j j

i i i k k kj k N
i

c x a c x a
x

   
 

         


 

(20) 

Ɋɨɡɜ’ɹɡɭɜɚɬɢɦɟɦɨ ɡɚɞɚɱɭ ɧɚ ɤɨɨɪɞɢɧɚɬɧɿɣ ɫɿɬɰɿ. ɇɟɯɚɣ   – ɬɚɤɢɣ ɩɚ-
ɪɚɥɟɥɟɩɿɩɟɞ, ɳɨ  . ɉɨɤɪɢєɦɨ   ɩɪɹɦɨɤɭɬɧɨɸ ɫɿɬɤɨɸ ɿ ɩɨɤɥɚɞɟɦɨ 

( ) 0, 1,...,j
x j M    ɞɥɹ ɜɭɡɥɿɜ \x  . 

Ⱦɚɥɿ ɨɩɢɲɟɦɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ ɧɚ ɨɫɧɨɜɿ r-ɚɥɝɨɪɢɬɦɭ ɭ        
H-ɮɨɪɦɿ [3]: 

1. Ɉɛɪɚɬɢ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ (0)  ɿ ɤɨɟɮɿɰɿєɧɬ ɪɨɡɬɹɝɭ ɩɪɨɫɬɨɪɭ 
1  . ɉɨɤɥɚɫɬɢ H I k 0 , 0 . 

2. Ɉɛɱɢɫɥɢɬɢ ɡɧɚɱɟɧɧɹ ( ), 1,..., , 1,...,j

i
x i N j M    ɭ ɜɭɡɥɚɯ ɫɿɬɤɢ 

ɡɚ ɮɨɪɦɭɥɚɦɢ (20) ɭ ɪɚɡɿ ( )k  . 

3. Ɉɛɱɢɫɥɢɬɢ ( )
P

g   ɡɚ ɮɨɪɦɭɥɚɦɢ (18) ɿ (19) ɭ ɜɢɩɚɞɤɭ ( )k  . 
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4. Ɉɛɱɢɫɥɢɬɢ (k 1)   ɡɚ ɮɨɪɦɭɥɨɸ 

( )

( 1) ( )

( ) ( )

( )

( ( ),  ( ))

k

k k k P

k
k k

k P P

g
h

g g


 

 
 

 


. 
 

5. Ɉɛɱɢɫɥɢɬɢ ɡɧɚɱɟɧɧɹ ( ), 1,..., , 1,...,j

i
x i N j M    ɭ ɜɭɡɥɚɯ ɫɿɬɤɢ 

ɡɚ ɮɨɪɦɭɥɚɦɢ (20) ɡɚ ( 1)k   . 

6. Ɂɧɚɣɬɢ ( )
P

g   ɡɚ ɮɨɪɦɭɥɚɦɢ (18) ɿ (19) ɭ ɪɚɡɿ ( 1)k   . 

7. Ɉɛɱɢɫɥɢɬɢ 
( 1) ( )( ) ( )k k

k P P
g g    , 

( ) ( )

2

1 ( ) ( )

( )( ) 1
(1 ) , ɞɟ

T

k k T

k k

k k k k

k

H H
H H

H

 
 

 
     . 

 

8. əɤɳɨ ɬɟɫɬ ɡɭɩɢɧɤɢ ɜɢɤɨɧɚɧɨ, ɬɨ ɩɨɤɥɚɫɬɢ * ( 1)k    ɿ ɡɚɜɟɪɲɢɬɢ 

ɪɨɛɨɬɭ ɚɥɝɨɪɢɬɦɭ, ɿɧɚɤɲɟ ɩɨɤɥɚɫɬɢ : 1k k   ɿ ɩɟɪɟɣɬɢ ɧɚ ɤɪɨɤ 2. 

ɍ ɯɨɞɿ ɪɟɚɥɿɡɚɰɿʀ ɞɚɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɹɤ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ (0)  ɛɭɥɨ 
ɨɛɪɚɧɨ ɧɭɥɶɨɜɢɣ ɜɟɤɬɨɪ, ɚ ɤɨɟɮɿɰɿєɧɬ ɪɨɡɬɹɝɭ ɩɪɨɫɬɨɪɭ ɜɡɹɬɨ 2  . 

Ⱦɥɹ ɪɨɡɪɨɛɤɢ ɩɪɨɝɪɚɦɧɨɝɨ ɡɚɛɟɡɩɟɱɟɧɧɹ ɨɛɪɚɧɨ ɦɨɜɭ ɩɪɨɝɪɚɦɭɜɚɧɧɹ 
ɋ# ɿ ɫɟɪɟɞɨɜɢɳɟ ɪɨɡɪɨɛɤɢ Microsoft Visual Studio 2013.  

ɉɿɞ ɱɚɫ ɪɨɡɪɨɛɤɢ ɛɭɥɨ ɫɬɜɨɪɟɧɨ ɫɢɫɬɟɦɭ ɤɥɚɫɿɜ (ɪɢɫ. 1–2). 

ɉɨɞɚɦɨ ɤɨɪɨɬɤɭ ɯɚɪɚɤɬɟɪɢɫɬɢɤɭ ɤɥɚɫɿɜ, ɧɚɜɟɞɟɧɢɯ ɧɚ ɞɿɚɝɪɚɦɚɯ. 
1. MultiproductTaskSolver – ɨɫɧɨɜɧɢɣ ɤɥɚɫ ɩɪɨɝɪɚɦɢ, ɳɨ ɪɨɡɜ’ɹɡɭє ɩɨɫ-

ɬɚɜɥɟɧɭ ɡɚɞɚɱɭ.  
ɉɭɛɥɿɱɧɢɣ ɿɧɬɟɪɮɟɣɫ ɤɥɚɫɭ ɜɤɥɸɱɚє ɜɥɚɫɬɢɜɨɫɬɿ, ɳɨ ɜɿɞɩɨɜɿɞɚɸɬɶ ɩɚ-

ɪɚɦɟɬɪɚɦ ɡɚɞɚɱɿ: 
 public int DimensionsCount { get; set; } – ɪɨɡɦɿɪɧɿɫɬɶ ɩɪɨɫɬɨɪɭ; 
 public Tuple<double, double>[] AreaBounds { get; set; } – ɝɪɚɧɢɰɿ ɨɛɥɚɫɬɿ 

ɞɥɹ ɤɨɠɧɨɝɨ ɜɢɦɿɪɭ; 
 public int[] GridSizes { get; set; } – ɤɿɥɶɤɿɫɬɶ ɜɭɡɥɿɜ ɫɿɬɤɢ ɞɥɹ ɤɨɠɧɨɝɨ 

ɜɢɦɿɪɭ; 
 public int ProductsCount { get; set; } – ɤɿɥɶɤɿɫɬɶ ɩɪɨɞɭɤɬɿɜ; 
 public Func<Vector, Vector, double>[] VariableCost { get; set; } – ɦɚɫɢɜ 

ɮɭɧɤɰɿɣ  ,j
c x  ; 

 public Func<Vector, double>[] Density { get; set; } – ɦɚɫɢɜ ɮɭɧɤɰɿɣ 
 j
x ; 

 public int CentersCount { get; set; } – ɤɿɥɶɤɿɫɬɶ ɩɿɞɦɧɨɠɢɧ; 
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 public Vector[] Centers { get; set; } – ɦɚɫɢɜ ɜɟɤɬɨɪɿɜ – ɰɟɧɬɪɿɜ ɩɿɞɦɧɨ-
ɠɢɧ; 

 public double[,] FixedCost { get; set; } – ɦɚɬɪɢɰɹ j

i
a ; 

 public MultiproductTaskConstraint[] Constraints { get; set; } – ɦɚɫɢɜ ɨɛ-
ɦɟɠɟɧɶ ɭ ɜɢɝɥɹɞɿ ɪɿɜɧɨɫɬɟɣ ɿ ɧɟɪɿɜɧɨɫɬɟɣ. 

 

 
Ɋɢɫ. 1. Ⱦɿɚɝɪɚɦɚ ɤɥɚɫɿɜ (ɩɨɱɚɬɨɤ) 
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Ɋɢɫ. 1. Ⱦɿɚɝɪɚɦɚ ɤɥɚɫɿɜ (ɡɚɤɿɧɱɟɧɧɹ) 

ɉɭɛɥɿɱɧɢɣ ɿɧɬɟɪɮɟɣɫ ɬɚɤɨɠ ɦɿɫɬɢɬɶ єɞɢɧɢɣ ɦɟɬɨɞ Solve, ɹɤɢɣ ɦɚє ɫɢɝ-
ɧɚɬɭɪɭ: 

MultiproductTaskSolverIterationResult 

Solve(Action<MultiproductTaskSolverIterationResult> iterationDelegate). 

 ɍ ɬɿɥɿ ɰɶɨɝɨ ɦɟɬɨɞɭ ɡɚɩɭɫɤɚɸɬɶ r-ɚɥɝɨɪɢɬɦ ɡɚ ɞɨɩɨɦɨɝɨɸ ɜɢɤɥɢɤɭ ɮɭɧ-
ɤɰɿʀ Solve ɤɥɚɫɭ RAlgorithm ɿɡ ɜɿɞɩɨɜɿɞɧɢɦɢ ɰɿɥɶɨɜɨɸ ɮɭɧɤɰɿєɸ ɬɚ ʀʀ ɫɭɛɝ-
ɪɚɞɿєɧɬɨɦ, ɫɬɜɨɪɟɧɢɦɢ ɧɚ ɨɫɧɨɜɿ ɜɢɳɟ ɩɟɪɟɥɿɱɟɧɢɯ ɜɥɚɫɬɢɜɨɫɬɟɣ, ɚ ɬɚɤɨɠ 
ɩɿɫɥɹ ɤɨɠɧɨʀ ɿɬɟɪɚɰɿʀ r-ɚɥɝɨɪɢɬɦɭ ɫɬɜɨɪɸɸɬɶ ɨɛ’єɤɬ ɤɥɚɫɭ 
MultiproductTaskSolverIterationResult ɧɚ ɨɫɧɨɜɿ ɨɞɟɪɠɚɧɨɝɨ ɩɿɫɥɹ ɿɬɟɪɚɰɿʀ 
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ɨɛ’єɤɬɚ ɤɥɚɫɭ RAlgorithm.IterationResult ɿ ɧɚɜɟɞɟɧɢɯ ɜɥɚɫɬɢɜɨɫɬɟɣ, ɳɨ ɦɿɫ-
ɬɢɬɶ ɿɧɮɨɪɦɚɰɿɸ ɩɪɨ ɿɬɟɪɚɰɿɸ ɚɥɝɨɪɢɬɦɭ. 

Єɞɢɧɢɦ ɩɚɪɚɦɟɬɪɨɦ ɦɟɬɨɞɭ є ɮɭɧɤɰɿɹ, ɳɨ ɩɪɢɣɦɚє ɩɚɪɚɦɟɬɪ ɬɢɩɭ 
MultiproductTaskSolverIterationResult. ɐɹ ɮɭɧɤɰɿɹ ɛɭɞɟ ɜɢɤɥɢɤɚɧɚ ɩɿɫɥɹ 

ɤɨɠɧɨʀ ɿɬɟɪɚɰɿʀ ɚɥɝɨɪɢɬɦɭ, ɚ ɹɤ ɩɚɪɚɦɟɬɪ – ɩɟɪɟɞɚɧɨ ɨɛ’єɤɬ ɜɿɞɩɨɜɿɞɧɨɝɨ 
ɤɥɚɫɭ, ɳɨ ɦɿɫɬɢɬɶ ɿɧɮɨɪɦɚɰɿɸ ɩɪɨ ɿɬɟɪɚɰɿɸ ɚɥɝɨɪɢɬɦɭ. 

2. MultiproductTaskSolverIterationResult – ɤɥɚɫ, ɳɨ ɡɛɟɪɿɝɚє ɿɧɮɨɪɦɚɰɿɸ 
ɩɪɨ ɿɬɟɪɚɰɿɸ ɚɥɝɨɪɢɬɦɭ: 
 public int IterationNumber { get; set; } – ɧɨɦɟɪ ɿɬɟɪɚɰɿʀ; 
 public Vector DualVariables { get; set; } – ɜɟɤɬɨɪ ɞɜɨʀɫɬɢɯ ɡɦɿɧɧɢɯ ɧɚ 

ɩɨɬɨɱɧɿɣ ɿɬɟɪɚɰɿʀ; 
 public Vector Subgradient { get; set; } – ɜɟɤɬɨɪ ɫɭɛɝɪɚɞɿєɧɬɚ ɧɚ ɩɨɬɨɱɧɿɣ 

ɿɬɟɪɚɰɿʀ; 
 public double TargetFunctionValue { get; set; } – ɡɧɚɱɟɧɧɹ ɰɿɥɶɨɜɨɝɨ ɮɭ-

ɧɤɰɿɨɧɚɥɚ ɩɨɱɚɬɤɨɜɨʀ ɡɚɞɚɱɿ ɧɚ ɩɨɬɨɱɧɿɣ ɿɬɟɪɚɰɿʀ; 
 public double DualFunctionValue { get; set; } – ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɚ 

ɞɜɨʀɫɬɨʀ ɡɚɞɚɱɿ ɧɚ ɩɨɬɨɱɧɿɣ ɿɬɟɪɚɰɿʀ; 
 public Vector ProductionSizes { get; set; } – ɡɧɚɱɟɧɧɹ ɜɟɥɢɱɢɧ 

1
( ) ( ) , 1,...,

M
j j

i
j

x x dx i p 




   ɧɚ ɩɨɬɨɱɧɿɣ ɿɬɟɪɚɰɿʀ; 

 public List<MultiproductTaskDistributionItem> OptimalDistribution { get; 

set; } – ɪɨɡɛɢɬɬɹ ɧɚ ɩɨɬɨɱɧɿɣ ɿɬɟɪɚɰɿʀ. 
3. MultiproductTaskConstraint – ɤɥɚɫ, ɳɨ ɡɛɟɪɿɝɚє ɿɧɮɨɪɦɚɰɿɸ ɩɪɨ ɨɛ-

ɦɟɠɟɧɧɹ:  
 public int Center { get; set; } – ɧɨɦɟɪ ɰɟɧɬɪɚ, ɹɤɨɦɭ ɜɿɞɩɨɜɿɞɚє ɨɛɦɟɠɟɧ-

ɧɹ; 
 public RelationType Relation { get; set; } – ɬɢɩ ɨɛɦɟɠɟɧɧɹ: Equal – ɪɿɜ-

ɧɿɫɬɶ, LessOrEqual – ɧɟɪɿɜɧɿɫɬɶ; 
 public double Constant { get; set; } – ɜɟɥɢɱɢɧɚ ɨɛɦɟɠɟɧɧɹ 

i
b . 

4. MultiproductTaskDistributionItem – ɤɥɚɫ, ɳɨ ɡɛɟɪɿɝɚє ɿɧɮɨɪɦɚɰɿɸ ɩɪɨ 
ɜɭɡɨɥ ɫɿɬɤɢ ɬɚ ɣɨɝɨ ɩɪɢɧɚɥɟɠɧɿɫɬɶ ɞɨ ɩɟɜɧɨʀ ɩɿɞɦɧɨɠɢɧɢ:  
 public Vector Vector { get; set; } – ɤɨɨɪɞɢɧɚɬɚ ɜɭɡɥɚ ɫɿɬɤɢ; 
 public int Product { get; set; } – ɧɨɦɟɪ ɩɪɨɞɭɤɬɭ; 
 public int Center { get; set; } – ɧɨɦɟɪ ɰɟɧɬɪɚ, ɹɤɨɦɭ ɜɿɞɩɨɜɿɞɚє ɜɭɡɨɥ ɭ 

ɪɨɡɛɢɬɬɿ ɡɚ ɜɤɚɡɚɧɢɦ ɜɢɳɟ ɩɪɨɞɭɤɬɨɦ. 
5. RAlgorithm – ɤɥɚɫ, ɳɨ ɪɟɚɥɿɡɭє r-ɚɥɝɨɪɢɬɦ ɒɨɪɚ ɡ ɩɨɫɬɿɣɧɢɦ ɤɪɨɤɨ-

ɜɢɦ ɦɧɨɠɧɢɤɨɦ. ɉɭɛɥɿɱɧɢɣ ɿɧɬɟɪɮɟɣɫ ɜɤɥɸɱɚє єɞɢɧɢɣ ɦɟɬɨɞ Solve, ɹɤɢɣ 
ɦɚє ɬɚɤɭ ɫɢɝɧɚɬɭɪɭ: 
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IterationResult Solve(Vector x0, Func<Vector, double> function, 

Func<Vector, Vector> subgradientFunction, Action<IterationResult> 

iterationDelegate). 

ɉɟɪɲɢɣ ɩɚɪɚɦɟɬɪ – ɮɭɧɤɰɿɹ, ɹɤɭ ɧɟɨɛɯɿɞɧɨ ɦɚɤɫɢɦɿɡɭɜɚɬɢ                   
r-ɚɥɝɨɪɢɬɦɨɦ. 

Ⱦɪɭɝɢɣ ɩɚɪɚɦɟɬɪ – ɮɭɧɤɰɿɹ, ɡɚ ɞɨɩɨɦɨɝɨɸ ɹɤɨʀ ɦɨɠɧɚ ɨɞɟɪɠɚɬɢ ɫɭɛɝ-
ɪɚɞɿєɧɬ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ɭ ɞɨɜɿɥɶɧɿɣ ɬɨɱɰɿ. 

Ɍɪɟɬɿɣ ɩɚɪɚɦɟɬɪ – ɮɭɧɤɰɿɹ, ɳɨ ɩɪɢɣɦɚє ɩɚɪɚɦɟɬɪ ɬɢɩɭ 
RAlgorithm.IterationResult. ɐɹ ɮɭɧɤɰɿɹ ɛɭɞɟ ɜɢɤɥɢɤɚɧɚ ɩɿɫɥɹ ɤɨɠɧɨʀ ɿɬɟɪɚ-
ɰɿʀ r-ɚɥɝɨɪɢɬɦɭ, ɚ ɹɤ ɩɚɪɚɦɟɬɪ – ɩɟɪɟɞɚɧɨ ɨɛ’єɤɬ ɜɿɞɩɨɜɿɞɧɨɝɨ ɤɥɚɫɭ, ɳɨ 
ɦɿɫɬɢɬɶ ɿɧɮɨɪɦɚɰɿɸ ɩɪɨ ɿɬɟɪɚɰɿɸ r-ɚɥɝɨɪɢɬɦɭ: ɧɨɦɟɪ ɿɬɟɪɚɰɿʀ ɬɚ ɩɨɬɨɱɧɟ 
ɧɚɛɥɢɠɟɧɧɹ. 

6. RAlgorithm.IterationResult – ɤɥɚɫ, ɳɨ ɡɛɟɪɿɝɚє ɿɧɮɨɪɦɚɰɿɸ ɩɪɨ ɿɬɟɪɚ-
ɰɿɸ r-ɚɥɝɨɪɢɬɦɭ:  
 public int IterationNumber { get; set; } – ɧɨɦɟɪ ɿɬɟɪɚɰɿʀ; 
 public Vector Vector { get; set; } – ɩɨɬɨɱɧɟ ɧɚɛɥɢɠɟɧɧɹ. 

7. Matrix – ɤɥɚɫ, ɹɤɢɣ ɦɨɞɟɥɸє ɦɚɬɪɢɰɸ. 

Ⱦɚɧɢɣ ɤɥɚɫ ɦɿɫɬɢɬɶ ɩɟɪɟɜɚɧɬɚɠɟɧɿ ɨɩɟɪɚɬɨɪɢ, ɹɤɿ ɜɿɞɩɨɜɿɞɚɸɬɶ ɦɚɬɟɦɚ-
ɬɢɱɧɢɦ ɨɩɟɪɚɰɿɹɦ ɧɚɞ ɦɚɬɪɢɰɹɦɢ (ɞɨɞɚɜɚɧɧɹ ɬɚ ɦɧɨɠɟɧɧɹ ɦɚɬɪɢɰɶ, ɦɧɨ-
ɠɟɧɧɹ ɿ ɞɿɥɟɧɧɹ ɦɚɬɪɢɰɿ ɧɚ ɱɢɫɥɨ), ɚ ɬɚɤɨɠ ɦɿɫɬɢɬɶ ɦɟɬɨɞ Transpose, ɳɨ 
ɩɨɜɟɪɬɚє ɬɪɚɧɫɩɨɧɨɜɚɧɭ ɦɚɬɪɢɰɸ. 

8. Vector – ɤɥɚɫ, ɹɤɢɣ ɦɨɞɟɥɸє ɜɟɤɬɨɪ. 

Ⱦɚɧɢɣ ɤɥɚɫ ɦɿɫɬɢɬɶ ɩɟɪɟɜɚɧɬɚɠɟɧɿ ɨɩɟɪɚɬɨɪɢ, ɹɤɿ ɜɿɞɩɨɜɿɞɚɸɬɶ ɦɚɬɟɦɚ-
ɬɢɱɧɢɦ ɨɩɟɪɚɰɿɹɦ ɧɚɞ ɜɟɤɬɨɪɚɦɢ (ɞɨɞɚɜɚɧɧɹ ɜɟɤɬɨɪɿɜ, ɦɧɨɠɟɧɧɹ ɜɟɤɬɨɪɚ 

ɧɚ ɱɢɫɥɨ, ɫɤɚɥɹɪɧɢɣ ɞɨɛɭɬɨɤ ɜɟɤɬɨɪɿɜ), ɚ ɬɚɤɨɠ ɦɿɫɬɢɬɶ ɜɥɚɫɬɢɜɿɫɬɶ Norm, 

ɳɨ ɩɨɜɟɪɬɚє ɧɨɪɦɭ ɜɟɤɬɨɪɚ. 

 9. Logger – ɤɥɚɫ, ɳɨ ɡɛɟɪɿɝɚє ɬɟɤɫɬɨɜɢɣ ɥɨɝ, ɭ ɹɤɨɦɭ ɦɿɫɬɹɬɶɫɹ ɪɟɡɭɥɶ-
ɬɚɬɢ ɤɨɠɧɨʀ ɿɬɟɪɚɰɿʀ ɚɥɝɨɪɢɬɦɭ. Ɇɚє ɜɥɚɫɬɢɜɨɫɬɿ ɞɥɹ ɨɞɟɪɠɚɧɧɹ ɩɨɜɧɨɝɨ 
ɥɨɝɭ ɬɚ ɥɨɝɭ ɨɫɬɚɧɧɶɨʀ ɿɬɟɪɚɰɿʀ ɬɚ ɦɟɬɨɞ AddToLog, ɡɚ ɞɨɩɨɦɨɝɨɸ ɹɤɨɝɨ 
ɡɞɿɣɫɧɸɸɬɶ ɞɨɞɚɜɚɧɧɹ ɿɬɟɪɚɰɿʀ ɞɨ ɥɨɝɭ. 

Ⱥɧɚɥɿɡ ɨɞɟɪɠɚɧɢɯ ɪɟɡɭɥɶɬɚɬɿɜ. Ɂɚɫɬɨɫɭɜɚɧɧɹ ɨɛ’єɤɬɧɨ-ɨɪɿєɧɬɨɜɚɧɨɝɨ 
ɩɿɞɯɨɞɭ ɞɨɡɜɨɥɢɥɨ ɞɨɫɹɝɬɢ ɬɚɤɢɯ ɩɨɡɢɬɢɜɧɢɯ ɪɟɡɭɥɶɬɚɬɿɜ: 

1. Ʌɟɝɤɿɫɬɶ ɱɢɬɚɧɧɹ ɩɪɨɝɪɚɦɢ 

ɉɟɪɟɜɚɧɬɚɠɟɧɧɹ ɨɩɟɪɚɬɨɪɿɜ ɞɥɹ ɦɚɬɪɢɰɶ ɿ ɜɟɤɬɨɪɿɜ ɫɩɪɨɳɭє ɫɩɪɢɣɦɚɧ-
ɧɹ ɤɨɞɭ ɩɨɪɿɜɧɹɧɨ ɡ ɜɟɥɢɤɨɸ ɤɿɥɶɤɿɫɬɸ ɮɭɧɤɰɿɣ ɿɡ ɧɚɡɜɚɦɢ sum, add, 
subtract, multiply, product ɬɨɳɨ, ɹɤɿ ɛɭɥɢ ɛ ɭ ɜɢɩɚɞɤɭ ɡɚɫɬɨɫɭɜɚɧɧɹ ɩɪɨɰɟ-
ɞɭɪɧɨɝɨ ɩɿɞɯɨɞɭ. 

Ɂɚɫɬɨɫɭɜɚɧɧɹ ɫɤɥɚɞɧɢɯ ɤɨɪɢɫɬɭɜɚɰɶɤɢɯ ɬɢɩɿɜ ɞɚɧɢɯ, ɹɤɿ ɨɛ’єɞɧɭɸɬɶ 
ɩɨɜ’ɹɡɚɧɿ ɞɚɧɿ, ɬɚɤɨɠ ɫɩɪɨɳɭє ʀɯ ɩɟɪɟɞɚɱɭ ɞɨ ɿɧɲɢɯ ɮɭɧɤɰɿɣ, ɳɨ ɬɚɤɨɠ 
ɩɨɥɟɝɲɭє ɫɩɪɢɣɧɹɬɬɹ ɤɨɞɭ. ɍ ɜɢɩɚɞɤɭ ɩɪɨɰɟɞɭɪɧɨɝɨ ɩɿɞɯɨɞɭ ɡɚɦɿɫɬɶ ɨɞ-
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ɧɨɝɨ ɨɛ’єɤɬɚ ɧɟɨɛɯɿɞɧɨ ɛɭɥɨ ɛ ɩɟɪɟɞɚɜɚɬɢ 3–7 ɨɤɪɟɦɢɯ ɩɚɪɚɦɟɬɪɿɜ, ɳɨ 
ɧɚɞɡɜɢɱɚɣɧɨ ɧɟɡɪɭɱɧɨ. 

2. Ɋɨɡɞɿɥɶɧɿɫɬɶ ɤɨɞɭ – ɤɨɞ ɩɪɨɝɪɚɦɢ ɩɪɢɪɨɞɧɢɦ ɱɢɧɨɦ ɪɨɡɞɿɥɟɧɢɣ ɧɚ 
ɥɨɝɿɱɧɿ ɜɡɚєɦɨɩɨɜ’ɹɡɚɧɿ ɱɚɫɬɢɧɢ (ɤɨɞ ɤɨɠɧɨɝɨ ɤɥɚɫɭ ɦɿɫɬɢɬɶɫɹ ɜ ɨɤɪɟɦɨɦɭ 
ɮɚɣɥɿ), ɳɨ ɩɨɥɟɝɲɭє ɫɩɪɢɣɧɹɬɬɹ, ɩɨɲɭɤ ɬɚ ɧɚɥɚɝɨɞɠɟɧɧɹ.  

3. Ʌɟɝɤɿɫɬɶ ɜɧɟɫɟɧɧɹ ɡɦɿɧ. Ⱦɨɫɹɝɚєɬɶɫɹ ɡɚ ɪɚɯɭɧɨɤ ɪɨɡɞɿɥɶɧɨɫɬɿ ɤɨɞɭ ɬɚ 
ɧɟɡɚɥɟɠɧɨɫɬɿ ɱɚɫɬɢɧ ɨɞɧɚ ɜɿɞ ɨɞɧɨʀ.  
 Ɋɨɛɨɬɭ ɚɥɝɨɪɢɬɦɭ ɛɭɥɨ ɩɟɪɟɜɿɪɟɧɨ ɧɚ ɦɨɞɟɥɶɧɢɯ ɡɚɞɚɱɚɯ, ɪɟɡɭɥɶɬɚɬɢ – 

ɩɨɪɿɜɧɹɧɨ ɡ ɪɟɡɭɥɶɬɚɬɚɦɢ, ɨɞɟɪɠɚɧɢɦɢ ɭ [1]. 

Ɇɨɞɟɥɶɧɚ ɡɚɞɚɱɚ 1. Ɂɚɞɚɱɚ ɪɨɡɛɢɬɬɹ ɨɛɥɚɫɬɿ ɧɚ ɡɨɧɢ ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ 
ɩ’ɹɬɢ ɩɿɞɩɪɢєɦɫɬɜ, ɳɨ ɜɢɪɨɛɥɹɸɬɶ ɩɪɨɞɭɤɰɿɸ ɞɜɨɯ ɜɢɞɿɜ ɿɡ ɨɛɦɟɠɟɧɧɹɦɢ 
ɿɡ ɭɪɚɯɭɜɚɧɧɹɦ ɨɛɫɹɝɿɜ ɜɢɪɨɛɧɢɰɬɜɚ. 

Ɇɧɨɠɢɧɚ ɫɩɨɠɢɜɚɱɿɜ ɦɚє ɜɢɝɥɹɞ x y x y     {( , ) : 0 5, 0 10} . 

Ʉɨɨɪɞɢɧɚɬɢ ɩɭɧɤɬɿɜ ɜɢɪɨɛɧɢɰɬɜɚ: 
1 2 3 4 5(1;9,5), (2;5), (3;4), (4;9), (4;2)         . 

Ɏɭɧɤɰɿʀ, ɳɨ ɨɩɢɫɭɸɬɶ ɜɚɪɬɿɫɬɶ ɬɪɚɧɫɩɨɪɬɭɜɚɧɧɹ ɨɞɢɧɢɰɿ ɩɪɨɞɭɤɰɿʀ j-ɝɨ 
ɜɢɞɭ ɿɡ i-ɝɨ ɩɭɧɤɬɭ ɜɢɪɨɛɧɢɰɬɜɚ ɞɨ ɩɭɧɤɬɭ ɫɩɨɠɢɜɚɧɧɹ ɿɡ ɤɨɨɪɞɢɧɚɬɚɦɢ 
( , )x y : 

(1) 2 (2) 2( , , ) ( ) ( ) , 1,2,...,5, 1,2j

i i i
c x y x y i j        . 

Ɏɭɧɤɰɿɹ ɩɨɩɢɬɭ ɧɚ ɩɪɨɞɭɤɰɿɸ:  , 1, 1,2j
x y j   . 

ȼɚɪɬɿɫɬɶ ɜɢɪɨɛɧɢɰɬɜɚ ɨɞɢɧɢɰɿ ɩɪɨɞɭɤɰɿʀ j-ɝɨ ɜɢɞɭ ɧɚ i-ɦɭ ɩɿɞɩɪɢєɦɫɬɜɿ: 
1 1 1 1 1

1 2 3 4 5

2 2 2 2 2

1 2 3 4 5

1, 100, 1, 100, 100,

100, 1, 100, 10, 1.

a a a a a

a a a a a

    

    
 

Ɉɛɦɟɠɟɧɧɹ ɧɚ ɨɛɫɹɝɢ ɜɢɪɨɛɧɢɰɬɜɚ: 
2

1 2

1

( , ) , 1,2, 10, 20
j
i

j

i

j

x y dxdy b i b b
 

    , 
 

2

3 4 5

1

( , ) , 3,4,5 500, 500, 900
j
i

j

i

j

x y dxdy b i b b b
 

     . 
 

ɇɟɨɛɯɿɞɧɨ ɪɨɡɛɢɬɢ   ɧɚ j

i
  ɬɚɤ, ɳɨɛ ɦɿɧɿɦɿɡɭɜɚɬɢ ɮɭɧɤɰɿɨɧɚɥ ɫɭɦɚɪ-

ɧɢɯ ɜɢɬɪɚɬ ɧɚ ɜɢɪɨɛɧɢɰɬɜɨ ɩɪɨɞɭɤɰɿʀ ɬɚ ɞɨɫɬɚɜɤɭ ʀʀ ɫɩɨɠɢɜɚɱɚɦ: 

                   
2 5

1 2

1 5

1 1

,..., ( ( ,  , ) ) ( , )
j
i

j j j

i i

j i

F c x y a x y dxdy 
  

    . 
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 ɇɚ ɪɢɫ. 2 ɡɨɛɪɚɠɟɧɨ ɪɟɡɭɥɶɬɚɬ ɪɨɛɨɬɢ ɩɪɨɝɪɚɦɢ ɞɥɹ ɫɿɬɤɢ 5001000. ɇɚ 
ɪɢɫ. 3 – ɨɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ, ɨɬɪɢɦɚɧɟ ɭ [1] ɞɥɹ ɬɚɤɨʀ ɠ ɫɿɬɤɢ. 
 

 

 
Ɋɢɫ. 2. Ɋɟɡɭɥɶɬɚɬ ɪɨɛɨɬɢ ɩɪɨɝɪɚɦɢ ɞɥɹ ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ 1 ɿɡ ɪɨɡɦɿɪɚɦɢ ɫɿɬɤɢ 

5001000 

ɇɢɠɱɟ (ɬɚɛɥ. 1) ɧɚɜɟɞɟɧɨ ɱɢɫɥɨɜɿ ɪɟɡɭɥɶɬɚɬɢ, ɨɞɟɪɠɚɧɿ ɞɥɹ ɪɿɡɧɢɯ ɪɨɡ-
ɦɿɪɿɜ ɫɿɬɨɤ, ɿ ɪɟɡɭɥɶɬɚɬɢ, ɨɞɟɪɠɚɧɿ ɭ [1]. əɤ ɤɪɢɬɟɪɿɣ ɡɭɩɢɧɤɢ ɜɫɸɞɢ ɛɭɥɨ 

ɡɚɫɬɨɫɨɜɚɧɨ ɭɦɨɜɭ 

( ) ( 1) 610k k     . 
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  ɚ                                                          ɛ 

Ɋɢɫ. 3. Ɉɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ ɡɚ 1-ɦ ɩɪɨɞɭɤɬɨɦ ( ) ɿ 2-ɦ ɩɪɨɞɭɤɬɨɦ ( ) ɞɥɹ 
ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ 1, ɨɞɟɪɠɚɧɟ ɭ [1] 

Ɍɚɛɥɢɰɹ 1 

ɉɨɪɿɜɧɹɥɶɧɚ ɬɚɛɥɢɰɹ ɪɟɡɭɥɶɬɚɬɿɜ ɪɨɡɜ’ɹɡɤɭ ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ 1 

ɉɚɪɚɦɟɬɪ ɋɿɬɤɚ 
100200 

ɋɿɬɤɚ 
200400 

ɋɿɬɤɚ 
5001000 

Ɋɟɡɭɥɶɬɚɬɢ, ɨɞɟɪ-
ɠɚɧɿ ɭ [1] (ɫɿɬɤɚ 
5001000) 

Ʉɿɥɶɤɿɫɬɶ ɿɬɟ-
ɪɚɰɿɣ 

102 89 101 59 

Ɇɿɧɿɦɚɥɶɧɟ 
ɡɧɚɱɟɧɧɹ ɩɪɹ-
ɦɨɝɨ ɮɭɧɤɰɿɨ-
ɧɚɥɚ 

361,63 361,73 361,61 361,64 

Ɇɚɤɫɢɦɚɥɶɧɟ 
ɡɧɚɱɟɧɧɹ ɞɜɨʀ-
ɫɬɨɝɨ ɮɭɧɤɰɿɨ-
ɧɚɥɚ 

361,63 361,64 361,64 ― 
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 Ɇɨɞɟɥɶɧɚ ɡɚɞɚɱɚ 2. Ɂɚɞɚɱɚ ɪɨɡɛɢɬɬɹ ɨɛɥɚɫɬɿ ɧɚ ɡɨɧɢ ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ 
ɞɟɜ’ɹɬɢ ɩɿɞɩɪɢєɦɫɬɜ, ɳɨ ɜɢɪɨɛɥɹɸɬɶ ɩɪɨɞɭɤɰɿɸ ɬɪɶɨɯ ɜɢɞɿɜ ɿɡ ɨɛɦɟɠɟɧ-
ɧɹɦɢ ɿɡ ɭɪɚɯɭɜɚɧɧɹɦ ɨɛɫɹɝɿɜ ɜɢɪɨɛɧɢɰɬɜɚ. 

Ɇɧɨɠɢɧɚ ɫɩɨɠɢɜɚɱɿɜ ɦɚє ɜɢɝɥɹɞ x y x y     {( , ) : 0 6, 0 20} . 

Ʉɨɨɪɞɢɧɚɬɢ ɩɭɧɤɬɿɜ ɜɢɪɨɛɧɢɰɬɜɚ: 

    
   

    

   
1 2 3 4 5

6 7 8 9

(0,2;0,1), (1,6;1,3), (2,9;2,1), (4,4;5,7), (5,1;10,0)

(5,6;11,5), (1,0;12,9), (1,5;13,9), (3,5;19,0).

Ɏɭɧɤɰɿʀ, ɳɨ ɨɩɢɫɭɸɬɶ ɜɚɪɬɿɫɬɶ ɬɪɚɧɫɩɨɪɬɭɜɚɧɧɹ ɨɞɢɧɢɰɿ ɩɪɨɞɭɤɰɿʀ j-ɝɨ 
ɜɢɞɭ ɿɡ i-ɝɨ ɩɭɧɤɬɭ ɜɢɪɨɛɧɢɰɬɜɚ ɞɨ ɩɭɧɤɬɭ ɫɩɨɠɢɜɚɧɧɹ ɿɡ ɤɨɨɪɞɢɧɚɬɚɦɢ 
( , )x y : 

j

i i i
c x y x y i j       (1) 2 (2) 2( , , ) ( ) ( ) , 1,2,...,9, 1,2,3 . 

Ɏɭɧɤɰɿɹ ɩɨɩɢɬɭ ɧɚ ɩɪɨɞɭɤɰɿɸ: 

 , 1, 1,2,3j
x y j   . 

ȼɚɪɬɿɫɬɶ ɜɢɪɨɛɧɢɰɬɜɚ ɨɞɢɧɢɰɿ ɩɪɨɞɭɤɰɿʀ j-ɝɨ ɜɢɞɭ ɧɚ i-ɦɭ ɩɿɞɩɪɢєɦɫɬ-
ɜɿ: 

a a a a a a a a a

a a a a a a a a a

a a a a a a a a a

        

        

        

1 1 1 1 1 1 1 1 1

1 2 3 4 5 6 7 8 9

2 2 2 2 2 2 2 2 2

1 2 3 4 5 6 7 8 9

3 3 3 3 3 3 3 3 3

1 2 3 4 5 6 7 8 9

0, 100, 1,00 100, 100, 100, 1,00 100, 0,

0, 100, 100, 100, 0 100, 100 0, 100,

0, 0, 100 100, 100, 0, 1,00 100, 100.

 

Ɉɛɦɟɠɟɧɧɹ ɿɡ ɭɪɚɯɭɜɚɧɧɹɦ ɨɛɫɹɝɿɜ ɜɢɪɨɛɧɢɰɬɜɚ: 

1 2

5 9

3 3

1 1

3

1

3 3

1 1

( , ) 200, ( , ) 50,

( , ) 20, 3,4,6,7,8,

( , ) 60, ( , ) 120.

j j

j
i

j j

j j

j j

j

j

j j

j j

x y dxdy x y dxdy

x y dxdy i

x y dxdy x y dxdy

 



 

  

 

  

 

 

 

  



  

 

 

ɇɟɨɛɯɿɞɧɨ ɪɨɡɛɢɬɢ   ɧɚ j

i
  ɬɚɤ, ɳɨɛ ɦɿɧɿɦɿɡɭɜɚɬɢ ɮɭɧɤɰɿɨɧɚɥ ɫɭɦɚɪ-

ɧɢɯ ɜɢɬɪɚɬ ɧɚ ɜɢɪɨɛɧɢɰɬɜɨ ɩɪɨɞɭɤɰɿʀ ɬɚ ɞɨɫɬɚɜɤɭ ʀʀ ɫɩɨɠɢɜɚɱɚɦ: 

            
3 9

1 3

1 9

1 1

,..., ( ( ,  , ) ) ( , )
j
i

j j j

i i

j i

F c x y a x y dxdy 
  

    . 
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ɇɢɠɱɟ (ɪɢɫ. 4) ɡɨɛɪɚɠɟɧɨ ɪɟɡɭɥɶɬɚɬ ɪɨɛɨɬɢ ɩɪɨɝɪɚɦɢ ɞɥɹ ɫɿɬɤɢ 60200. 

ɇɚ ɪɢɫ. 5 ɧɚɜɟɞɟɧɨ ɨɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ, ɨɞɟɪɠɚɧɟ ɭ [1] ɞɥɹ ɬɚɤɨʀ ɠ ɫɿɬɤɢ. 

əɤ ɤɪɢɬɟɪɿɣ ɡɭɩɢɧɤɢ ɜɫɸɞɢ ɛɭɥɨ ɡɚɫɬɨɫɨɜɚɧɨ ɭɦɨɜɭ 

( ) ( 1) 410k k     . 

 
 

 

Ɋɢɫ. 4. Ɋɟɡɭɥɶɬɚɬ ɪɨɛɨɬɢ ɩɪɨɝɪɚɦɢ ɞɥɹ ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ 2 ɿɡ ɪɨɡɦɿɪɚɦɢ 
ɫɿɬɤɢ 60200 
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Ɋɢɫ. 5. Ɉɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ ɩɨ 1-ɦɭ ɩɪɨɞɭɤɬɭ (ɥɿɜɨɪɭɱ), 2-ɦɭ ɩɪɨɞɭɤɬɭ 

(ɩɨɫɟɪɟɞɢɧɿ) ɿ 3-ɦɭ ɩɪɨɞɭɤɬɭ (ɩɪɚɜɨɪɭɱ) ɞɥɹ ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ 2, ɨɬɪɢɦɚɧɟ ɭ [1] 

ɇɢɠɱɟ (ɬɚɛɥ. 2) ɧɚɜɟɞɟɧɨ ɱɢɫɥɨɜɿ ɪɟɡɭɥɶɬɚɬɢ, ɨɞɟɪɠɚɧɿ ɞɥɹ ɪɿɡɧɢɯ ɪɨɡ-
ɦɿɪɿɜ ɫɿɬɨɤ, ɿ ɪɟɡɭɥɶɬɚɬɢ, ɨɞɟɪɠɚɧɿ ɭ [1]. 

Ɍɚɛɥɢɰɹ 2 

ɉɨɪɿɜɧɹɥɶɧɚ ɬɚɛɥɢɰɹ ɪɟɡɭɥɶɬɚɬɿɜ ɪɨɡɜ’ɹɡɤɭ ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ 2 

ɉɚɪɚɦɟɬɪ ɋɿɬɤɚ 
1550 

ɋɿɬɤɚ 
30100 

ɋɿɬɤɚ 
60200 

Ɋɟɡɭɥɶɬɚɬɢ, 
ɨɬɪɢɦɚɧɿ ɭ [1] 
(ɫɿɬɤɚ 60200) 

Ʉɿɥɶɤɿɫɬɶ ɿɬɟɪɚɰɿɣ 110 117 105 59 

Ɇɿɧɿɦɚɥɶɧɟ ɡɧɚ-
ɱɟɧɧɹ ɩɪɹɦɨɝɨ 
ɮɭɧɤɰɿɨɧɚɥɭ 

2379,35 2380,03 2380,34 
2371,33 

Ɇɚɤɫɢɦɚɥɶɧɟ 
ɡɧɚɱɟɧɧɹ ɞɜɨʀɫɬɨ-
ɝɨ ɮɭɧɤɰɿɨɧɚɥɭ 

2379,67 2379,99 2380,11 
2379,6 

 

ɍ ɯɨɞɿ ɩɨɪɿɜɧɹɧɧɹ ɪɟɡɭɥɶɬɚɬɿɜ ɛɭɥɨ ɡɪɨɛɥɟɧɨ ɬɚɤɿ ɡɚɝɚɥɶɧɿ ɜɢɫɧɨɜɤɢ: 
1) ɪɟɡɭɥɶɬɚɬɢ ɩɨɪɿɜɧɹɧɧɹ ɩɿɞɬɜɟɪɞɠɭɸɬɶ ɤɨɪɟɤɬɧɿɫɬɶ ɪɨɛɨɬɢ ɪɨɡɪɨɛ-

ɥɟɧɨɝɨ ɩɪɨɝɪɚɦɧɨɝɨ ɡɚɛɟɡɩɟɱɟɧɧɹ; 
2) ɪɟɡɭɥɶɬɚɬɢ, ɨɞɟɪɠɚɧɿ ɡɚ ɞɨɩɨɦɨɝɨɸ ɪɨɡɪɨɛɥɟɧɨɝɨ ɩɪɨɝɪɚɦɧɨɝɨ ɡɚ-

ɛɟɡɩɟɱɟɧɧɹ, ɞɚɸɬɶ ɦɟɧɲɟ ɜɿɞɯɢɥɟɧɧɹ ɡɧɚɱɟɧɶ ɩɪɹɦɨɝɨ ɿ ɞɜɨʀɫɬɨɝɨ ɮɭɧɤɰɿ-
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ɨɧɚɥɿɜ, ɳɨ ɫɜɿɞɱɢɬɶ ɩɪɨ ɬɟ, ɳɨ ɪɨɡɪɨɛɥɟɧɟ ɩɪɨɝɪɚɦɧɟ ɡɚɛɟɡɩɟɱɟɧɧɹ ɹɤɿɫ-
ɧɿɲɟ ɡɚɞɨɜɨɥɶɧɹє ɨɛɦɟɠɟɧɧɹ ɡɚɞɚɱɿ; 

3) ɪɨɡɪɨɛɥɟɧɟ ɩɪɨɝɪɚɦɧɟ ɡɚɛɟɡɩɟɱɟɧɧɹ ɞɨɡɜɨɥɹє ɨɞɟɪɠɚɬɢ ɪɟɡɭɥɶɬɚɬ ɡɚ 
ɛɿɥɶɲɭ ɤɿɥɶɤɿɫɬɶ ɿɬɟɪɚɰɿɣ ɩɨɪɿɜɧɹɧɨ ɡ ɪɟɡɭɥɶɬɚɬɚɦɢ, ɨɞɟɪɠɚɧɢɦɢ ɭ [1], ɳɨ 
ɦɨɠɧɚ ɩɨɹɫɧɢɬɢ ɬɢɦ, ɳɨ ɜ ɪɨɡɪɨɛɥɟɧɨɦɭ ɩɪɨɝɪɚɦɧɨɦɭ ɡɚɛɟɡɩɟɱɟɧɧɿ ɡɚ-
ɫɬɨɫɨɜɚɧɨ r-ɚɥɝɨɪɢɬɦ ɿɡ ɩɨɫɬɿɣɧɢɦ ɤɪɨɤɨɜɢɦ ɦɧɨɠɧɢɤɨɦ, ɳɨ ɦɚє ɩɨɜɿɥɶ-
ɧɿɲɭ ɡɛɿɠɧɿɫɬɶ, ɧɿɠ r-ɚɥɝɨɪɢɬɦɢ ɿɡ ɩɪɨɝɪɟɫɢɜɧɿɲɢɦɢ ɦɟɬɨɞɚɦɢ ɜɢɛɨɪɭ 
ɤɪɨɤɨɜɨɝɨ ɦɧɨɠɧɢɤɚ. 

ȼɢɫɧɨɜɤɢ. ɍ ɯɨɞɿ ɞɚɧɨɝɨ ɞɨɫɥɿɞɠɟɧɧɹ ɪɨɡɪɨɛɥɟɧɨ ɩɪɨɝɪɚɦɧɟ ɡɚɛɟɡɩɟ-
ɱɟɧɧɹ, ɳɨ ɞɨɡɜɨɥɹє ɤɨɪɢɫɬɭɜɚɱɭ ɨɞɟɪɠɭɜɚɬɢ ɪɨɡɜ’ɹɡɤɢ ɛɚɝɚɬɨɩɪɨɞɭɤɬɨɜɢɯ 
ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ ɿɡ ɮɿɤɫɨɜɚɧɢɦɢ ɰɟɧɬɪɚɦɢ ɬɚ ɨɛɦɟ-
ɠɟɧɧɹɦɢ ɭ ɜɢɝɥɹɞɿ ɪɿɜɧɨɫɬɟɣ ɿ ɧɟɪɿɜɧɨɫɬɟɣ ɭ ɡɪɭɱɧɿɣ ɮɨɪɦɿ ɿɡ ɞɟɬɚɥɶɧɨɸ 
ɿɧɮɨɪɦɚɰɿєɸ ɩɪɨ ɤɨɠɧɭ ɿɬɟɪɚɰɿɸ ɚɥɝɨɪɢɬɦɭ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ. ɉɿɞ ɱɚɫ 

ɪɨɡɪɨɛɤɢ ɩɪɨɝɪɚɦɧɨɝɨ ɡɚɛɟɡɩɟɱɟɧɧɹ ɡɚɫɬɨɫɨɜɚɧɨ ɨɛ’єɤɬɧɨ-ɨɪɿєɧɬɨɜɚɧɢɣ 
ɩɿɞɯɿɞ, ɳɨ ɜɿɞɪɿɡɧɹє ɪɨɛɨɬɭ ɜɿɞ ɿɧɲɢɯ ɧɚɩɪɚɰɸɜɚɧɶ ɭ ɞɚɧɿɣ ɝɚɥɭɡɿ. Ɋɨɡɪɨɛ-
ɥɟɧɟ ɩɪɨɝɪɚɦɧɟ ɡɚɛɟɡɩɟɱɟɧɧɹ ɛɭɥɨ ɩɪɨɬɟɫɬɨɜɚɧɨ, ɚ ɪɟɡɭɥɶɬɚɬɢ, ɨɞɟɪɠɚɧɿ ɿɡ 
ɣɨɝɨ ɞɨɩɨɦɨɝɨɸ, – ɩɨɪɿɜɧɹɧɨ ɡ ɪɟɡɭɥɶɬɚɬɚɦɢ ɿɧɲɢɯ ɚɜɬɨɪɿɜ, ɬɚɤɢɦ ɱɢɧɨɦ 

ɛɭɥɨ ɩɿɞɬɜɟɪɞɠɟɧɨ ɩɪɚɜɢɥɶɧɿɫɬɶ ɮɭɧɤɰɿɨɧɭɜɚɧɧɹ ɰɶɨɝɨ ɩɪɨɝɪɚɦɧɨɝɨ ɡɚ-
ɛɟɡɩɟɱɟɧɧɹ. 

Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 

1. Ʉɢɫɟɥɟɜɚ, ȿ.Ɇ. ɇɟɩɪɟɪɵɜɧɵɟ ɡɚɞɚɱɢ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɡɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜ 

[Ɍɟɤɫɬ]: ɦɨɧɨɝɪɚɮɢɹ / ȿ.Ɇ. Ʉɢɫɟɥɟɜɚ, ɇ.Ɂ. ɒɨɪ. – Ʉ.: ɇɚɭɤ. ɞɭɦɤɚ, 2005. – 564 ɫ. 
2. Ʉɢɫɟɥɟɜɚ, ȿ.Ɇ. Ɇɨɞɟɥɢ ɢ ɦɟɬɨɞɵ ɪɟɲɟɧɢɹ ɧɟɩɪɟɪɵɜɧɵɯ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ 
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