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ɉ.ȱ. ɋɬɟɰɸɤ1,3, Ɉ.Ɉ. ɋɥɚɛɨɫɩɢɰɶɤɚ2,3, Ɉ.O. ɍɲɚɤɨɜɚ3
 

1Іɧɫɬɢɬɭɬ ɤɿɛɟɪɧɟɬɢɤɢ ɿɦɟɧɿ ȼ.Ɇ. Ƚɥɭɲɤɨɜɚ ɇȺɇ ɍɤɪɚʀɧɢ, Ʉɢʀɜ 
2Іɧɫɬɢɬɭɬ ɩɪɨɝɪɚɦɧɢɯ ɫɢɫɬɟɦ ɇȺɇ ɍɤɪɚʀɧɢ, Ʉɢʀɜ 

3Ʉɢʀɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɍɚɪɚɫɚ Шɟɜɱɟɧɤɚ 
 

ɆȺɄɋɂɆȺɅɖɇȱ ɇȿɁȺɅȿɀɇȱ ɆɇɈɀɂɇɂ ȼȿɊɒɂɇ ȽɊȺɎȺ 

ɌȺ Ȳɏ ɁȺɋɌɈɋɍȼȺɇɇə ȼ ɄȿɊɍȼȺɇɇȱ ɉɊɈȿɄɌȺɆɂ  
 

Ⱦɨɫɥɿɞɠɟɧɨ ɡɚɞɚɱɿ ɛɭɥɟɜɨɝɨ ɥɿɧɿɣɧɨɝɨ ɩɪɨɝɪɚɦɭɜɚɧɧɹ ɞɥɹ ɡɧɚɯɨɞɠɟɧɧɹ 
ɦɚɤɫɢɦɚɥɶɧɨʀ ɧɟɡɚɥɟɠɧɨʀ ɦɧɨɠɢɧɢ ɬɚ ɦɚɤɫɢɦɚɥɶɧɨʀ ɫɭɦɢ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨ-
ɠɢɧ ɜɟɪɲɢɧ ɝɪɚɮɚ. Ɉɩɢɫɚɧɨ ɚɥɝɨɪɢɬɦ ȼɿɡɢɧɝɚ-ɉɥɟɫɧɟɜɢɱɚ ɞɥɹ ɦɿɧɿɦɚɥɶɧɨɝɨ 
ɪɨɡɮɚɪɛɭɜɚɧɧɹ ɜɟɪɲɢɧ ɝɪɚɮɚ ɬɚ ɣɨɝɨ ɡɚɫɬɨɫɭɜɚɧɧɹ ɞɥɹ ɞɜɨɯ ɡɚɞɚɱ ɤɟɪɭɜɚɧɧɹ 
ɩɪɨɝɪɚɦɧɢɦɢ ɩɪɨɟɤɬɚɦɢ. ɇɚɜɟɞɟɧɨ AMPL-ɤɨɞɢ ɡɚɞɚɱ ɛɭɥɟɜɨɝɨ ɥɿɧɿɣɧɨɝɨ ɩɪɨ-
ɝɪɚɦɭɜɚɧɧɹ ɬɚ ɪɟɡɭɥɶɬɚɬɢ ɨɛɱɢɫɥɸɜɚɥɶɧɢɯ ɟɤɫɩɟɪɢɦɟɧɬɿɜ ɞɥɹ ɩɪɨɝɪɚɦ 
CPLEX ɿ gurobi ɡ ɨɩɬɢɦɿɡɚɰɿɣɧɨɝɨ ɜɟɛ-ɫɟɪɜɿɫɭ NEOS-solver. 

 

ɂɫɫɥɟɞɨɜɚɧɵ ɡɚɞɚɱɢ ɛɭɥɟɜɨɝɨ ɥɢɧɟɣɧɨɝɨ ɩɪɨɝɪɚɦɦɢɪɨɜɚɧɢɹ ɞɥɹ ɧɚɯɨɠ-
ɞɟɧɢɹ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɧɟɡɚɜɢɫɢɦɨɝɨ ɦɧɨɠɟɫɬɜɚ ɢ ɦɚɤɫɢɦɚɥɶɧɨɣ ɫɭɦɦɵ ɧɟɡɚ-
ɜɢɫɢɦɵɯ ɦɧɨɠɟɫɬɜ ɜɟɪɲɢɧ ɝɪɚɮɚ. Ɉɩɢɫɚɧɵ ɚɥɝɨɪɢɬɦ ȼɢɡɢɧɝɚ-ɉɥɟɫɧɟɜɢɱɚ 
ɞɥɹ ɦɢɧɢɦɚɥɶɧɨɣ ɪɚɫɤɪɚɫɤɢ ɜɟɪɲɢɧ ɝɪɚɮɚ ɢ ɟɝɨ ɩɪɢɦɟɧɟɧɢɟ ɞɥɹ ɞɜɭɯ ɡɚɞɚɱ 
ɭɩɪɚɜɥɟɧɢɹ ɩɪɨɝɪɚɦɦɧɵɦɢ ɩɪɨɟɤɬɚɦɢ. ɉɪɢɜɟɞɟɧɵ AMPL-ɤɨɞɵ ɡɚɞɚɱ ɛɭɥɟ-
ɜɨɝɨ ɥɢɧɟɣɧɨɝɨ ɩɪɨɝɪɚɦɦɢɪɨɜɚɧɢɹ ɢ ɪɟɡɭɥɶɬɚɬɵ ɜɵɱɢɫɥɢɬɟɥɶɧɵɯ ɷɤɫɩɟɪɢ-
ɦɟɧɬɨɜ ɞɥɹ ɩɪɨɝɪɚɦɦ CPLEX ɢ gurobi ɢɡ ɨɩɬɢɦɢɡɚɰɢɨɧɧɨɝɨ ɜɟɛ-ɫɟɪɜɢɫɚ 
NEOS-solver. 

 

Boolean linear programming problems for finding maximum independent set 

and maximum sum of independent sets of graph vertices are considered. The Viz-

ing-Plesnevich algorithm for minimal  coloring of the vertices of a graph and its 

application for two problems of software project management 

are described. AMPL-codes of Boolean linear programming problems and results 

of  experiments for CPLEX and gurobi programs from NEOS optimization Web-

service are presented. 
 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɧɟɡɚɥɟɠɧɚ ɦɧɨɠɢɧɚ ɜɟɪɲɢɧ ɝɪɚɮɚ, ɦɿɧɿɦɚɥɶɧɟ ɪɨɡɮɚɪɛɭ-
ɜɚɧɧɹ ɝɪɚɮɚ, ɚɥɝɨɪɢɬɦ ȼɿɡɢɧɝɚ-ɉɥɟɫɧɟɜɢɱɚ, ɡɚɞɚɱɚ ɥɿɧɿɣɧɨɝɨ ɩɪɨɝɪɚɦɭɜɚɧɧɹ, 
ɛɭɥɟɜɚ ɡɦɿɧɧɚ, ɩɪɨɝɪɚɦɧɢɣ ɩɪɨɟɤɬ, ɪɨɡɩɨɞɿɥ ɪɟɫɭɪɫɿɜ.  

 

 ȼɫɬɭɩ. Ɇɧɨɠɢɧɭ ɜɟɪɲɢɧ ɝɪɚɮɚ ɧɚɡɢɜɚɸɬɶ ɧɟɡɚɥɟɠɧɨɸ, ɹɤɳɨ ɧɿɹɤɿ ɞɜɿ 
ɜɟɪɲɢɧɢ ɰɿєʀ ɦɧɨɠɢɧɢ ɧɟ ɡ'єɞɧɚɧɿ ɪɟɛɪɨɦ (ɧɟ є ɫɭɦɿɠɧɿ). ȱɧɞɭɤɨɜɚɧɢɣ ɰɿ-
єɸ ɦɧɨɠɢɧɨɸ ɩɿɞɝɪɚɮ ɫɤɥɚɞɚєɬɶɫɹ ɡ ɿɡɨɥɶɨɜɚɧɢɯ ɜɟɪɲɢɧ, ʀɯ ɤɿɥɶɤɿɫɬɶ ɜɢ-
ɡɧɚɱɚє ɪɨɡɦɿɪ ɧɟɡɚɥɟɠɧɨʀ ɦɧɨɠɢɧɢ ɜɟɪɲɢɧ ɝɪɚɮɚ. Ɉɩɬɢɦɿɡɚɰɿɣɧɭ ɡɚɞɚɱɭ 
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ɩɪɨ ɧɟɡɚɥɟɠɧɭ ɦɧɨɠɢɧɭ ɮɨɪɦɭɥɸɸɬɶ ɬɚɤɢɦ ɱɢɧɨɦ: ɭ ɡɚɞɚɧɨɦɭ ɧɟɨɪɿєɧ-
ɬɨɜɧɨɦɭ ɝɪɚɮɿ G  ɛɟɡ ɩɟɬɟɥɶ ɩɨɬɪɿɛɧɨ ɡɧɚɣɬɢ ɧɟɡɚɥɟɠɧɭ ɦɧɨɠɢɧɭ ɦɚɤɫɢ-
ɦɚɥɶɧɨɝɨ ɪɨɡɦɿɪɭ. ɐɟɣ ɪɨɡɦɿɪ ɧɚɡɢɜɚɸɬɶ ɱɢɫɥɨɦ ɧɟɡɚɥɟɠɧɨɫɬɿ ɚɛɨ ɱɢɫɥɨɦ 
ɜɧɭɬɪɿɲɧɶɨʀ ɫɬɿɣɤɨɫɬɿ ɿ ɩɨɡɧɚɱɚɸɬɶ ( )G . 

Ɂɚɞɚɱɚ ɡɧɚɯɨɞɠɟɧɧɹ ɱɢɫɥɚ ɧɟɡɚɥɟɠɧɨɫɬɿ ( )G  ɧɚɥɟɠɢɬɶ ɞɨ ɤɥɚɫɭ NP-

ɩɨɜɧɢɯ ɡɚɞɚɱ [1; 2]. ȼɨɧɚ ɬɿɫɧɨ ɩɨɜ'ɹɡɚɧɚ ɡ ɡɚɞɚɱɟɸ ɡɧɚɯɨɞɠɟɧɧɹ ɯɪɨɦɚɬɢ-
ɱɧɨɝɨ ɱɢɫɥɚ ( )G  – ɧɚɣɦɟɧɲɨʀ ɤɿɥɶɤɨɫɬɿ ɪɿɡɧɢɯ ɤɨɥɶɨɪɿɜ, ɹɤɢɦɢ ɦɨɠɧɚ 
ɪɨɡɮɚɪɛɭɜɚɬɢ ɜɟɪɲɢɧɢ ɝɪɚɮɚ G  ɬɚɤɢɦ ɱɢɧɨɦ, ɳɨɛ ɧɿɹɤɿ ɞɜɿ ɫɭɦɿɠɧɿ ɜɟɪ-
ɲɢɧɢ ɧɟ ɛɭɥɢ ɪɨɡɮɚɪɛɨɜɚɧɿ ɨɞɧɚɤɨɜɨ. ȼ.Ƚ. ȼɿɡɢɧɝ ɬɚ Ƚ.ɋ. ɉɥɟɫɧɟɜɢɱ ɜɫɬɚ-
ɧɨɜɢɥɢ [3], ɳɨ ɡɚɞɚɱɭ ɡɧɚɯɨɞɠɟɧɧɹ ɯɪɨɦɚɬɢɱɧɨɝɨ ɱɢɫɥɚ ɦɨɠɧɨ ɡɜɟɫɬɢ ɞɨ 
ɿɬɟɪɚɬɢɜɧɨʀ ɩɨɫɥɿɞɨɜɧɨɫɬɿ ɡɚɞɚɱ ɡɧɚɯɨɞɠɟɧɧɹ ɱɢɫɥɚ ɧɟɡɚɥɟɠɧɨɫɬɿ ɝɪɚɮɿɜ, 
ɨɬɪɢɦɚɧɢɯ ɹɤ ɞɟɤɚɪɬɿɜ ɞɨɛɭɬɨɤ ɩɨɜɧɢɯ ɝɪɚɮɿɜ ɬɚ ɝɪɚɮɚ G .  

ɍ ɫɬɚɬɬɿ ɪɨɡɝɥɹɧɭɬɨ ɡɚɞɚɱɿ ɛɭɥɟɜɨɝɨ ɥɿɧɿɣɧɨɝɨ ɩɪɨɝɪɚɦɭɜɚɧɧɹ (ɛɭɥɟɜɿ 
ɡɚɞɚɱɿ) ɞɥɹ ɡɧɚɯɨɞɠɟɧɧɹ ɧɟɡɚɥɟɠɧɨʀ ɦɧɨɠɢɧɢ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɪɨɡɦɿɪɭ (ɪɨ-
ɡɞɿɥ 1) ɬɚ ɡɚɞɚɧɨʀ ɤɿɥɶɤɨɫɬɿ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ, ɹɤɿ ɧɟ ɩɟɪɟɬɢɧɚɸɬɶɫɹ ɿ 
ɦɚɸɬɶ ɦɚɤɫɢɦɚɥɶɧɢɣ ɪɨɡɦɿɪ ɫɭɦɢ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ (ɪɨɡɞɿɥ 2). ɇɚ ʀɯ 
ɨɫɧɨɜɿ ɭ ɪɨɡɞɿɥɿ 2 ɨɩɢɫɚɧɨ ɚɥɝɨɪɢɬɦ ȼɿɡɢɧɝɚ-ɉɥɟɫɧɟɜɢɱɚ ɞɥɹ ɪɨɡɮɚɪɛɭ-
ɜɚɧɧɹ ɜɟɪɲɢɧ ɝɪɚɮɚ ɦɿɧɿɦɚɥɶɧɨɸ ɤɿɥɶɤɿɫɬɸ ɤɨɥɶɨɪɿɜ. ɍ ɪɨɡɞɿɥɿ 3 ɪɨɡɝɥɹ-
ɧɭɬɨ ɡɚɞɚɱɿ ɨɩɬɢɦɿɡɚɰɿʀ ɪɨɡɤɥɚɞɭ ɚɜɬɨɧɨɦɧɨɝɨ ɬɟɫɬɭɜɚɧɧɹ ɤɨɦɩɨɧɟɧɬɿɜ 
ɩɨɜɬɨɪɧɨɝɨ ɜɢɤɨɪɢɫɬɚɧɧɹ ɭ ɫɤɥɚɞɿ ɤɪɢɬɢɱɧɨʀ ɩɪɨɝɪɚɦɧɨʀ ɫɢɫɬɟɦɢ ɬɚ ɮɨɪ-
ɦɭɜɚɧɧɹ ɹɞɟɪ ɧɟɡɚɥɟɠɧɢɯ ɤɨɦɚɧɞ ɭ ɤɪɢɬɢɱɧɨɦɭ ɩɪɨɝɪɚɦɧɨɦɭ ɩɪɨɟɤɬɿ. Ⱦɥɹ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɛɭɥɟɜɢɯ ɡɚɞɚɱ ɡɚɫɬɨɫɨɜɚɧɨ ɩɪɨɝɪɚɦɢ CPLEX ɿ gurobi ɡ NEOS-
ɫɟɪɜɟɪɚ [4] ɬɚ ɦɨɜɭ ɦɨɞɟɥɸɜɚɧɧɹ AMPL [5]. 

1. Ȼɭɥɟɜɚ ɡɚɞɚɱɚ ɞɥɹ ( )G  ɬɚ ʀʀ ɜɥɚɫɬɢɜɨɫɬɿ. ɇɟɯɚɣ  0,1
i

x   – ɛɭɥɟ-
ɜɚ ɡɦɿɧɧɚ, ɹɤɚ ɞɨɪɿɜɧɸє ɨɞɢɧɢɰɿ, ɹɤɳɨ ɜɟɪɲɢɧɚ ( )i V G  ɜɤɥɸɱɚєɬɶɫɹ ɜ 
ɧɟɡɚɥɟɠɧɭ ɦɧɨɠɢɧɭ ɜɟɪɲɢɧ ɝɪɚɮɚ ( ( ), ( ))G V G E G , ɿ ɧɭɥɸ – ɭ ɩɪɨɬɢɥɟ-
ɠɧɨɦɭ ɜɢɩɚɞɤɭ. ɓɨɛ ɡɧɚɣɬɢ ɱɢɫɥɨ ɧɟɡɚɥɟɠɧɨɫɬɿ ( )G , ɞɨɫɬɚɬɧɶɨ ɡɧɚɣɬɢ 
ɨɞɢɧ ɿɡ ɪɨɡɜ'ɹɡɤɿɜ ɡɚɞɚɱɿ ɛɭɥɟɜɨɝɨ ɥɿɧɿɣɧɨɝɨ ɩɪɨɝɪɚɦɭɜɚɧɧɹɯ [6]: 

 0,1
( )

( ) max
i

i
x

i V G

G x




           (1) 

ɡɚ ɨɛɦɟɠɟɧɶ 

1, ( , ) ( ).
i j

x x i j E G           (2) 

Ɂɚɞɚɱɚ (1), (2) ɦɿɫɬɢɬɶ ( )V G  ɛɭɥɟɜɢɯ ɡɦɿɧɧɢɯ ɬɚ ( )E G  ɨɛɦɟɠɟɧɶ ɭ ɮɨɪɦɿ 
ɥɿɧɿɣɧɢɯ ɧɟɪɿɜɧɨɫɬɟɣ. Ɉɛɦɟɠɟɧɧɹ (2) ɨɡɧɚɱɚɸɬɶ, ɳɨ ɤɨɥɢ ɭ ɝɪɚɮɿ G  
ɜɟɪɲɢɧɢ i  ɬɚ j  ɡ'єɞɧɚɧɿ ɪɟɛɪɨɦ, ɬɨ ɬɿɥɶɤɢ ɨɞɧɚ ɡ ɧɢɯ ɛɭɞɟ ɧɚɥɟɠɚɬɢ 
ɧɟɡɚɥɟɠɧɿɣ ɦɧɨɠɢɧɿ ɜɟɪɲɢɧ ɝɪɚɮɚ G . 
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 ɑɢɫɥɨ ɧɟɡɚɥɟɠɧɨɫɬɿ ( )G  ɜɢɡɧɚɱɚєɬɶɫɹ ɨɞɧɨɡɧɚɱɧɨ, ɚɥɟ ɣɨɦɭ ɦɨɠɟ  
ɜɿɞɩɨɜɿɞɚɬɢ ɛɚɝɚɬɨ ɦɚɤɫɢɦɚɥɶɧɢɯ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ ɭ ɝɪɚɮɿ G . Ɍɚɤ, 
ɧɚɩɪɢɤɥɚɞ, ɝɪɚɮ 5C  (ɰɢɤɥ ɿɡ ɩ'ɹɬɢ ɜɟɪɲɢɧ, ɪɢɫ. 1,ɚ) ɦɿɫɬɢɬɶ ɩ'ɹɬɶ ɧɟɡɚɥɟɠ-
ɧɢɯ ɦɧɨɠɢɧ ɪɨɡɦɿɪɭ 5( ) 2C  . ɇɚ ɪɢɫ. 1 (ɛ, ɜ, ɝ, ɞ, ɟ) ɧɚɜɟɞɟɧɨ ɰɿ ɦɧɨɠɢ-
ɧɢ:  1 1,3S  ,  2 1,4S  ,  3 2,4S  ,  4 2,5S  ,  5 3,5S  . ȼɟɪɲɢɧɢ, ɹɤɿ 
ɜɯɨɞɹɬɶ ɜ ɧɢɯ, ɩɨɡɧɚɱɟɧɨ ɱɨɪɧɢɦ ɤɨɥɶɨɪɨɦ. 

 
Ɋɢɫ. 1. ɉ'ɹɬɶ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɪɨɡɦɿɪɭ ɭ ɝɪɚɮɿ 5C  

ɓɨɛ ɡɚ ɞɨɩɨɦɨɝɨɸ ɡɚɞɚɱɿ (1),(2) ɡɧɚɣɬɢ ɹɤɨɦɨɝɚ ɛɿɥɶɲɭ ɤɿɥɶɤɿɫɬɶ ɧɟɡɚ-
ɥɟɠɧɢɯ ɦɧɨɠɢɧ ɪɨɡɦɿɪɭ ( )G , ɦɨɠɧɚ ɫɤɨɪɢɫɬɚɬɢɫɹ ɜɢɩɚɞɤɨɜɢɦɢ ɡɛɭɪɟɧ-
ɧɹɦɢ ɞɥɹ ɛɭɥɟɜɢɯ ɡɦɿɧɧɢɯ 

i
x . Ⱦɥɹ ɰɶɨɝɨ ɰɿɥɶɨɜɭ ɮɭɧɤɰɿɸ (1) ɫɥɿɞ ɡɚɦɿɧɢ-

ɬɢ ɧɚ ɰɿɥɶɨɜɭ ɮɭɧɤɰɿɸ 

 
 

0,1
( )

( ) max
i

i i i
x

i V G

G x x 


   ,      (1a) 

ɞɟ ɜɢɩɚɞɤɨɜɿ ɜɟɥɢɱɢɧɢ 1
i
   ɞɥɹ ɜɫɿɯ ( )i V G . Ɂɚɥɟɠɧɨ ɜɿɞ ɜɢɛɪɚɧɢɯ 

ɡɧɚɱɟɧɶ ɞɥɹ ɡɛɭɪɟɧɶ 
i
 , 1, , ( )i V G  , ɹɤ ɪɟɡɭɥɶɬɚɬ ɪɨɡɜ'ɹɡɚɧɧɹ ɡɚɞɚɱɿ 

(1a), (2) ɨɬɪɢɦɚєɦɨ ɬɭ ɱɢ ɿɧɲɭ ɧɟɡɚɥɟɠɧɭ ɦɧɨɠɢɧɭ ɪɨɡɦɿɪɭ ( )G . ɐɟɣ 
ɫɩɨɫɿɛ ɩɨɬɪɟɛɭє ɡɧɚɱɧɨʀ ɤɿɥɶɤɨɫɬɿ ɪɨɡɜ'ɹɡɚɧɶ ɡɚɞɚɱɿ (1a), (2), ɳɨ ɩɿɞɬɜɟɪ-
ɞɠɭɸɬɶ ɪɟɡɭɥɶɬɚɬɢ ɨɛɱɢɫɥɸɜɚɥɶɧɨɝɨ ɟɤɫɩɟɪɢɦɟɧɬɭ ɞɥɹ ɡɧɚɯɨɞɠɟɧɧɹ ɧɟ-
ɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ 1 5, ,S S  ɭ ɝɪɚɮɿ 5C  ɡɚ ɞɨɩɨɦɨɝɨɸ ɩɪɨɝɪɚɦɢ gurobi. 
Ɋɟɡɭɥɶɬɚɬɢ ɟɤɫɩɟɪɢɦɟɧɬɭ ɧɚɜɟɞɟɧɿ ɭ ɬɚɛɥ. 1: ɩɪɚɜɢɥɚ ɝɟɧɟɪɚɰɿʀ ɜɢɩɚɞɤɨɜɢɯ 
ɡɛɭɪɟɧɶ (ɤɨɥɨɧɤɚ 1) ɬɚ ɱɚɫɬɨɬɚ ɡɧɚɯɨɞɠɟɧɧɹ ɤɨɠɧɨʀ ɡ ɩ'ɹɬɢ ɧɟɡɚɥɟɠɧɢɯ 
ɦɧɨɠɢɧ ɡ ɪɢɫ. 1 (ɤɨɥɨɧɤɢ 3–7) ɞɥɹ ɪɿɡɧɢɯ ɤɿɥɶɤɨɫɬɟɣ ɡɚɩɭɫɤɿɜ ɩɪɨɝɪɚɦɢ 
gurobi: 10nCall  , 100nCall   ɿ 1000nCall   (ɤɨɥɨɧɤɚ 2). Ⱦɥɹ ɝɟɧɟɪɚɰɿʀ 

ɚ ɛ ɜ 

ɝ ɞ ɟ 
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ɜɢɩɚɞɤɨɜɢɯ ɡɛɭɪɟɧɶ ɜɢɤɨɪɢɫɬɨɜɭɜɚɥɢɫɹ ɞɚɬɱɢɤɢ Uniform ɬɚ Normal, ɳɨ 
ɡɚɛɟɡɩɟɱɭɸɬɶ ɪɿɜɧɨɦɿɪɧɢɣ ɬɚ ɧɨɪɦɚɥɶɧɢɣ ɪɨɡɩɨɞɿɥɢ ɜɢɩɚɞɤɨɜɢɯ ɜɟɥɢɱɢɧ. 
 

Ɍɚɛɥɢɰɹ 1 

ɑɚɫɬɨɬɚ ɡɧɚɯɨɞɠɟɧɧɹ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ 1 5, ,S S  ɞɥɹ ɝɪɚɮɚ 5C  

ɡɚ ɪɿɜɧɨɦɿɪɧɨɝɨ (Uniform) ɬɚ ɧɨɪɦɚɥɶɧɨɝɨ (Normal) 

ɪɨɡɩɨɞɿɥɿɜ ɜɢɩɚɞɤɨɜɢɯ ɡɛɭɪɟɧɶ 
i
 , 1,...,5i   

, 1,...,5
i

i   nCall   1n S   2n S   3n S   4n S   5n S  
0.001  Uniform(-1,1) 10 3 4 0 1 2 
 100 16 24 28 9 23 
 1000 205 214 177 206 198 
0.001  Normal(0,0.1) 10 0 2 0 5 3 
 100 18 21 15 21 25 
 1000 211 187 208 206 188 

 

Ɋɨɡɪɚɯɭɧɤɢ ɞɥɹ ɬɚɛɥ. 1 ɩɪɨɜɟɞɟɧɨ ɩɪɨɝɪɚɦɨɸ gurobi 2.0.1 ɫɬɭɞɟɧɬɫɶɤɨʀ 
ɜɟɪɫɿʀ AMPL ɡɚ ɞɨɩɨɦɨɝɨɸ ɬɚɤɨɝɨ AMPL-ɤɨɞɭ: 
 set V_G := {1,2,3,4,5};   

set E_G:={(1,2),(1,5),(2,3),(3,4),(4,5)}; 
display V_G,E_G; 

 param nCall:=100; param ns{i in 1..5} default 0; 
param nv := card(V_G); param eps{i in 1..nv)} default 0; 
var xs{i in 1..nv)} binary; 

 maximize alpha_G: sum{i in 1..nv} (xs[i]+eps[i]*xs[i]); 
subject to constr2 {(i,j) in E_G}: xs[i]+xs[j] <= 1; 
option solver gurobi; 

 for{k in 1..nCall} { 
   for{i in 1..nv} { 
     let eps[i]:= 0.001*Uniform(-1,1); #Normal(0,0.1) 
   } 
   solve; display alpha_G; 
   if (xs[1]=1 and xs[3]=1) then  let ns[1]:=ns[1]+1;    
   if (xs[1]=1 and xs[4]=1) then  let ns[2]:=ns[2]+1;    
   if (xs[2]=1 and xs[4]=1) then  let ns[3]:=ns[3]+1;    
   if (xs[2]=1 and xs[5]=1) then  let ns[4]:=ns[4]+1;    
   if (xs[3]=1 and xs[5]=1) then  let ns[5]:=ns[5]+1;    
} 
display sum{i in 1..5}ns[i],ns; 

 
 Ɂ ɬɚɛɥ. 1 ɜɢɞɧɨ, ɳɨ ɡɚ ɞɟɫɹɬɢ ɡɚɩɭɫɤɿɜ ɩɪɨɝɪɚɦɢ gurobi ɧɟɡɚɥɟɠɧɚ 
ɦɧɨɠɢɧɚ 3S  ɠɨɞɧɨɝɨ ɪɚɡɭ ɧɟ ɛɭɥɚ ɡɧɚɣɞɟɧɚ ɭ ɜɢɩɚɞɤɭ ɪɿɜɧɨɦɿɪɧɨɝɨ ɪɨɡ-
ɩɨɞɿɥɭ, ɚ ɧɟɡɚɥɟɠɧɿ ɦɧɨɠɢɧɢ 1S  ɬɚ 3S  – ɡɚ ɧɨɪɦɚɥɶɧɨɝɨ ɪɨɡɩɨɞɿɥɭ. ȱɡ ɡɪɨ-
ɫɬɚɧɧɹɦ ɤɿɥɶɤɨɫɬɿ ɡɚɩɭɫɤɿɜ (100 ɬɚ 1000) ɩɪɨɝɪɚɦɢ gurobi ɿɦɨɜɿɪɧɿɫɬɶ ɡɧɚ-
ɯɨɞɠɟɧɧɹ ɤɨɠɧɨʀ ɦɧɨɠɢɧɢ ɧɚɛɥɢɠɚєɬɶɫɹ ɞɨ 1 5  (20%). 
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Ⱦɚɥɿ ɪɨɡɝɥɹɧɟɦɨ ɫɭɬɬєɜɨ ɟɤɨɧɨɦɧɿɲɢɣ ɫɩɨɫɿɛ, ɹɤɢɣ ɡɚ ɤɨɠɧɢɣ ɩɨɫɥɿɞɨ-
ɜɧɢɣ ɡɚɩɭɫɤ ɩɪɨɝɪɚɦɢ gurobi ɛɭɞɟ ɚɛɨ ɡɧɚɯɨɞɢɬɢ ɧɨɜɭ ɧɟɡɚɥɟɠɧɭ ɦɧɨɠɢ-
ɧɭ ɪɨɡɦɿɪɭ ( )G , ɚɛɨ ɡɚɤɿɧɱɭɜɚɬɢ ɪɨɛɨɬɭ, ɹɤɳɨ ɧɟɡɚɥɟɠɧɿ ɦɧɨɠɢɧɢ ɪɨɡ-
ɦɿɪɭ ( )G  ɭɠɟ ɜɢɛɪɚɧɿ. ȼɿɧ ɩɨɥɹɝɚє ɭ ɬɚɤɨɦɭ.  

ɇɟɯɚɣ ɡɧɚɣɞɟɧɨ  m  ɦɚɤɫɢɦɚɥɶɧɢɯ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ  , 1, , ,
j

S j m   

ɿ ɫɟɪɟɞ ɧɢɯ ɧɟɦɚє ɡɛɿɠɧɢɯ. ɓɨɛ ɡɧɚɣɬɢ ɧɨɜɭ ɦɚɤɫɢɦɚɥɶɧɭ ɧɟɡɚɥɟɠɧɭ 
ɦɧɨɠɢɧɭ, ɞɨɞɚɦɨ ɞɨ ɡɚɞɚɱɿ (1)–(2) ɬɚɤɿ ɨɛɦɟɠɟɧɧɹ: 

( )

( ) 1 2, 1,..., .
j

i K

i V S

x G j m


         (3) 

Ʌɿɧɿɣɧɿ ɧɟɪɿɜɧɨɫɬɿ (3) ɜɿɞɫɿɤɚɸɬɶ ɭɠɟ ɡɧɚɣɞɟɧɿ ɦɧɨɠɢɧɢ , 1, ,
j

S j m  , 

ɬɨɦɭ ɪɨɡɜ'ɹɡɤɨɦ ɡɚɞɚɱɿ (2) – (3)  ɛɭɞɟ ɧɨɜɚ ɧɟɡɚɥɟɠɧɚ ɦɧɨɠɢɧɚ 1m
S  . əɤɳɨ 

ʀʀ ɪɨɡɦɿɪ ɞɨɪɿɜɧɸє ( )G , ɬɨ ɦɧɨɠɢɧɚ 1m
S   ɛɭɞɟ ɧɨɜɨɸ ɦɚɤɫɢɦɚɥɶɧɨɸ 

ɧɟɡɚɥɟɠɧɨɸ ɦɧɨɠɢɧɨɸ ɿ ʀʀ ɦɨɠɧɚ ɞɨɞɚɬɢ ɞɨ ɫɩɢɫɤɭ ɦɧɨɠɢɧ 
, 1, ,

j
S j m  . əɤɳɨ ɪɨɡɦɿɪ ɦɧɨɠɢɧɢ 1m

S   ɦɟɧɲɢɣ ɧɿɠ ( )G , ɬɨ ɰɟ 
ɨɡɧɚɱɚє, ɳɨ ɫɩɢɫɨɤ ɦɧɨɠɢɧ , 1, ,

j
S j m   ɦɿɫɬɢɬɶ ɭɫɿ ɦɚɤɫɢɦɚɥɶɧɿ 

ɧɟɡɚɥɟɠɧɿ ɦɧɨɠɢɧɢ ɞɥɹ ɝɪɚɮɚ G .  
ɍɤɚɡɚɧɢɣ ɫɩɨɫɿɛ ɩɪɨɝɪɚɦɧɨ ɪɟɚɥɿɡɨɜɚɧɨ ɦɨɜɨɸ AMPL. ɋɬɚɪɬɨɜɢɣ 

ɫɩɢɫɨɤ ɦɚɤɫɢɦɚɥɶɧɢɯ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ ɦɿɫɬɢɬɶ ɨɞɧɭ ɡ ɧɟɡɚɥɟɠɧɢɯ 
ɦɧɨɠɢɧ ɪɨɡɦɿɪɭ ( )G , ɹɤɚ ɡɧɚɣɞɟɧɚ ɹɤ ɪɨɡɜ'ɹɡɨɤ ɡɚɞɚɱɿ (1), (2). Ⱦɥɹ ɝɪɚɮɚ 

5C  ɬɚ nCall  ɡɚɩɭɫɤɿɜ gurobi ɰɟɣ ɫɩɨɫɿɛ ɪɟɚɥɿɡɭє AMPL-ɩɪɨɝɪɚɦɚ: 
 set V_G := {1,2,3,4,5};   

set E_G:={(1,2),(1,5),(2,3),(3,4),(4,5)}; 
display V_G,E_G; 

 param nCall:=100; param alphaG1;   
set nS default {}; set S{nS} default {};  
var xs{i in 1..card(V_G)} binary; 

 maximize alpha_G: sum{i in 1..card(V_G)}xs[i]; 
subject to con2 {(i,j) in E_G}: xs[i]+xs[j] <= 1; 
subject to con3 {i in nS}: sum{j in S[i]} xs[j] <= alphaG1; 

 option solver gurobi; 
solve; display alpha_G; let alphaG1:=alpha_G-0.5; 
let nS:={1}; let S[1] := {j in V_G: xs[j]>=0.99}; 
for{i in 2..nCall} { 
   solve; display alpha_G; 
   if (alpha_G<alphaG1) then break;      
   let nS:=nS union {i}; let S[i] := {j in V_G: xs[j]>=0.99}; 
} 
display S; 

Ɂɚ ɩ'ɹɬɶ ɡɚɩɭɫɤɿɜ ɩɪɨɝɪɚɦɢ gurobi AMPL-ɤɨɞ ɡɧɚɯɨɞɢɬɶ ɭɫɿ ɦɚɤɫɢɦɚɥɶɧɿ 
ɧɟɡɚɥɟɠɧɿ ɦɧɨɠɢɧɢ ɝɪɚɮɚ 5C  ɭ ɬɚɤɨɦɭ ɩɨɪɹɞɤɭ: S[1]={2,5}, S[2]={1,3}, 
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S[3]={3,5}, S[4]={1,4}, S[5]={2,4}. Ⱦɥɹ ɧɚɥɚɲɬɭɜɚɧɧɹ ɩɪɨɝɪɚɦɢ ɧɚ ɩɨɲɭɤ 
ɦɚɤɫɢɦɚɥɶɧɢɯ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ ɜɿɞɩɨɜɿɞɧɨɝɨ ɝɪɚɮɚ ɞɨɫɬɚɬɧɶɨ ɜ AMPL-
ɤɨɞɿ ɩɟɪɲɿ ɞɜɚ ɨɩɟɪɚɬɨɪɢ ɡɚɦɿɧɢɬɢ ɧɚ ɨɩɟɪɚɬɨɪɢ ɡ ɨɩɢɫɨɦ ɦɧɨɠɢɧɢ 
ɜɟɪɲɢɧ ɬɚ ɦɧɨɠɢɧɢ ɪɟɛɟɪ ɰɶɨɝɨ ɝɪɚɮɚ. 

ɉɪɨɝɪɚɦɢ CPLEX ɬɚ gurobi ɡ NEOS-ɫɟɪɜɟɪɚ ɞɨɡɜɨɥɢɥɢ ɡɧɚɣɬɢ ɭɫɿ 
ɦɚɤɫɢɦɚɥɶɧɿ ɧɟɡɚɥɟɠɧɿ ɦɧɨɠɢɧɢ ɭ ɝɪɚɮɚɯ Queen8_8, Queen7_7, 
Queen6_6, Queen5_5 ɿɡ cɚɣɬɚ ɡɚ ɚɞɪɟɫɨɸ http://mat.gsia.cmu.edu 
/COLOR04/INSTANCES/. Ɍɚɤ, 64-ɜɟɪɲɢɧɧɢɣ ɝɪɚɮ Queen8_8 ɦɿɫɬɢɬɶ 92 
ɧɟɡɚɥɟɠɧɿ ɦɧɨɠɢɧɢ ɪɨɡɦɿɪɭ 8, 49-ɜɟɪɲɢɧɧɢɣ ɝɪɚɮ Queen7_7 – ɫɨɪɨɤ ɦɧɨ-
ɠɢɧ ɪɨɡɦɿɪɭ 7, 36-ɜɟɪɲɢɧɧɢɣ Queen6_6 – ɱɨɬɢɪɢ ɦɧɨɠɢɧɢ ɪɨɡɦɿɪɭ 6, ɚ 
25-ɜɟɪɲɢɧɧɢɣ ɝɪɚɮ Queen5_5 – ɞɟɫɹɬɶ ɦɧɨɠɢɧ ɪɨɡɦɿɪɭ 5. ɍ ɝɪɚɮɿ 
Queen6_6 ɧɟɡɚɥɟɠɧɿ ɦɧɨɠɢɧɢ є ɬɚɤɿ: S[1]={4,7,17,20,30,33}, 
S[2]={2,10,18,19,27,35}, S[3]={5,9,13,24,28,32}; S[4]={3,12,14,23,25,34}. 

2. Ȼɭɥɟɜɚ ɡɚɞɚɱɚ ɞɥɹ ( )
K

G  ɿ ɚɥɝɨɪɢɬɦ ȼɿɡɢɧɝɚ-ɉɥɟɫɧɟɜɢɱɚ. Ɋɨɡɝ-
ɥɹɧɟɦɨ ɧɚɫɬɭɩɧɭ ɡɚɞɚɱɭ: ɭ ɡɚɞɚɧɨɦɭ ɝɪɚɮɿ G  ɩɨɬɪɿɛɧɨ ɡɧɚɣɬɢ K  ɩɨɩɚɪɧɨ 
ɧɟɩɟɪɟɫɿɱɧɢɯ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ, ɫɭɦɚɪɧɢɣ ɪɨɡɦɿɪ (ɫɭɦɚ ɜɟɪɲɢɧ, ɹɤɿ 
ɜɯɨɞɹɬɶ ɜ ɧɟɡɚɥɟɠɧɿ ɦɧɨɠɢɧɢ) ɹɤɢɯ є ɦɚɤɫɢɦɚɥɶɧɢɣ. ɐɟɣ ɪɨɡɦɿɪ ɛɭɞɟɦɨ 
ɩɨɡɧɚɱɚɬɢ ( )

K
G . 

ɇɟɯɚɣ  0,1
ki

x   – ɛɭɥɟɜɚ ɡɦɿɧɧɚ, ɹɤɚ ɞɨɪɿɜɧɸє ɨɞɢɧɢɰɿ, ɹɤɳɨ ɜɟɪɲɢɧɚ 
( )i V G  ɜɤɥɸɱɚєɬɶɫɹ ɜ k -ɬɭ ɧɟɡɚɥɟɠɧɭ ɦɧɨɠɢɧɭ ɜɟɪɲɢɧ ɝɪɚɮɚ G  

( 1,...,k K ), ɬɚ ɧɭɥɸ – ɭ ɩɪɨɬɢɥɟɠɧɨɦɭ ɜɢɩɚɞɤɭ. ɓɨɛ ɡɧɚɣɬɢ ( )
K

G , ɞɨ-
ɫɬɚɬɧɶɨ ɡɧɚɣɬɢ ɨɞɢɧ ɿɡ ɪɨɡɜ'ɹɡɤɿɜ ɡɚɞɚɱɿ ɛɭɥɟɜɨɝɨ ɥɿɧɿɣɧɨɝɨ 
ɩɪɨɝɪɚɦɭɜɚɧɧɹ: 

 0,1
1 ( )

( ) max
ki

K

K ki
x

k i V G

G x
  

          (4) 

ɡɚ ɨɛɦɟɠɟɧɶ 
1, 1,..., , ( , ) ( ),

ki kj
x x k K i j E G          (5) 

1

1, ( ).
K

ki

k

x i V G


         (6) 

Ɂɚɞɚɱɚ (4)–(6) ɦɿɫɬɢɬɶ ( )K V G  ɛɭɥɟɜɢɯ ɡɦɿɧɧɢɯ ɬɚ  ( ) ( )K E G V G   

ɨɛɦɟɠɟɧɶ – ɥɿɧɿɣɧɢɯ ɧɟɪɿɜɧɨɫɬɟɣ. Ɉɛɦɟɠɟɧɧɹ (5) ɨɡɧɚɱɚɸɬɶ, ɳɨ ɤɨɥɢ ɭ 
ɝɪɚɮɿ G  ɜɟɪɲɢɧɢ i  ɬɚ j  ɡ'єɞɧɚɧɿ ɪɟɛɪɨɦ, ɬɨ ɬɿɥɶɤɢ ɨɞɧɚ ɡ ɧɢɯ ɦɨɠɟ 
ɧɚɥɟɠɚɬɢ k -ɬɿɣ ɧɟɡɚɥɟɠɧɿɣ ɦɧɨɠɢɧɿ ɜɟɪɲɢɧ ɝɪɚɮɚ G . Ɉɛɦɟɠɟɧɧɹ (6) 
ɨɡɧɚɱɚɸɬɶ, ɳɨ ɤɨɠɧɚ ɡ ɜɟɪɲɢɧ ɝɪɚɮɚ G  ɦɨɠɟ ɜɤɥɸɱɚɬɢɫɹ ɜ ɨɞɧɭ ɡ ɧɟɡɚ-
ɥɟɠɧɢɯ ɦɧɨɠɢɧ, ɬɚ ɝɚɪɚɧɬɭɸɬɶ ɩɨɩɚɪɧɭ ɧɟɩɟɪɟɬɢɧɧɿɫɬɶ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨ-
ɠɢɧ ɭ ɝɪɚɮɿ G . 
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ɑɢɫɥɨ ( )
K

G  ɬɚ ɜɿɞɩɨɜɿɞɧɿ ɣɨɦɭ ɧɟɡɚɥɟɠɧɿ ɦɧɨɠɢɧɢ 1S , …, 
K

S  ɦɨɠɧɚ 
ɡɧɚɣɬɢ ɡɚ ɞɨɩɨɦɨɝɨɸ ɡɚɦɿɧɢ ɩɟɪɲɨɝɨ ɿ ɞɪɭɝɨɝɨ ɨɩɟɪɚɬɨɪɿɜ ɬɚ ɦɨɞɢɮɿɤɚɰɿʀ 
ɱɟɬɜɟɪɬɨɝɨ ɨɩɟɪɚɬɨɪɚ ɭ ɧɚɫɬɭɩɧɿɣ AMPL-ɩɪɨɝɪɚɦɿ: 
 set V_G := {1,2,3,4,5}; 

set E_G:={(1,2),(1,5),(2,3),(3,4),(4,5)}; 
display V_G,E_G; 

 param K:=2; param nv:=card(V_G); 
set kk:={1..K}; set S{kk} default {};  
var xs{k in 1..K, i in 1..card(V_G)} binary; 

 maximize alpha_Gk: sum{k in 1..K, i in 1..nv}xs[k,i]; 
subject to con4 {k in 1..K, (i,j) in E_G}: xs[k,i]+xs[k,j] <= 1; 
subject to con5 {i in V_G}: sum{k in 1..K} xs[k,i] <= 1; 

 option solver gurobi; 
solve; display alpha_Gk;  
for{k in 1..K} { 
   let S[k] := {j in V_G: xs[k,j]>=0.9}; 
} 
display S; 

 

ɉɪɨɝɪɚɦɚ ɧɚɥɚɲɬɨɜɚɧɚ ɧɚ ɩɨɲɭɤ ɞɜɨɯ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ ɭ ɝɪɚɮɿ 5C  ɡɚ 
ɞɨɩɨɦɨɝɨɸ ɪɨɡɜ'ɹɡɚɧɧɹ ɡɚɞɚɱɿ (4) – (6). ȼɨɧɚ ɡɧɚɯɨɞɢɬɶ ɧɟɡɚɥɟɠɧɿ ɦɧɨɠɢ-
ɧɢ: S[1]={1,3}, S[2]={2,5}, ɹɤɢɦ ɜɿɞɩɨɜɿɞɚє 2 5( ) 2C  . əɤɳɨ ɜ AMPL-ɤɨɞɿ 
ɱɟɬɜɟɪɬɢɣ ɨɩɟɪɚɬɨɪ ɦɨɞɢɮɿɤɭɜɚɬɢ ɧɚ ɨɩɟɪɚɬɨɪ "param K:=3", ɬɨ ɨɬɪɢɦɚєɦɨ 

3 5( ) 5C  , ɹɤɨɦɭ ɜɿɞɩɨɜɿɞɚɸɬɶ ɧɟɡɚɥɟɠɧɿ ɦɧɨɠɢɧɢ: S[1]={1,3}, 

S[2]={2,4}, S[3]={5}. 
əɤɳɨ ɞɥɹ ɝɪɚɮɚ ( ( ), ( ))G V G E G  ɭ ɩɟɪɲɨɦɭ ɨɩɟɪɚɬɨɪɿ ɨɩɢɫɚɬɢ ɦɧɨ-

ɠɢɧɭ ɜɟɪɲɢɧ ( )V G , ɚ ɭ ɞɪɭɝɨɦɭ – ɦɧɨɠɢɧɭ ɪɟɛɟɪ ( )E G , ɬɨ ɩɪɨɝɪɚɦɨɸ 
ɦɨɠɧɚ ɫɤɨɪɢɫɬɚɬɢɫɹ ɞɥɹ ɩɨɲɭɤɭ ( )

K
G  ɞɥɹ ɬɨɝɨ ɡɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɚ "K", 

ɹɤɢɣ ɡɚɞɚєɬɶɫɹ ɭ ɱɟɬɜɟɪɬɨɦɭ ɨɩɟɪɚɬɨɪɿ. Ɍɚɤ, ɧɚɩɪɢɤɥɚɞ, 5 ( ) 40G   ɞɥɹ 
64-ɜɟɪɲɢɧɧɨɝɨ ɝɪɚɮɚ Queen8_8 ɩɪɨɝɪɚɦɚ CPLEX ɡɧɚɯɨɞɢɬɶ ɡɚ 1.42 ɫɟɤɭ-
ɧɞɢ, ɚ ɩɪɨɝɪɚɦɚ gurobi – ɡɚ 4.37 ɫɟɤɭɧɞɢ. 

Ⱦɥɹ ɩɨɲɭɤɭ ( )
K

G  ɬɚ ɜɿɞɩɨɜɿɞɧɢɯ ɣɨɦɭ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ ɦɨɠɧɚ 
ɫɤɨɪɢɫɬɚɬɢɫɹ ɡɚɞɚɱɟɸ (1), (2) ɞɥɹ ɱɢɫɥɚ ɧɟɡɚɥɟɠɧɨɫɬɿ ɝɪɚɮɚ 

K K
G G I  , 

ɨɬɪɢɦɚɧɨɝɨ ɹɤ ɞɟɤɚɪɬɿɜ ɞɨɛɭɬɨɤ ɝɪɚɮɚ G  ɬɚ ɩɨɜɧɨɝɨ K -ɜɟɪɲɢɧɧɨɝɨ ɝɪɚ-
ɮɚ ( ( ), ( ))

K K K
I V I E I . ɋɩɪɚɜɟɞɥɢɜɢɦ є ɬɚɤɢɣ ɪɟɡɭɥɶɬɚɬ.  
Ʌɟɦɚ 1.    K K

G G I    . 

Ⱦɨɜɟɞɟɧɧɹ. Ƚɪɚɮ ( ( ), ( ))
K K K

G V G E G  ɦɿɫɬɢɬɶ ɦɧɨɠɢɧɭ ɜɟɪɲɢɧ 

 ( ) ( , ) : ( ), ( )
K K

V G k i k V I i V G    (ɜɫɶɨɝɨ ( )K V G ) ɿ ɦɧɨɠɢɧɭ ɪɟɛɟɪ 
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 1 1( ) ( ), ( )
K K K

E G E G E G , ɞɟ  1( ) ( , ),( , ) : ( ),( , ) ( )
K K

E G k i k j k V I i j E G    

ɬɚ  2 ( ) ( , ),( , ) : ( , ) ( ), ( )
K K

E G k i k i k k E I i V G    . Ⱦɥɹ ɝɪɚɮɚ 
K

G  ɨɩɬɢɦɿɡɚ-
ɰɿɣɧɚ ɡɚɞɚɱɚ (1), (2) ɦɚє ɬɚɤɢɣ ɜɢɝɥɹɞ: 

 0,1
1 ( )

( ) max
ki

K

K ki
x

k i V G

G x
  

       (7) 

ɡɚ ɨɛɦɟɠɟɧɶ 

1, 1,..., , ( , ) ( ),
ki kj

x x k K i j E G        (8) 

1, 1 , ( ).
ki k i

x x k k K i V G          (9) 

Ʌɟɝɤɨ ɛɚɱɢɬɢ, ɳɨ ɰɿɥɶɨɜɚ ɮɭɧɤɰɿɹ (7) ɬɚ ɨɛɦɟɠɟɧɧɹ (8) ɡɚɞɚɱɿ (7) – (9) 
ɡɛɿɝɚɸɬɶɫɹ ɡ ɰɿɥɶɨɜɨɸ ɮɭɧɤɰɿєɸ (4) ɬɚ ɨɛɦɟɠɟɧɧɹɦ (5) ɡɚɞɚɱɿ (4) – (6). 
Ɉɛɦɟɠɟɧɧɹ (9) ɡɚɞɚɱɿ (7) – (9) ɬɚ ɨɛɦɟɠɟɧɧɹ (6) ɡɚɞɚɱɿ (4) – (6) 
ɯɚɪɚɤɬɟɪɢɡɭɸɬɶ ɞɜɚ ɪɿɡɧɿ ɫɩɨɫɨɛɢ ɨɩɢɫɭ ɧɟɡɚɥɟɠɧɢɯ ɦɧɨɠɢɧ ɞɥɹ ɩɨɜɧɢɯ 
ɩɿɞɝɪɚɮɿɜ ( )

K
I i , ɹɤɿ ɭ ɝɪɚɮɿ 

K
G  ɜɿɞɩɨɜɿɞɚɸɬɶ ɜɟɪɲɢɧɚɦ ( )i V G . 

Ɉɛɦɟɠɟɧɧɹ (8) ɡɚɞɚɸɬɶ ɥɿɧɿɣɧɢɦɢ ɧɟɪɿɜɧɨɫɬɹɦɢ ɞɥɹ ɤɨɠɧɨɝɨ ɡ ɪɟɛɟɪ 
ɩɿɞɝɪɚɮɚ ( )

K
I i , ɚ ɨɛɦɟɠɟɧɧɹ (6) – ɥɿɧɿɣɧɢɦɢ ɧɟɪɿɜɧɨɫɬɹɦɢ ɞɥɹ ɤɥɿɤ 

ɪɨɡɦɿɪɭ K , ɹɤɢɦɢ ɛɭɞɭɬɶ ɩɿɞɝɪɚɮɢ ( )
K

I i , ( )i V G . ȼɪɚɯɨɜɭɸɱɢ, ɳɨ 
ɡɦɿɧɧɿ ɜ ɨɛɨɯ ɡɚɞɚɱɚɯ є ɛɭɥɟɜɿ, ɨɛɦɟɠɟɧɧɹ (8) ɬɚ (6) ɨɩɢɫɭɸɬɶ ɨɞɧɿ ɣ ɬɿ ɠ 
ɧɟɡɚɥɟɠɧɿ ɦɧɨɠɢɧɢ. Ʌɟɦɚ ɞɨɜɟɞɟɧɚ. 

Ɉɛɢɞɜɿ ɡɚɞɚɱɿ ɦɨɠɭɬɶ ɛɭɬɢ ɜɢɤɨɪɢɫɬɚɧɿ ɜ ɚɥɝɨɪɢɬɦɿ ȼɿɡɢɧɝɚ-

ɉɥɟɫɧɟɜɢɱɚ ɞɥɹ ɩɨɲɭɤɭ ( )G – ɦɿɧɿɦɚɥɶɧɨʀ ɤɿɥɶɤɨɫɬɿ ɤɨɥɶɨɪɿɜ ɞɥɹ ɪɨɡɮɚ-
ɪɛɭɜɚɧɧɹ ɜɟɪɲɢɧ ɝɪɚɮɚ G , ɳɨɛ ɫɭɦɿɠɧɿ ɜɟɪɲɢɧɢ ɛɭɥɢ ɪɨɡɮɚɪɛɨɜɚɧɿ ɪɿɡ-
ɧɢɦɢ ɤɨɥɶɨɪɚɦɢ. ȼ ɨɫɧɨɜɿ ɚɥɝɨɪɢɬɦɭ ɥɟɠɢɬɶ ɬɚɤɚ ɜɥɚɫɬɢɜɿɫɬɶ ɱɢɫɟɥ 

( )
K

G  ɬɚ ( )
K

G .  

Ʌɟɦɚ 2.        min : ( ) min : ( )
k k

G k G I V G k G V G        .  

ɉɟɪɲɚ ɪɿɜɧɿɫɬɶ ɭ ɥɟɦɿ 2 є ɧɚɫɥɿɞɤɨɦ ɬɟɨɪɟɦɢ 1 [3], ɚ ɞɪɭɝɚ ɪɿɜɧɿɫɬɶ ɜɢ-
ɩɥɢɜɚє ɡ ɥɟɦɢ 1.  

Ɂɝɿɞɧɨ ɡ ɥɟɦɨɸ 2 ɬɚ ɦɟɬɨɞɨɦ ɞɢɯɨɬɨɦɿʀ ɚɥɝɨɪɢɬɦ ȼɿɡɢɧɝɚ-ɉɥɟɫɧɟɜɢɱɚ 
ɞɥɹ ɩɨɲɭɤɭ ( )G  ɭ ɝɪɚɮɿ, ɞɥɹ ɹɤɨɝɨ  1 ( ) ( ) ( ) 1 2E G V G V G    , ɦɚє 
ɬɚɤɢɣ ɜɢɝɥɹɞ.  

ȱɧɿɰɿɚɥɿɡɚɰɿɹ. ɇɚ ɿɬɟɪɚɰɿʀ 0k   ɦɚєɦɨ min 1   ɬɚ max ( )V G  . 

Ɉɫɤɿɥɶɤɢ  1 ( ) ( ) ( ) 1 2E G V G V G    , ɬɨ ɯɪɨɦɚɬɢɱɧɟ ɱɢɫɥɨ ( )G  

ɡɧɚɯɨɞɢɬɶɫɹ ɜɫɟɪɟɞɢɧɿ ɿɧɬɟɪɜɚɥɭ min max[ ; ]  . ɉɟɪɟɣɞɟɦɨ ɞɨ ɱɟɪɝɨɜɨʀ ɿɬɟɪɚ-
ɰɿʀ ɡɿ ɡɧɚɱɟɧɧɹɦɢ min  ɬɚ max . 
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 ȱɬɟɪɚɰɿɣɧɢɣ ɩɪɨɰɟɫ. ɇɟɯɚɣ ɧɚ k -ɣ ɿɬɟɪɚɰɿʀ ɡɧɚɣɞɟɧɿ min  ɬɚ max . Ⱦɥɹ 
ɩɟɪɟɯɨɞɭ ɞɨ ( 1)k  -ʀ ɿɬɟɪɚɰɿʀ ɜɢɤɨɧɭєɦɨ ɬɚɤɿ ɞɿʀ. 

1. əɤɳɨ max min 1.5   , ɬɨ max( )G   , itn k  ɿ ɡɭɩɢɧɹєɦɨɫɹ. 

2. Ɉɛɱɢɫɥɸєɦɨ  min max 2K      , ɞɟ     – ɧɚɣɛɥɢɠɱɟ ɰɿɥɟ ɱɢɫɥɨ. 

Ɂɧɚɯɨɞɢɦɨ ( )
K

G   , ɜɢɪɿɲɭɸɱɢ ɡɚɞɚɱɭ (4) – (6), ɚɛɨ ( )
K

G   , ɜɢɪɿ-
ɲɭɸɱɢ ɡɚɞɚɱɭ (7) – (9). 

3. əɤɳɨ ( )V G  , ɬɨ max   , ɿɧɚɤɲɟ min   . 

4. ɉɟɪɟɯɨɞɢɦɨ ɞɨ ( 1)k  -ʀ ɿɬɟɪɚɰɿʀ ɡ ɧɨɜɢɦɢ min  ɬɚ max . 

Ⱦɥɹ ɝɪɚɮɚ G  ɧɚɜɟɞɟɧɢɣ ɚɥɝɨɪɢɬɦ ɡɧɚɯɨɞɢɬɶ ɯɪɨɦɚɬɢɱɧɟ ɱɢɫɥɨ ( )G  

ɧɟ ɛɿɥɶɲɟ ɧɿɠ ɡɚ  2(log ( ) 1)V G   ɿɬɟɪɚɰɿɣ. 
3. Ɂɚɞɚɱɿ ɤɟɪɭɜɚɧɧɹ ɩɪɨɝɪɚɦɧɢɦɢ ɩɪɨɟɤɬɚɦɢ. Ⱥɥɝɨɪɢɬɦ ȼɿɡɢɧɝɚ-

ɉɥɟɫɧɟɜɢɱɚ ɞɨɡɜɨɥɹє ɨɩɪɚɰɸɜɚɬɢ ɨɛɦɟɠɟɧɧɹ ɬɪɚɞɢɰɿɣɧɢɯ ɦɟɬɨɞɿɜ ɤɚɥɟɧ-
ɞɚɪɧɨ-ɪɟɫɭɪɫɧɨɝɨ ɩɥɚɧɭɜɚɧɧɹ ɞɥɹ ɫɩɟɰɿɚɥɶɧɢɯ ɡɚɞɚɱ ɤɟɪɭɜɚɧɧɹ ɩɪɨɝɪɚɦ-
ɧɢɦ ɩɪɨɟɤɬɨɦ. 

Ɂɚɞɚɱɚ 1. Ɉɩɬɢɦɿɡɚɰɿɹ ɪɨɡɤɥɚɞɭ ɚɜɬɨɧɨɦɧɨɝɨ ɬɟɫɬɭɜɚɧɧɹ ɤɨɦɩɨɧɟɧɬɿɜ 
ɩɨɜɬɨɪɧɨɝɨ ɜɢɤɨɪɢɫɬɚɧɧɹ ɜ ɫɤɥɚɞɿ ɤɪɢɬɢɱɧɨʀ ɩɪɨɝɪɚɦɧɨʀ ɫɢɫɬɟɦɢ. 

ɇɟɯɚɣ ɩɪɨɝɪɚɦɧɚ ɫɢɫɬɟɦɚ є ɪɟɡɭɥɶɬɚɬ ɡɛɿɪɤɢ 2n   ɧɟɡɚɥɟɠɧɢɯ ɤɨɦɩɨ-
ɧɟɧɬɿɜ ɩɨɜɬɨɪɧɨɝɨ ɜɢɤɨɪɢɫɬɚɧɧɹ 1,..., n

c c . Ʉɨɠɧɢɣ ɿɡ ɤɨɦɩɨɧɟɧɬɿɜ ɦɚє ɬɟɫ-
ɬɭɜɚɬɢɫɹ ɧɚ 1k  ɫɩɟɰɿɚɥɿɡɨɜɚɧɢɯ ɫɬɟɧɞɚɯ ɚɛɨ ɤɚɪɤɚɫɚɯ ɚɜɬɨɧɨɦɧɨɝɨ ɬɟɫ-
ɬɭɜɚɧɧɹ kss ,...,1  ɭɩɪɨɞɨɜɠ ɞɟɹɤɨʀ ɨɞɢɧɢɰɿ ɱɚɫɭ ɩɪɨɟɤɬɭ (ɞɧɹ, ɬɢɠɧɹ ɬɨɳɨ) 

1m  ɬɟɫɬɟɪɚɦɢ mtt ,...,1 . ɉɪɢ ɰɶɨɦɭ ɨɞɧɨɱɚɫɧɟ ɬɟɫɬɭɜɚɧɧɹ ɤɿɥɶɤɨɯ ɤɨɦ-
ɩɨɧɟɧɬɿɜ ɧɚ ɨɞɧɨɦɭ ɫɬɟɧɞɿ є ɧɟɦɨɠɥɢɜɟ, ɿ ɞɥɹ ɤɨɠɧɨɝɨ ɬɟɫɬɟɪɚ jt  ɜɢɡɧɚ-
ɱɟɧɨ ɦɧɨɠɢɧɭ 

,},...,1,,...,1),,({  kuniscoO uij          (10) 

ɨɩɟɪɚɰɿɣ ɬɟɫɬɭɜɚɧɧɹ ɤɨɦɩɨɧɟɧɬɚ ic  ɧɚ ɫɬɟɧɞɿ us , ɹɤɿ ɜɿɧ ɦɨɠɟ ɜɢɤɨɧɭɜɚɬɢ 
ɡɝɿɞɧɨ ɡɿ ɫɜɨʀɦɢ ɪɨɥɶɨɜɢɦɢ ɩɨɜɧɨɜɚɠɟɧɧɹɦɢ. 

ɇɟɨɛɯɿɞɧɨ ɫɤɥɚɫɬɢ ɪɨɡɤɥɚɞ ɬɟɫɬɭɜɚɧɧɹ ɡ ɦɿɧɿɦɚɥɶɧɢɦ ɬɟɪɦɿɧɨɦ. 
Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɩɨɛɭɞɭєɦɨ ɝɪɚɮ ɡ ɦɧɨɠɢɧɚɦɢ ɜɟɪɲɢɧ 
 kuniscoV ui ,...,1,,...,1),,(   ɬɚ ɪɟɛɟɪ VVE  , ɞɟ ɪɟɛɪɚ ɩɨєɞɧɭɸɬɶ 

ɜɟɪɲɢɧɢ, ɜɿɞɩɨɜɿɞɧɿ ɨɩɟɪɚɰɿɹɦ, ɫɭɦɿɫɧɟ ɜɢɤɨɧɚɧɧɹ ɹɤɢɯ ɡɚ ɨɞɧɭ ɨɞɢɧɢɰɸ 
ɱɚɫɭ ɧɟɦɨɠɥɢɜɟ ɡɝɿɞɧɨ ɡ (10): 

).),(,),(()!),(,),((
|1,(!)()!())),(),,(((

jvjjuijvjjui

vjui

OscoOscoOscoOsco

mjjvujiEscosco




        (11) 
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ɉɿɫɥɹ ɦɿɧɿɦɚɥɶɧɨɝɨ ɩɪɚɜɢɥɶɧɨɝɨ ɪɨɡɮɚɪɛɭɜɚɧɧɹ ɝɪɚɮɚ ɡɚ ɞɨɩɨɦɨɝɨɸ 
ɚɥɝɨɪɢɬɦɭ ȼɿɡɢɧɝɚ-ɉɥɟɫɧɟɜɢɱɚ ɡ ɭɪɚɯɭɜɚɧɧɹɦ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ (11) ɨɬɪɢ-
ɦɚɧɟ ɯɪɨɦɚɬɢɱɧɟ ɱɢɫɥɨ   ɜɢɡɧɚɱɚɬɢɦɟ ɬɪɢɜɚɥɿɫɬɶ ɬɟɫɬɭɜɚɧɧɹ. 
ɉɿɞɦɧɨɠɢɧɢ ɜɟɪɲɢɧ, ɪɨɡɮɚɪɛɨɜɚɧɢɯ ɨɞɧɢɦ ɤɨɥɶɨɪɨɦ 1,...,l   , ɜɿɞɩɨɜɿ-
ɞɚɸɬɶ ɨɩɟɪɚɰɿɹɦ ɬɟɫɬɭɜɚɧɧɹ, ɜɢɤɨɧɭɜɚɧɢɦ ɭ ɩɪɨɝɪɚɦɧɨɦɭ ɩɪɨɟɤɬɿ.  

ɉɨɫɬɚɜɥɟɧɚ ɡɚɞɚɱɚ ɡɛɟɪɿɝɚє ɡɧɚɱɭɳɿɫɬɶ ɿ ɞɥɹ ɚɜɬɨɧɨɦɧɨɝɨ ɬɟɫɬɭɜɚɧɧɹ 
ɤɨɦɩɨɧɟɧɬɿɜ ɧɚ ɪɿɡɧɢɯ ɤɚɪɤɚɫɚɯ (jUnit, jBehave, Qt, Google Test ɬɨɳɨ). 

ɉɪɢɤɥɚɞ 1. ɇɟɯɚɣ 4; 2; 3n k m    ɿ ɬɟɫɬɟɪ 1t  ɬɟɫɬɭє ɤɨɦɩɨɧɟɧɬɢ 

41 , cc , ɚ ɬɟɫɬɟɪɢ 32 ,tt  –  ɤɨɦɩɨɧɟɧɬɢ ., 32 cc  ɉɨɛɭɞɨɜɚ ɝɪɚɮɚ ɡ 
ɜɟɪɲɢɧɚɦɢ–ɨɩɟɪɚɰɿɹɦɢ ),( ui sco  ɿ ɡɚɫɬɨɫɭɜɚɧɧɹ ɞɨ ɧɶɨɝɨ ɚɥɝɨɪɢɬɦɭ ȼɿɡɢ-
ɧɝɚ-ɉɥɟɫ-ɧɟɜɢɱɚ ɞɨɡɜɨɥɹє ɨɬɪɢɦɚɬɢ ɪɨɡɮɚɪɛɨɜɚɧɢɣ ɝɪɚɮ ɿɡ ɯɪɨɦɚɬɢɱɧɢɦ 
ɱɢɫɥɨɦ 4 (ɪɢɫ. 2: ɨɩɟɪɚɰɿʀ, ɳɨ ɜɢɤɨɧɭɸɬɶɫɹ ɜɩɪɨɞɨɜɠ l -ʀ ɨɞɢɧɢɰɿ ɱɚɫɭ, 
ɩɨɡɧɚɱɟɧɨ ɜɿɞɩɨɜɿɞɧɨ ɛɿɥɢɦ ɿ ɱɨɪɧɢɦ ɤɨɥɶɨɪɚɦɢ, ɫɿɪɢɦɢ ɤɪɚɩɤɚɦɢ ɬɚ ɫɿ-
ɪɢɦ ɲɬɪɢɯɭɜɚɧɧɹɦ). Ɉɬɪɢɦɚɧɢɣ ɪɨɡɤɥɚɞ ɬɟɫɬɭɜɚɧɧɹ ɩɨɞɚɧɨ ɜ ɬɚɛɥ. 2  
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Ɋɢɫ. 2. Ƚɪɚɮ ɞɥɹ ɩɨɛɭɞɨɜɢ ɪɨɡɤɥɚɞɭ ɬɟɫɬɭɜɚɧɧɹ, 

ɪɨɡɮɚɪɛɨɜɚɧɢɣ ɮɚɪɛɚɦɢ 1-4 
Ɍɚɛɥɢɰɹ 2 

Ɋɨɡɤɥɚɞ ɚɜɬɨɧɨɦɧɨɝɨ ɬɟɫɬɭɜɚɧɧɹ ɤɨɦɩɨɧɟɧɬɿɜ ɩɪɨɝɪɚɦɧɨʀ ɫɢɫɬɟɦɢ 
 

Ɉɞɢɧɢɰɹ ɱɚɫɭ ɋɬɟɧɞ (ɚɛɨ ɤɚɪɤɚɫ) 1 ɋɬɟɧɞ (ɚɛɨ ɤɚɪɤɚɫ) 2 
1 ɉɟɪɲɢɣ ɤɨɦɩɨɧɟɧɬ  Ɍɪɟɬɿɣ ɤɨɦɩɨɧɟɧɬ 
2 Ɍɪɟɬɿɣ ɤɨɦɩɨɧɟɧɬ ɉɟɪɲɢɣ ɤɨɦɩɨɧɟɧɬ  
3 ɑɟɬɜɟɪɬɢɣ ɤɨɦɩɨɧɟɧɬ Ⱦɪɭɝɢɣ ɤɨɦɩɨɧɟɧɬ 
4 Ⱦɪɭɝɢɣ ɤɨɦɩɨɧɟɧɬ ɑɟɬɜɟɪɬɢɣ ɤɨɦɩɨɧɟɧɬ 

Ɂɚɞɚɱɚ 2. Ɏɨɪɦɭɜɚɧɧɹ ɹɞɟɪ ɧɟɡɚɥɟɠɧɢɯ ɤɨɦɚɧɞ ɭ ɤɪɢɬɢɱɧɨɦɭ ɩɪɨɝɪɚ-
ɦɧɨɦɭ ɩɪɨɟɤɬɿ. 
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 ȼɢɡɧɚɱɢɬɢ ɦɿɧɿɦɚɥɶɧɭ ɤɿɥɶɤɿɫɬɶ ɬɚ ɫɤɥɚɞ ɹɞɟɪ ɡɝɭɪɬɨɜɚɧɢɯ ɩɿɞɤɨɦɚɧɞ 
ɞɥɹ ɧɟɡɚɥɟɠɧɨɝɨ ɪɨɡɪɨɛɥɟɧɧɹ ɜɟɪɫɿɣ ɦɨɞɭɥɿɜ ɤɪɢɬɢɱɧɨʀ ɩɪɨɝɪɚɦɧɨʀ ɫɢɫɬɟ-
ɦɢ, ɱɥɟɧɢ ɹɤɢɯ ɩɨɜɢɧɧɿ ɦɚɬɢ ɞɨɫɜɿɞ ɭɫɩɿɲɧɨʀ ɫɩɿɥɶɧɨʀ ɪɨɛɨɬɢ, ɧɚ ɩɿɞɫɬɚɜɿ 
ɦɚɬɪɢɰɿ ɫɭɦɿɫɧɨɫɬɿ ɮɚɯɿɜɰɿɜ-ɤɚɧɞɢɞɚɬɿɜ ndd ,...,1  :3,| || | ,...,1,   ndD njiij  

,1ijd  ɹɤɳɨ ɞɨɫɜɿɞ ɧɚɹɜɧɢɣ; ,0ijd  ɹɤɳɨ ɜɿɧ ɜɿɞɫɭɬɧɿɣ. 
Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɩɨɛɭɞɭєɦɨ ɝɪɚɮ ɡ ɦɧɨɠɢɧɚɦɢ ɜɟɪɲɢɧ 
 nidV i ,...,1,   ɬɚ ɪɟɛɟɪ VVE  , ɞɟ ɪɟɛɪɚ ɩɨєɞɧɭɸɬɶ ɮɚɯɿɜɰɿɜ ɛɟɡ 

ɞɨɫɜɿɞɭ ɭɫɩɿɲɧɨʀ ɫɩɿɥɶɧɨʀ ɪɨɛɨɬɢ: 0)),((  ijji dEdd . ɉɿɫɥɹ ɦɿɧɿɦɚ-
ɥɶɧɨɝɨ ɩɪɚɜɢɥɶɧɨɝɨ ɪɨɡɮɚɪɛɭɜɚɧɧɹ ɝɪɚɮɚ ɡɚ ɪɨɡɝɥɹɧɭɬɢɦ ɚɥɝɨɪɢɬɦɨɦ ȼɿ-
ɡɢɧɝɚ-ɉɥɟɫɧɟɜɢɱɚ ɨɬɪɢɦɚɧɟ ɯɪɨɦɚɬɢɱɧɟ ɱɢɫɥɨ   ɜɢɡɧɚɱɚɬɢɦɟ ɤɿɥɶɤɿɫɬɶ 
ɮɨɪɦɨɜɚɧɢɯ ɹɞɟɪ ɩɿɞɝɪɭɩ (ɬɟɪɦɿɧ ―ɹɞɪɨ‖ ɡɚɫɬɨɫɨɜɭєɦɨ ɬɭɬ ɬɨɦɭ, ɳɨ ɫɟɪɟɞ 
ɮɚɯɿɜɰɿɜ-ɤɚɧɞɢɞɚɬɿɜ ndd ,...,1  ɦɨɠɭɬɶ ɛɭɬɢ ɜɿɞɫɭɬɧɿ ɧɨɫɿʀ ɧɟɨɛɯɿɞɧɢɯ ɮɭɧ-
ɤɰɿɨɧɚɥɶɧɢɯ ɤɨɦɩɟɬɟɧɰɿɣ, ɹɤɿ ɭ ɰɶɨɦɭ ɜɢɩɚɞɤɭ ɧɟɨɛɯɿɞɧɨ ɞɨɛɢɪɚɬɢ ɞɨɞɚɬ-
ɤɨɜɨ). ɋɚɦɿ ɠ ɰɿ ɹɞɪɚ ɹɜɥɹɬɢɦɭɬɶ ɫɨɛɨɸ ɩɿɞɦɧɨɠɢɧɢ ɜɟɪɲɢɧ, ɪɨɡɮɚɪɛɨɜɚ-
ɧɢɯ ɨɞɧɢɦ ɤɨɥɶɨɪɨɦ 1,...,l   . 

ɋɮɨɪɦɭɥɶɨɜɚɧɚ ɡɚɞɚɱɚ ɩɨɬɪɟɛɭє ɪɨɡɜ’ɹɡɚɧɧɹ ɬɚɤɨɠ ɿ ɜ ɫɢɬɭɚɰɿɹɯ ɮɨɪ-
ɦɭɜɚɧɧɹ ɦɿɧɿɦɚɥɶɧɨʀ ɤɿɥɶɤɨɫɬɿ ɡɝɭɪɬɨɜɚɧɢɯ ɤɨɦɚɧɞ ɞɥɹ ɜɢɤɨɧɚɧɧɹ ɩɨɪɬɮɟ-
ɥɸ ɩɪɨɟɤɬɿɜ, ɩɨɞɿɛɧɢɯ ɦɿɠ ɫɨɛɨɸ ɡɚ ɩɪɢɡɧɚɱɟɧɧɹɦ.  

ɉɪɢɤɥɚɞ 2. ɇɟɯɚɣ 10n   ɿ ɜ ɦɚɬɪɢɰɿ ɫɭɦɿɫɧɨɫɬɿ D  

14 17 18 25 26 39 310 47 48 56 78 910, , , , , , , , , , , 1,d d d d d d d d d d d d   ɚ ɪɟɲɬɚ ɟɥɟɦɟɧɬɿɜ ɧɭ-
ɥɶɨɜɿ. ɉɨɛɭɞɨɜɚ ɝɪɚɮɚ ɡ ɜɟɪɲɢɧɚɦɢ–ɮɚɯɿɜɰɹɦɢ 

i
d   ɿ ɡɚɫɬɨɫɭɜɚɧɧɹ ɞɨ ɧɶɨ-

ɝɨ ɚɥɝɨɪɢɬɦɭ ȼɿɡɢɧɝɚ ɞɨɡɜɨɥɹє ɨɬɪɢɦɚɬɢ ɪɨɡɮɚɪɛɨɜɚɧɢɣ ɝɪɚɮ ɡ ɯɪɨɦɚɬɢɱ-
ɧɢɦ ɱɢɫɥɨɦ 3 (ɪɢɫ. 3: ɜɟɪɲɢɧɢ, ɧɚɥɟɠɧɿ ɞɨ ɫɤɥɚɞɭ ɬɪɶɨɯ ɮɨɪɦɨɜɚɧɢɯ ɹɞɟɪ, 
ɩɨɡɧɚɱɟɧɿ ɜɿɞɩɨɜɿɞɧɨ ɱɨɪɧɢɦ ɿ ɛɿɥɢɦ ɤɨɥɶɨɪɚɦɢ ɬɚ ɲɬɪɢɯɭɜɚɧɧɹɦ).  
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Ɋɢɫ. 3. Ƚɪɚɮ ɞɥɹ ɩɨɛɭɞɨɜɢ ɹɞɟɪ ɧɟɡɚɥɟɠɧɢɯ 

ɝɪɭɩ, ɪɨɡɮɚɪɛɨɜɚɧɢɣ ɮɚɪɛɚɦɢ 1-3 
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ɋɥɿɞ ɡɚɡɧɚɱɢɬɢ, ɳɨ ɰɟ – ɜɿɞɨɦɢɣ ɝɪɚɮ ɉɟɬɟɪɫɟɧɚ [7], ɲɢɪɨɤɨ-
ɡɚɫɬɨɫɨɜɧɢɣ ɭ ɬɟɨɪɿʀ ɝɪɚɮɿɜ ɭ ɪɨɥɿ ɞɟɦɨɧɫɬɪɚɰɿɣɧɨɝɨ ɩɪɢɤɥɚɞɭ. ȼɿɞɩɨɜɿɞ-
ɧɢɣ ɣɨɦɭ ɫɤɥɚɞ ɹɞɟɪ ɬɪɶɨɯ ɧɟɡɚɥɟɠɧɢɯ ɝɪɭɩ ɦɚє ɜɢɝɥɹɞ 

1 1 4 7 8C { , , , }d d d d , 2 2 5 6C { , , }d d d , 3 3 9 10C { , , }d d d .  

ȼɢɫɧɨɜɤɢ. Ɂɚɞɚɱɿ ɛɭɥɟɜɨɝɨ ɥɿɧɿɣɧɨɝɨ ɩɪɨɝɪɚɦɭɜɚɧɧɹ ɞɥɹ ɧɟɡɚɥɟɠɧɨʀ 
ɦɧɨɠɢɧɢ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɪɨɡɦɿɪɭ ɿ ɩɨɩɚɪɧɨ ɧɟɩɟɪɟɬɢɧɧɢɯ ɧɟɡɚɥɟɠɧɢɯ 
ɦɧɨɠɢɧ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɫɭɦɚɪɧɨɝɨ ɪɨɡɦɿɪɭ ɬɚ ɜɿɞɩɨɜɿɞɧɿ ʀɦ AMPL-
ɩɪɨɝɪɚɦɢ ɦɨɠɭɬɶ ɛɭɬɢ ɜɢɤɨɪɢɫɬɚɧɿ ɞɥɹ ɪɨɡɪɚɯɭɧɤɿɜ ɭ ɪɿɡɧɨɦɚɧɿɬɧɢɯ ɡɚɞɚ-
ɱɚɯ ɤɟɪɭɜɚɧɧɹ ɩɪɨɝɪɚɦɧɢɦɢ ɩɪɨɟɤɬɚɦɢ: ɮɨɪɦɭɜɚɧɧɹ ɧɚɣɛɿɥɶɲ ɡɝɭɪɬɨɜɚɧɨʀ 
ɤɨɦɚɧɞɢ ɩɪɨɝɪɚɦɧɨɝɨ ɩɪɨɟɤɬɭ; ɜɢɡɧɚɱɟɧɧɹ ɦɧɨɠɢɧɢ ɩɪɨɝɪɚɦɧɢɯ ɩɪɨɟɤɬɿɜ 
ɭ ɩɨɪɬɮɟɥɿ, ɹɤɿ ɦɨɠɭɬɶ ɜɢɤɨɧɭɜɚɬɢɫɹ ɨɞɧɨɱɚɫɧɨ; ɮɨɪɦɭɜɚɧɧɹ ɬɚ ɚɧɚɥɿɡ 
ɩɿɞɤɨɦɚɧɞ ɞɥɹ ɫɤɥɚɞɧɨɝɨ ɪɨɡɩɨɞɿɥɟɧɨɝɨ ɩɪɨɝɪɚɦɧɨɝɨ ɩɪɨɟɤɬɭ ɬɚ ɿɧ. ɇɚ ʀɯ 
ɨɫɧɨɜɿ ɥɟɝɤɨ ɪɟɚɥɿɡɭɜɚɬɢ ɚɥɝɨɪɢɬɦ ȼɿɡɢɧɝɚ-ɉɥɟɫɧɟɜɢɱɚ ɞɥɹ ɡɚɞɚɱɿ ɪɨɡɮɚɪ-
ɛɭɜɚɧɧɹ ɜɟɪɲɢɧ ɝɪɚɮɚ ɦɿɧɿɦɚɥɶɧɨɸ ɤɿɥɶɤɿɫɬɸ ɤɨɥɶɨɪɿɜ, ɹɤɢɣ ɞɨɡɜɨɥɹє 
ɡɧɚɣɬɢ ɨɩɬɢɦɚɥɶɧɢɣ ɪɨɡɤɥɚɞ ɚɜɬɨɧɨɦɧɨɝɨ ɬɟɫɬɭɜɚɧɧɹ ɤɨɦɩɨɧɟɧɬɿɜ ɭ ɫɤɥɚ-
ɞɿ ɤɪɢɬɢɱɧɨʀ ɩɪɨɝɪɚɦɧɨʀ ɫɢɫɬɟɦɢ ɬɚ ɨɩɬɢɦɚɥɶɧɢɣ ɫɤɥɚɞ ɹɞɟɪ ɧɟɡɚɥɟɠɧɢɯ 
ɤɨɦɚɧɞ ɭ ɤɪɢɬɢɱɧɨɦɭ ɩɪɨɝɪɚɦɧɨɦɭ ɩɪɨɟɤɬɿ.  

ɇɚɜɟɞɟɧɿ ɭ ɫɬɚɬɬɿ AMPL-ɤɨɞɢ ɡɚ ɜɿɞɩɨɜɿɞɧɨɝɨ ʀɯ ɞɨɨɩɪɚɰɸɜɚɧɧɹ, ɚ ɬɚ-
ɤɨɠ ɩɪɨɝɪɚɦɢ CPLEX ɿ gurobi ɦɨɠɭɬɶ ɛɭɬɢ ɡɚɫɬɨɫɨɜɚɧɿ ɩɿɞ ɱɚɫ ɜɢɤɨɧɚɧɧɹ 
ɥɚɛɨɪɚɬɨɪɧɢɯ ɪɨɛɿɬ ɿɡ ɞɢɫɰɢɩɥɿɧɢ «Ʉɟɪɭɜɚɧɧɹ ɩɪɨɝɪɚɦɧɢɦɢ ɩɪɨɟɤɬɚɦɢ» ɭ 
ɜɢɳɢɯ ɧɚɜɱɚɥɶɧɢɯ ɡɚɤɥɚɞɚɯ.  
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