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ɇ.ɂ. Ɉɛɨɞɚɧ, ɇ.Ⱥ. Ƚɭɤ, ɇ.Ʌ. Ʉɨɡɚɤɨɜɚ 
Ⱦɧɢɩɪɨɜɫɤɢɣ ɧɚɰɢɨɧɚɥɶɧɵɣ ɭɧɢɜɟɪɫɢɬɟɬ ɢɦ. Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

ɉɊɂɆȿɇȿɇɂȿ ɆȿɌɈȾȺ ɈȻɊȺɌɇɕɏ ɁȺȾȺɑ ȾɅə ɈȻȿɋɉȿɑȿ-
ɇɂə ɉɈɅɇɈȽɈ ɄɈɇɌȺɄɌȺ ȾȼɍɏɋɅɈɃɇɈɃ ɋɂɋɌȿɆɕ 

Ɋɨɡɜ’ɹɡɚɧɚ ɡɚɞɚɱɚ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɜɟɥɢɱɢɧɢ ɿ ɡɨɧɢ ɜɩɥɢɜɭ ɧɚ ɜɟɪɯɧɿɣ ɲɚɪ ɞɜɨɲɚɪɨ-
ɜɨʀ ɤɨɧɫɬɪɭɤɰɿʀ, ɳɨ ɡɧɚɯɨɞɢɬɶɫɹ ɩɿɞ ɞɿєɸ ɧɨɪɦɚɥɶɧɨ ɪɨɡɩɨɞɿɥɟɧɨɝɨ ɧɚɜɚɧɬɚɠɟɧɧɹ ɿ 
ɜɥɚɫɧɨʀ ɜɚɝɢ, ɞɥɹ ɡɚɛɟɡɩɟɱɟɧɧɹ ɩɨɜɧɨɝɨ ɤɨɧɬɚɤɬɭ. Ⱦɨɫɥɿɞɠɟɧɨ ɦɨɠɥɢɜɿɫɬɶ ɡɚɫɬɨɫɭ-
ɜɚɧɧɹ ɦɟɬɨɞɭ ɨɛɟɪɧɟɧɢɯ ɡɚɞɚɱ, ɪɟɚɥɿɡɨɜɚɧɨɝɨ ɡɚ ɞɨɩɨɦɨɝɨɸ ɦɟɬɨɞɭ ɜɟɤɬɨɪɚ ɫɩɚɞɭ. 
Ɂɪɨɛɥɟɧɨ ɱɢɫɟɥɶɧɢɣ ɚɧɚɥɿɡ ɡɛɿɠɧɨɫɬɿ ɩɪɨɰɟɫɭ ɭɫɭɧɟɧɧɹ ɞɟɮɨɪɦɚɰɿʀ ɦɨɞɟɥɿ ɜ 
ɡɚɥɟɠɧɨɫɬɿ ɜɿɞ ɦɟɯɚɧɿɱɧɢɯ ɿ ɝɟɨɦɟɬɪɢɱɧɢɯ ɩɚɪɚɦɟɬɪɿɜ ɫɢɫɬɟɦɢ. 

Ɋɟɲɟɧɚ ɡɚɞɚɱɚ ɢɞɟɧɬɢɮɢɤɚɰɢɢ ɜɟɥɢɱɢɧɵ ɢ ɡɨɧɵ ɜɨɡɞɟɣɫɬɜɢɹ ɧɚ ɜɟɪɯɧɢɣ ɫɥɨɣ 
ɞɜɭɫɥɨɣɧɨɣ ɤɨɧɫɬɪɭɤɰɢɢ, ɧɚɯɨɞɹɳɟɣɫɹ ɩɨɞ ɞɟɣɫɬɜɢɟɦ ɧɨɪɦɚɥɶɧɨ ɪɚɫɩɪɟɞɟɥɟɧɧɨɣ 
ɧɚɝɪɭɡɤɢ ɢ ɫɨɛɫɬɜɟɧɧɨɝɨ ɜɟɫɚ, ɞɥɹ ɨɛɟɫɩɟɱɟɧɢɹ ɩɨɥɧɨɝɨ ɤɨɧɬɚɤɬɚ. ɂɫɫɥɟɞɨɜɚɧɚ ɜɨɡ-
ɦɨɠɧɨɫɬɶ ɩɪɢɦɟɧɟɧɢɹ ɦɟɬɨɞɚ ɨɛɪɚɬɧɵɯ ɡɚɞɚɱ, ɪɟɚɥɢɡɨɜɚɧɧɨɝɨ ɫ ɩɨɦɨɳɶɸ ɦɟɬɨɞɚ 
ɜɟɤɬɨɪɚ ɫɩɚɞɚ. ɉɪɨɢɡɜɟɞɟɧ ɱɢɫɥɟɧɧɵɣ ɚɧɚɥɢɡ ɫɯɨɞɢɦɨɫɬɢ ɩɪɨɰɟɫɫɚ ɭɫɬɪɚɧɟɧɢɹ ɞɟ-
ɮɨɪɦɚɰɢɢ ɦɨɞɟɥɢ ɜ ɡɚɜɢɫɢɦɨɫɬɢ ɨɬ ɦɟɯɚɧɢɱɟɫɤɢɯ ɢ ɝɟɨɦɟɬɪɢɱɟɫɤɢɯ ɩɚɪɚɦɟɬɪɨɜ ɫɢɫ-
ɬɟɦɵ. 

The problem of identifying the magnitude and the zone of action on the upper layer of a 

two-layer structure under the action of a normally distributed load and its own weight was 

solved to ensure full contact. The possibility of applying the inverse problem method rea-

lized with the method of the recession vector is investigated. A numerical analysis is made 

of the convergence of the deformation process of the model as a function of the mechanical 

and geometric parameters of the system. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɩɥɨɫɤɚɹ ɤɨɧɬɚɤɬɧɚɹ ɡɚɞɚɱɚ, ɨɞɧɨɫɬɨɪɨɧɧɢɟ ɫɜɹɡɢ, ɢɞɟɧɬɢɮɢɤɚ-
ɰɢɹ ɜɨɡɞɟɣɫɬɜɢɹ, ɦɟɬɨɞ ɨɛɪɚɬɧɵɯ ɡɚɞɚɱ. 

ȼɜɟɞɟɧɢɟ. əɜɥɟɧɢɟ ɨɬɪɵɜɚ ɦɟɠɫɥɨɟɜɵɯ ɫɜɹɡɟɣ ɧɚɛɥɸɞɚɟɬɫɹ ɩɪɢ ɷɤɫɩɥɭɚ-
ɬɚɰɢɢ ɚɜɬɨɦɨɛɢɥɶɧɵɯ ɞɨɪɨɝ, ɚɷɪɨɞɪɨɦɧɵɯ ɩɨɤɪɵɬɢɣ, ɮɭɧɞɚɦɟɧɬɨɜ ɦɧɨɝɨ-
ɷɬɚɠɧɵɯ ɫɬɪɨɟɧɢɣ ɫ ɨɩɨɪɚɦɢ ɢɥɢ ɞɟɮɨɪɦɚɰɢɨɧɧɵɦɢ ɲɜɚɦɢ. Ʉɨɧɬɚɤɬ ɩɨɞɨɲ-
ɜɵ ɫɨɨɪɭɠɟɧɢɣ ɫ ɨɫɧɨɜɚɧɢɟɦ ɱɚɫɬɨ ɩɪɢɜɨɞɢɬ ɤ ɫɨɡɞɚɧɢɸ ɚɜɚɪɢɣɧɵɯ ɫɢɬɭɚ-
ɰɢɣ. ɉɨɷɬɨɦɭ ɜɟɫɶɦɚ ɚɤɬɭɚɥɶɧɵɦ ɹɜɥɹɟɬɫɹ ɫɨɡɞɚɧɢɟ ɦɟɬɨɞɨɜ ɩɪɟɞɨɬɜɪɚɳɟɧɢɹ 
ɜɨɡɧɢɤɚɸɳɢɯ ɪɚɡɪɭɲɟɧɢɣ, ɱɬɨ ɩɨɜɵɲɚɟɬ ɧɚɞɟɠɧɨɫɬɶ ɢ ɠɢɜɭɱɟɫɬɶ ɫɨɨɬɜɟɬɫɬ-
ɜɭɸɳɢɯ ɤɨɧɫɬɪɭɤɰɢɣ. 

Ɋɚɫɫɦɚɬɪɢɜɚɟɦɚɹ ɜ ɞɚɧɧɨɣ ɫɬɚɬɶɟ ɡɚɞɚɱɚ ɜɤɥɸɱɚɟɬ ɞɜɟ ɨɫɧɨɜɧɵɟ ɩɪɨɛɥɟɦɵ 
– ɩɨɫɬɪɨɟɧɢɟ ɮɢɡɢɱɟɫɤɨɣ ɦɨɞɟɥɢ ɨɞɧɨɫɬɨɪɨɧɧɟɣ ɫɜɹɡɢ ɫ ɭɱɟɬɨɦ ɬɪɟɧɢɹ ɢ ɨɬ-
ɪɵɜɚ ɢ ɟɟ ɚɥɝɨɪɢɬɦɢɱɟɫɤɚɹ ɪɟɚɥɢɡɚɰɢɹ. Ɋɚɡɪɚɛɨɬɤɟ ɮɢɡɢɱɟɫɤɨɣ ɦɨɞɟɥɢ ɩɨ-
ɫɜɹɳɟɧɵ ɢɫɫɥɟɞɨɜɚɧɢɹ [1] – [3]. ȼ ɪɚɛɨɬɟ [1] ɪɚɫɫɦɨɬɪɟɧɵ ɞɜɚ ɬɢɩɚ ɦɨɞɟɥɟɣ 
ɤɨɧɬɚɤɬɧɨɣ ɡɨɧɵ – ɛɢɥɢɧɟɣɧɚɹ ɢ ɷɤɫɩɨɧɟɧɰɢɚɥɶɧɚɹ, ɤɨɬɨɪɵɟ ɨɩɢɫɵɜɚɸɬ ɩɨ-
ɜɪɟɠɞɟɧɧɵɟ ɫɜɹɡɢ, ɩɪɢɜɨɞɹɳɢɟ ɤ ɪɚɫɫɥɨɟɧɢɸ (ɨɬɪɵɜɭ). Ɂɞɟɫɶ ɢɫɫɥɟɞɨɜɚɧɵ 
ɩɚɪɚɦɟɬɪɵ ɦɨɞɟɥɢ ɫ ɬɨɱɤɢ ɡɪɟɧɢɹ ɜɨɡɦɨɠɧɨɫɬɢ ɨɬɪɵɜɚ. Ⱥɜɬɨɪɵ ɫɬɚɬɶɢ [2] 
ɩɪɟɞɥɨɠɢɥɢ ɦɨɞɟɥɶ ɤɨɧɬɚɤɬɚ, ɤɨɬɨɪɚɹ ɪɟɚɥɢɡɭɟɬɫɹ ɜ ɞɜɚ ɷɬɚɩɚ: ɧɚ ɩɟɪɜɨɦ 
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ɫɥɨɢ ɞɚɜɹɬ ɞɪɭɝ ɧɚ ɞɪɭɝɚ, ɚ ɧɚ ɜɬɨɪɨɦ ɜɡɚɢɦɨɞɟɣɫɬɜɭɸɬ ɫ ɩɨɦɨɳɶɸ ɬɚɧɝɟɧ-
ɰɢɚɥɶɧɵɯ ɧɚɩɪɹɠɟɧɢɣ, ɨɬɜɟɱɚɸɳɢɯ ɡɚ ɤɨɧɬɚɤɬ ɫ ɬɪɟɧɢɟɦ. Ʉɨɧɬɚɤɬɧɚɹ ɡɨɧɚ ɫ 
ɨɬɪɵɜɨɦ ɜ [3] ɦɨɞɟɥɢɪɭɟɬɫɹ ɫɬɟɪɠɧɹɦɢ ɦɟɧɹɸɳɟɣɫɹ ɠɟɫɬɤɨɫɬɢ, ɚ ɧɟɩɨɫɪɟɞ-
ɫɬɜɟɧɧɨ ɡɨɧɚ ɨɬɪɵɜɚ – ɦɟɬɨɞɨɦ ɤɨɧɟɱɧɵɯ ɷɥɟɦɟɧɬɨɜ. 

ɉɪɢɦɟɧɹɟɦɵɟ ɞɥɹ ɱɢɫɥɟɧɧɨɝɨ ɚɧɚɥɢɡɚ ɚɥɝɨɪɢɬɦɵ ɜɟɫɶɦɚ ɪɚɡɧɨɨɛɪɚɡɧɵ. 
Ɍɚɤ, ɜ ɫɬɚɬɶɟ [4] ɩɪɢ ɢɫɫɥɟɞɨɜɚɧɢɢ ɤɨɧɫɬɪɭɤɬɢɜɧɨ ɧɟɥɢɧɟɣɧɨɣ ɡɚɞɚɱɢ ɫ ɨɞɧɨ-
ɫɬɨɪɨɧɧɢɦɢ ɫɜɹɡɹɦɢ ɢ ɬɪɟɧɢɟɦ ɩɪɢ ɧɟɢɡɜɟɫɬɧɨɣ ɡɨɧɟ ɤɨɧɬɚɤɬɚ ɞɥɹ ɦɨɞɟɥɢ-
ɪɨɜɚɧɢɹ ɫɜɹɡɟɣ ɩɪɢɦɟɧɟɧ ɢɬɟɪɚɬɢɜɧɵɣ ɩɨɞɯɨɞ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɫɩɟɰɢɚɥɶ-
ɧɵɯ ɤɨɧɬɚɤɬɧɵɯ ɷɥɟɦɟɧɬɨɜ ɜ ɬɨɧɤɨɦ ɮɪɢɤɰɢɨɧɧɨɦ ɫɥɨɟ ɜ ɫɨɱɟɬɚɧɢɢ ɫ ɤɨɧɟɱ-
ɧɨ-ɷɥɟɦɟɧɬɧɨɣ ɦɨɞɟɥɶɸ ɩɥɨɫɤɨɣ ɡɚɞɚɱɢ. ȼ ɫɬɚɬɶɟ [5] ɧɚ ɨɫɧɨɜɟ ɦɟɬɨɞɚ ɞɟ-
ɤɨɦɩɨɡɢɰɢɢ ɨɛɥɚɫɬɢ ɤɨɧɬɚɤɬɧɨɟ ɜɡɚɢɦɨɞɟɣɫɬɜɢɟ ɢɡɭɱɟɧɨ ɦɟɬɨɞɨɦ ɲɬɪɚɮɧɵɯ 
ɮɭɧɤɰɢɣ, ɜ ɤɚɱɟɫɬɜɟ ɤɨɬɨɪɵɯ ɜɵɫɬɭɩɚɸɬ ɭɫɥɨɜɢɹ ɤɢɧɟɦɚɬɢɱɟɫɤɨɣ ɞɨɩɭɫɬɢ-
ɦɨɫɬɢ ɩɟɪɟɦɟɳɟɧɢɣ. ȼ ɫɥɭɱɚɟ, ɤɨɝɞɚ ɧɚɛɥɸɞɚɸɬɫɹ ɛɨɥɶɲɢɟ ɞɟɮɨɪɦɚɰɢɢ [6], 
ɩɪɟɞɥɨɠɟɧ ɢɟɪɚɪɯɢɱɟɫɤɢɣ ɚɥɝɨɪɢɬɦ ɩɨɫɬɪɨɟɧɢɹ ɛɢɧɚɪɧɨɝɨ ɞɟɪɟɜɚ ɞɥɹ ɬɟɤɭ-
ɳɟɝɨ ɫɨɫɬɨɹɧɢɹ ɝɟɨɦɟɬɪɢɢ ɤɨɧɬɚɤɬɧɨɣ ɩɨɜɟɪɯɧɨɫɬɢ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɜ ɫɭɳɟ-
ɫɬɜɭɸɳɟɣ ɥɢɬɟɪɚɬɭɪɟ ɪɚɫɫɦɨɬɪɟɧɚ ɬɨɥɶɤɨ ɩɪɹɦɚɹ ɡɚɞɚɱɚ – ɨɩɪɟɞɟɥɟɧɢɟ ɧɚ-
ɩɪɹɠɟɧɧɨ-ɞɟɮɨɪɦɢɪɨɜɚɧɧɨɝɨ ɫɨɫɬɨɹɧɢɹ ɞɜɭɯɫɥɨɣɧɨɣ ɫɢɫɬɟɦɵ ɢ ɨɰɟɧɤɚ ɜɨɡ-
ɦɨɠɧɨɝɨ ɪɚɡɜɢɬɢɹ ɡɨɧɵ ɨɬɪɵɜɚ. Ɇɟɠɞɭ ɬɟɦ, ɩɪɢ ɫɨɱɟɬɚɧɢɢ ɧɚɝɪɭɡɨɤ ɢ ɝɟɨ-
ɦɟɬɪɢɱɟɫɤɢɯ ɩɚɪɚɦɟɬɪɨɜ, ɧɟɨɛɯɨɞɢɦɨ ɨɛɟɫɩɟɱɢɬɶ ɫɨɜɦɟɫɬɧɭɸ ɪɚɛɨɬɭ ɫɥɨɟɜ, 
ɱɬɨ ɦɨɠɟɬ ɛɵɬɶ ɞɨɫɬɢɝɧɭɬɨ ɩɭɬɟɦ ɞɨɩɨɥɧɢɬɟɥɶɧɵɯ ɦɟɯɚɧɢɱɟɫɤɢɯ ɜɨɡɞɟɣɫɬ-
ɜɢɣ, ɠɟɫɬɤɢɯ ɜɤɥɸɱɟɧɢɣ ɢ ɬ.ɞ. ɍɤɚɡɚɧɧɚɹ ɩɪɨɛɥɟɦɚ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɜ ɧɚ-
ɫɬɨɹɳɟɣ ɪɚɛɨɬɟ. 

Ɇɚɬɟɦɚɬɢɱɟɫɤɚɹ ɦɨɞɟɥɶ. Ɋɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɡɚɞɚɱɚ ɨɛ ɨɩɪɟɞɟɥɟɧɢɢ ɡɧɚɱɟ-
ɧɢɹ ɢ ɥɨɤɚɥɢɡɚɰɢɢ ɜɨɡɞɟɣɫɬɜɢɹ p (ɪɢɫ. 1), ɨɛɟɫɩɟɱɢɜɚɸɳɟɝɨ ɧɚɥɢɱɢɟ ɩɨɥɧɨɝɨ 
ɤɨɧɬɚɤɬɚ ɞɜɭɯ ɪɚɫɫɦɚɬɪɢɜɚɟɦɵɯ ɛɟɫɤɨɧɟɱɧɵɯ ɫɥɨɟɜ, ɨɩɪɟɞɟɥɟɧɧɵɯ ɧɚ ɨɛɥɚɫ-
ɬɹɯ 

  ( ) ( ) 2 ( ) (1) (2)

1 2 1 2 1 2 2, , , , 0 , 0k k k k k

k x x x x R x x h h x             , 

ɧɚɯɨɞɹɳɢɯɫɹ ɩɨɞ ɞɟɣɫɬɜɢɟɦ ɧɨɪɦɚɥɶɧɨɝɨ ɞɚɜɥɟɧɢɹ q(x1), 0  q(x1)  q*, ɝɞɟ  
q*– ɩɪɟɞɟɥɶɧɨɟ ɡɧɚɱɟɧɢɟ ɧɚɝɪɭɡɤɢ, k – ɧɨɦɟɪ ɫɥɨɹ. 

Ɋɚɡɪɟɲɚɸɳɚɹ ɫɢɫɬɟɦɚ ɭɪɚɜɧɟɧɢɣ ɩɥɨɫɤɨɣ ɬɟɨɪɢɢ ɭɩɪɭɝɨɫɬɢ ɧɚ ɨɛɥɚɫɬɹɯ 
k ɩɪɢ h2 /h1>>1 ɢɦɟɟɬ ɜɢɞ  

   graddiv 0k k

k k kȜ ȝ u ȝ u Q     ,                                       (1) 

ɝɞɟ  1 2,
T

k k k
u u u  – ɜɟɤɬɨɪ ɩɟɪɟɦɟɳɟɧɢɣ k – ɝɨ ɫɥɨɹ, 

  
νλ

1 ν 1 2ν
k

k k

k k

E
 

, 

 2 1

k
k

k

Eȝ
Ȟ




 – ɤɨɷɮɮɢɰɢɟɧɬɵ Ʌɹɦɟ, Ek, νk  – ɦɨɞɭɥɶ ɭɩɪɭɝɨɫɬɢ ɢ ɤɨɷɮɮɢɰɢ-

ɟɧɬ ɉɭɚɫɫɨɧɚ (k=1,2) ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɞɥɹ ɜɟɪɯɧɟɝɨ ɫɥɨɹ (k = 1) ɢ ɨɫɧɨɜɚɧɢɹ  
(k = 2);  Q– ɧɚɝɪɭɡɤɚ, ɜɤɥɸɱɚɸɳɚɹ ɫɨɛɫɬɜɟɧɧɵɣ ɜɟɫ. 
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Ɋɢɫ. 1. ɋɯɟɦɚ ɧɚɝɪɭɠɟɧɢɹ ɞɜɭɯɫɥɨɣɧɨɣ ɤɨɧɫɬɪɭɤɰɢɢ 

 

Ɉɛɨɡɧɚɱɢɦ ɭɱɚɫɬɤɢ ɝɪɚɧɢɰɵ x2 = h1 ɤɚɤ  
   1 1 1, ( ) ( ),pȽ x l b x l b l b x l b           ,  1 1,qȽ x a x a    . 

Ɍɨɝɞɚ ɧɟɨɛɯɨɞɢɦɨ, ɱɬɨɛɵ  
   1

22σ u q , 
1 qx Ƚ , 

   1

22σ u p , 
1 px Ƚ , 

   1

22 0σ u  , 
1 qx Ƚ , 

1 px Ƚ , 

                          1

12 0σ u  , 
1x   ,                                     (2)

   

ɝɞɟ    k

ijσ u , i, j=1,2 – ɧɚɩɪɹɠɟɧɢɹ, ɜɵɪɚɠɟɧɧɵɟ ɱɟɪɟɡ ɩɟɪɟɦɟɳɟɧɢɹ. 
ɇɚ ɝɪɚɧɢɰɟ ɪɚɡɞɟɥɚ ɜɟɪɯɧɟɝɨ ɫɥɨɹ ɢ ɨɫɧɨɜɚɧɢɹ (x2 = 0) ɜ ɡɨɧɟ ɤɨɧɬɚɤɬɚ Ƚk 

ɢɦɟɸɬ ɦɟɫɬɨ ɝɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ  
      1 2

22 22σ σ ,  
2 0
k

u  , ɢɥɢ  
22 0
kσ  ,    

2 22 0
k k

u σ  , 1,2k  .          (3) 

ɉɪɟɞɩɨɥɚɝɚɟɬɫɹ, ɱɬɨ ɫɭɳɟɫɬɜɭɸɬ ɝɪɚɧɢɰɵ ȽC, Ƚɉ, ȽO, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɡɨ-
ɧɟ ɫɰɟɩɥɟɧɢɹ, ɩɪɨɫɤɚɥɶɡɵɜɚɧɢɹ ɢ ɨɬɪɵɜɚ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɬɚɤɢɟ ɱɬɨ 
ȽCȽɉȽO = Ƚk, ȽC  Ƚɉ  ȽO =. 

ȼ ɡɨɧɟ ɫɰɟɩɥɟɧɢɹ x1 ȽC ɜɵɩɨɥɧɹɸɬɫɹ ɭɫɥɨɜɢɹ  

                            

       

   

1 2 1 2

1 1 2 2

1 1

12 22

, ,

σ σ ,

u u u u

K

 


                                        (4)  

ɝɞɟ K – ɤɨɷɮɮɢɰɢɟɧɬ ɬɪɟɧɢɹ. 
ȼ ɡɨɧɟ ɩɪɨɫɤɚɥɶɡɵɜɚɧɢɹ ɞɥɹ ɜɫɟɯ x1 Ƚɉ 

                         1 1 2 2

2 1 1 2 1 1u x u u x u   , (k) ( )

12 22 0kσ K σ  ,    1 2

1 1u u .              (5) 

ȼ ɡɨɧɟ ɨɬɪɵɜɚ ɞɥɹ ɜɫɟɯ x1 ȽO 

                                                 
22 0
kσ  ,  

12 0
kσ  .                                                (6) 

Ɂɞɟɫɶ  k

ijσ ,  k

iu , i, j=1,2 – ɤɨɦɩɨɧɟɧɬɵ ɬɟɧɡɨɪɚ ɧɚɩɪɹɠɟɧɢɣ ɢ ɩɟɪɟɦɟɳɟɧɢɣ ɜ 
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k – ɦ ɫɥɨɟ, k=1,2. 

Ⱦɚɥɟɟ ɩɪɟɞɩɨɥɚɝɚɟɬɫɹ, ɱɬɨ ɩɪɢ ɡɧɚɱɟɧɢɹɯ ɧɚɝɪɭɡɤɢ 0  q  qɤɪ ɫɥɨɢ ɤɨɧɬɚɤ-
ɬɢɪɭɸɬ ɩɭɬɟɦ ɩɨɥɧɨɝɨ ɫɰɟɩɥɟɧɢɹ ɢɥɢ ɩɪɨɫɤɚɥɶɡɵɜɚɧɢɹ, ɜɨɡɧɢɤɧɨɜɟɧɢɟ ɡɨɧ 
ɨɬɪɵɜɚ ɩɪɨɢɫɯɨɞɢɬ ɩɪɢ ɡɧɚɱɟɧɢɢ ɧɚɝɪɭɡɤɢ q = qɤɪ ɫ ɞɚɥɶɧɟɣɲɢɦ ɪɚɡɜɢɬɢɟɦ 
ɷɬɢɯ ɡɨɧ q > qɤɪ (ɪɢɫ. 2). 

Ⱦɥɹ ɨɩɪɟɞɟɥɟɧɢɹ ɡɧɚɱɟɧɢɹ ɢ ɪɚɫɩɨɥɨɠɟɧɢɹ ɜɨɡɞɟɣɫɬɜɢɹ p, ɨɛɟɫɩɟɱɢɜɚɸ-
ɳɟɝɨ ɨɬɫɭɬɫɬɜɢɟ ɡɨɧ ɨɬɪɵɜɚ z1  x1  z2, – z2  x1 – z1, x2=0, ɝɞɟ σ22=0, ɫɮɨɪ-
ɦɭɥɢɪɭɟɦ ɡɚɞɚɱɭ ɢɞɟɧɬɢɮɢɤɚɰɢɢ ɩɚɪɚɦɟɬɪɨɜ B=l, b, pT

 ɤɚɤ ɨɛɪɚɬɧɭɸ. Ɍɨ-
ɝɞɚ ɡɧɚɱɟɧɢɟ ɜɟɤɬɨɪɚ B ɨɩɪɟɞɟɥɢɬɫɹ ɤɚɤ  

                                          argmin ( )
B B

B J B





, ɝɞɟ                         (7) 

                            2
(1) (2) 2

2 2 1( ) ( ) ε
L

L

J u B u B dx


        ,                                  (8) 

 << 1 – ɦɚɥɚɹ ɜɟɥɢɱɢɧɚ, B  – ɨɛɥɚɫɬɶ ɨɩɪɟɞɟɥɟɧɢɹ ɜɟɤɬɨɪɚ B,  
2

i
u  – ɡɧɚɱɟɧɢɟ 

ɮɭɧɤɰɢɢ  
2 1( ,0)
i

u x  ɩɪɢ ɮɢɤɫɢɪɨɜɚɧɧɨɦ ɜɟɤɬɨɪɟ B ɧɚ ɥɢɧɢɢ ɤɨɧɬɚɤɬɚ Ƚk. 

Ɇɟɬɨɞ ɢ ɚɥɝɨɪɢɬɦɵ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ. ɋɮɨɪɦɭɥɢɪɭɟɦ ɦɟɬɨɞ ɪɟɲɟɧɢɹ 
ɩɪɹɦɨɣ ɡɚɞɚɱɢ  ɨɩɪɟɞɟɥɟɧɢɹ ɧɚɩɪɹɠɟɧɧɨ-ɞɟɮɨɪɦɢɪɨɜɚɧɧɨɝɨ ɫɨɫɬɨɹɧɢɹ ɪɚɫ-
ɫɦɚɬɪɢɜɚɟɦɨɣ ɫɢɫɬɟɦɵ ɩɪɢ ɮɢɤɫɢɪɨɜɚɧɧɨɦ ɜɟɤɬɨɪɟ B [7]. 

Ⱦɥɹ ɨɩɢɫɚɧɢɹ ɧɟɢɡɜɟɫɬɧɵɯ ɭɱɚɫɬɤɨɜ ɝɪɚɧɢɰ ɜɜɟɞɟɦ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɟ 
ɮɭɧɤɰɢɢ ɞɥɹ ɬɨɱɟɤ ɝɪɚɧɢɰ ȽC, Ƚɉ, ȽO ɜ ɜɢɞɟ 

                       

 

 

12 22

1

12 22

22

2

22

1 σ σ , ,
γ

0 σ σ , ;

0 σ 0, ,
γ

1 σ 0, .

C

O

O

ɩɪɢ K x Ƚ
x

ɩɪɢ K x Ƚ

ɩɪɢ x Ƚ
x

ɩɪɢ x Ƚ

  
 
 

   

                                        (9) 

ɋ ɭɱɟɬɨɦ ɫɨɨɬɧɨɲɟɧɢɹ (9) ɜɚɪɢɚɰɢɨɧɧɚɹ ɩɨɫɬɚɧɨɜɤɚ ɤɪɚɟɜɨɣ ɡɚɞɚɱɢ   (1– 6) 

ɛɭɞɟɬ ɢɦɟɬɶ ɜɢɞ  
           *argmin ,

W W

W Э u u





                         (10) 

ɩɪɢ ɩɪɟɞɜɚɪɢɬɟɥɶɧɨɦ ɜɵɩɨɥɧɟɧɢɢ ɭɫɥɨɜɢɹ (4), ɝɞɟ u = u
kT

 , W =  u, u
*T

, 

 

           

        
2 1

( )2
2 2 2

1 2 2 1 2 1 2 1

1 ( )

( ) ( ) ( ) ( ) * ( ) ( ) *

1 22 1 2 22 2 2 12 1 1

1
, ε ε

2

γ γ σ σ ; (11)

k

k

l ba l b

ijlm k k

k ij lm

k a l b l b
x h

k k k k k k

k k k

Ƚ

Э u u C u u dx dx u qdx u pdx u pdx

K u u u u u u u u dȽ

 

     


      
   

        


    



 

i
ij

j

uε
x





, i, j,l,m = 1,2, 
*

iku  – ɜɚɪɶɢɪɭɟɦɵɟ ɡɧɚɱɟɧɢɹ ɩɟɪɟɦɟɳɟɧɢɣ ɧɚ ɥɢɧɢɢ 

ɤɨɧɬɚɤɬɚ,    
,

k k

ijσ u  – ɡɧɚɱɟɧɢɹ ɧɚɩɪɹɠɟɧɢɣ ɢ ɩɟɪɟɦɟɳɟɧɢɣ ɢɡ ɨɛɥɚɫɬɢ k  ɧɚ 
ɟɟ ɝɪɚɧɢɰɟ. 

Ⱦɥɹ ɩɨɫɬɪɨɟɧɢɹ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ (10) ɨɫɭɳɟɫɬɜɥɹɟɬɫɹ ɩɟɪɟɯɨɞ ɤ ɞɢɫɤɪɟɬɧɨɣ 
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ɦɨɞɟɥɢ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɤɨɧɟɱɧɨ-ɷɥɟɦɟɧɬɧɨɣ ɚɩɩɪɨɤɫɢɦɚɰɢɢ. Ⱦɥɹ ɷɬɨɝɨ ɧɚ 
ɨɛɥɚɫɬɢ k ɜɜɨɞɢɬɫɹ ɫɟɬɤɚ ɫ ɭɡɥɚɦɢ ɜ ɬɨɱɤɚɯ ɫ ɤɨɨɪɞɢɧɚɬɚɦɢ Xs, 1,s N , ɝɞɟ 
Xs = x1s, x2s; ɬɨɝɞɚ ɧɟɢɡɜɟɫɬɧɵɟ ɮɭɧɤɰɢɢ u (x), σij (x), u* (x) ɩɪɟɞɫɬɚɜɥɹɸɬɫɹ ɜ 
ɜɢɞɟ ɜɟɤɬɨɪɨɜ, ɤɨɦɩɨɧɟɧɬɚɦɢ ɤɨɬɨɪɵɯ ɹɜɥɹɸɬɫɹ ɡɧɚɱɟɧɢɹ ɮɭɧɤɰɢɣ ɡɚɞɚɱɢ ɜ 
ɭɡɥɚɯ ɫɟɬɤɢ. 

  

         
       

* *

* * * *

,σ σ , , , ,

, ,γ γ , γ γ ,

, 1,2, 1, , 1,2.

TT

i ij ijs i i ik ik iks

T T T

i ik ik iks k k ks

u u u u u u u u

u u u u

i j s N k

    

   

  

         (12) 

ɍɡɥɵ, ɥɟɠɚɳɢɟ ɧɚ ɝɪɚɧɢɰɟ Ƚk, ɧɭɦɟɪɭɸɬɫɹ ɤɚɤ P = p1, p2,..., pM, ɱɢɫɥɨ M 

ɜɵɛɢɪɚɟɬɫɹ ɩɭɬɟɦ ɱɢɫɥɟɧɧɨɝɨ ɷɤɫɩɟɪɢɦɟɧɬɚ. ɂɡ ɷɥɟɦɟɧɬɨɜ ɜɟɤɬɨɪɚ P ɦɨɝɭɬ 
ɛɵɬɶ ɫɮɨɪɦɢɪɨɜɚɧɵ ɜɟɤɬɨɪɵ 

 

 
11 2, ,...,C C C C

rP p p p ,  
21 2, ,...,ɉ ɉ ɉ ɉ

rP p p p ,  
31 2, ,...,O O O O

rP p p p ,  

  
1 2 3r r r M   ,                                                (13) 

ɤɨɬɨɪɵɟ ɨɩɪɟɞɟɥɹɸɬ ɭɡɥɵ ɫɟɬɤɢ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɡɨɧɚɦ ɫɰɟɩɥɟɧɢɹ, ɩɪɨ-
ɫɤɚɥɶɡɵɜɚɧɢɹ ɢ ɨɬɪɵɜɚ ɩɭɬɟɦ ɜɵɱɢɫɥɟɧɢɹ ɡɧɚɱɟɧɢɣ k ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɭɫɥɨ-
ɜɢɹɦɢ (9). 

ɉɨɫɥɟ ɩɨɞɫɬɚɧɨɜɤɢ ɤɨɧɟɱɧɨ-ɷɥɟɦɟɧɬɧɨɣ ɚɩɩɪɨɤɫɢɦɚɰɢɢ ɜ ɮɭɧɤɰɢɨɧɚɥ 
(11), ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ɢ ɜɵɩɨɥɧɟɧɢɹ ɩɪɨɰɟɞɭɪɵ (10) ɩɨɥɭɱɢɦ ɪɚɡɪɟɲɚɸɳɭɸ 
ɫɢɫɬɟɦɭ ɥɢɧɟɣɧɵɯ ɭɪɚɜɧɟɧɢɣ N – ɝɨ ɩɨɪɹɞɤɚ 

                                                      Au R ,                                                      (14) 

ɷɤɜɢɜɚɥɟɧɬɧɭɸ ɭɫɥɨɜɢɸ * 0isЭ u   , i = 1,2, 1,s N , *Э  – ɡɧɚɱɟɧɢɹ ɮɭɧɤ-
ɰɢɨɧɚɥɚ Э  ɩɨɫɥɟ ɩɨɞɫɬɚɧɨɜɤɢ ɤɨɧɟɱɧɨ ɷɥɟɦɟɧɬɧɨɣ ɚɩɩɪɨɤɫɢɦɚɰɢɢ ɢ ɜɵɩɨɥ-
ɧɟɧɢɹ ɩɪɨɰɟɞɭɪɵ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ, A – ɦɚɬɪɢɰɚ ɠɟɫɬɤɨɫɬɢ, ɡɚɜɢɫɹɳɚɹ ɨɬ ɡɧɚ-
ɱɟɧɢɣ ɜɟɤɬɨɪɚ , R – ɜɟɤɬɨɪ, ɡɚɜɢɫɹɳɢɣ ɨɬ u*. 

ɉɪɢ ɩɨɫɬɪɨɟɧɢɢ ɦɚɬɪɢɰɵ ɠɟɫɬɤɨɫɬɢ ɭɱɢɬɵɜɚɟɬɫɹ, ɱɬɨ 

                                                      σ Du ,                                                     (15) 

ɝɞɟ  , , 1,2, 1,
T

ijsσ σ i j s N   , D – ɮɭɧɤɰɢɨɧɚɥɶɧɚɹ ɦɚɬɪɢɰɚ ɤɨɷɮɮɢɰɢɟɧɬɨɜ, 
ɩɨɥɭɱɚɟɦɚɹ ɢɡ ɮɢɡɢɱɟɫɤɢɯ ɢ ɝɟɨɦɟɬɪɢɱɟɫɤɢɯ ɫɨɨɬɧɨɲɟɧɢɣ. 

Ⱦɥɹ ɜɵɩɨɥɧɟɧɢɹ ɭɫɥɨɜɢɹ ɦɢɧɢɦɭɦɚ Э  ɩɨ *

isu , 1,s N   ɢɫɩɨɥɶɡɭɟɬɫɹ ɦɟɬɨɞ 
ɝɪɚɞɢɟɧɬɧɨɝɨ ɫɩɭɫɤɚ 

                                               1 1 1* *n n n n
u u α σ    .                                         (16) 

Ɂɞɟɫɶ 

           1 1 1 1 1

12 22σ σ ,σ σ σ , 1, ,
T T

n n n n n

s s s s s N
      

 
ɝɞɟ n – ɧɨɦɟɪ ɢɬɟɪɚɰɢɢ. 

Ʉɨɷɮɮɢɰɢɟɧɬ (n)
 ɨɩɪɟɞɟɥɹɟɬɫɹ ɢɡ ɭɫɥɨɜɢɹ  

                                                  1*argmin
n n

α
α Э u                                        (17) 
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ɦɟɬɨɞɨɦ ɩɨɥɨɜɢɧɧɨɝɨ ɞɟɥɟɧɢɹ. 
Ɂɧɚɱɟɧɢɟ ɮɭɧɤɰɢɢ ks ɨɩɪɟɞɟɥɹɟɬɫɹ ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɭɫɥɨɜɢɟɦ (9). Ɋɟɲɟɧɢɟ 

ɡɚɞɚɱɢ ɨɫɭɳɟɫɬɜɥɹɟɬɫɹ ɫ ɩɨɦɨɳɶɸ ɚɥɝɨɪɢɬɦɚ [7]. 
Ɋɟɲɟɧɢɟ ɨɛɪɚɬɧɨɣ ɡɚɞɚɱɢ ɛɭɞɟɦ ɨɫɭɳɟɫɬɜɥɹɬɶ ɦɟɬɨɞɨɦ ɜɟɤɬɨɪɚ ɫɩɚɞɚ. 

Ɉɛɨɡɧɚɱɢɦ ɭɡɥɵ, ɥɟɠɚɳɢɟ ɧɚ ɝɪɚɧɢɰɟ Ƚp, ɤɚɤ  1 2, ,...,
j j jk

C x x x  ɢ ɜɜɟɞɟɦ ɜɟɤ-
ɬɨɪ  ,F C p   , ɝɞɟ  1 2, ,...,

k k kp
C x x x

 – ɜɟɤɬɨɪ ɡɧɚɱɟɧɢɣ ɤɨɨɪɞɢɧɚɬ ɬɨɱɟɤ ɩɪɢ-
ɥɨɠɟɧɢɹ ɧɚɝɪɭɡɤɢ. 

Ɏɭɧɤɰɢɨɧɚɥ J ɩɨɫɥɟ ɞɢɫɤɪɟɬɢɡɚɰɢɢ ɩɪɢɨɛɪɟɬɚɟɬ ɜɢɞ  
                (1) (2) (1) (2) 2

2 2 2 2( ( ) ( )) ( ( ) ( )) εT
J u F u F u F u F           ,                          (18) 

ɚ ɭɫɥɨɜɢɟ (7) ɡɚɩɢɫɵɜɚɟɬɫɹ ɜ ɜɢɞɟ  
                                           argmin ( )

F F

F J F





.                                            (19) 

ɉɭɫɬɶ W – ɞɢɫɤɪɟɬɧɨɟ ɬɨɱɟɱɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ, F – ɦɧɨɠɟɫɬɜɨ ɞɨɩɭɫɬɢɦɵɯ 
ɪɟɲɟɧɢɣ, F W , ɩɪɢɱɟɦ  W  – ɦɟɬɪɢɱɟɫɤɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɫ ɦɟɬɪɢɤɨɣ  

                                        
1

2 2

1 2 1 2

1

ρ ( , ) ( )
M

i i

i

F F f f




  ,                                 (20) 

ɝɞɟ f 1i, f2i  – ɤɨɨɪɞɢɧɚɬɵ  ɬɨɱɟɤ F1, F2 ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ W. 

ɉɭɫɬɶ F   – ɧɟɤɨɬɨɪɨɟ ɞɨɩɭɫɬɢɦɨɟ ɪɟɲɟɧɢɟ ɨɛɪɚɬɧɨɣ ɡɚɞɚɱɢ (7). Ɉɩɪɟɞɟ-
ɥɢɦ ɨɤɪɟɫɬɧɨɫɬɶ W  ɬɨɱɤɢ F   ɫ ɪɚɞɢɭɫɨɦ r1 ɤɚɤ ɧɚɛɨɪ ɜɨɡɦɨɠɧɵɯ ɪɟɲɟɧɢɣ 

kF  , 1,12k  , ɩɨɥɭɱɟɧɧɵɯ ɩɭɬɟɦ ɞɨɛɚɜɥɟɧɢɹ (ɭɛɚɜɥɟɧɢɹ) ɷɥɟɦɟɧɬɨɜ ɜɟɤɬɨɪɚ 
C  ɜɥɟɜɨ ɢ ɜɩɪɚɜɨ ɨɬ ɬɨɱɟɤ s = xk1, s = xkp ɢ ɢɡɦɟɧɟɧɢɹ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɡɧɚ-
ɱɟɧɢɣ p. 

ȼɟɤɬɨɪ ɫɩɚɞɚ ɮɭɧɤɰɢɢ J  ɜ ɨɤɪɟɫɬɧɨɫɬɢ  W  ɩɪɨɢɡɜɨɥɶɧɨɣ ɬɨɱɤɢ F   ɨɩɪɟ-
ɞɟɥɢɦ ɤɚɤ ɜɟɤɬɨɪ ɫ ɤɨɦɩɨɧɟɧɬɚɦɢ ( ) ( )k kJ F J F    , ɝɞɟ 

kF  , 1,12k  , – 

ɜɨɡɦɨɠɧɵɟ ɪɟɲɟɧɢɹ ɨɛɪɚɬɧɨɣ ɡɚɞɚɱɢ, ɤɨɬɨɪɵɟ ɩɪɢɧɚɞɥɟɠɚɬ ɨɤɪɟɫɬɧɨɫɬɢ W , 

ɚ ( ), ( )kJ F J F   ɜɵɱɢɫɥɹɸɬɫɹ ɩɭɬɟɦ ɪɟɲɟɧɢɹ ɡɚɞɚɱ ɫ ɩɨɦɨɳɶɸ ɚɥɝɨɪɢɬɦɚ [7]. 

Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɩɪɢ ɜɫɟɯ k  0 ɜ ɨɤɪɟɫɬɧɨɫɬɢ ɬɨɱɤɢ F   ɷɬɚ ɬɨɱɤɚ ɹɜɥɹɟɬɫɹ ɥɨ-
ɤɚɥɶɧɵɦ ɦɢɧɢɦɭɦɨɦ ɮɭɧɤɰɢɢ J(F). ȿɫɥɢ ɧɟɤɨɬɨɪɵɟ k < 0  ɢ 

* mink k   , ɬɨ 

ɬɨɱɤɚ 
kF   ɹɜɥɹɟɬɫɹ ɬɨɱɤɨɣ ɫɤɨɪɟɣɲɟɝɨ ɫɩɚɞɚ ɮɭɧɤɰɢɢ J(F). 

Ⱥɥɝɨɪɢɬɦ, ɪɟɚɥɢɡɭɸɳɢɣ ɦɟɬɨɞ ɫɩɚɞɚ, ɢɦɟɟɬ ɜɢɞ: 
Ⱥɥɝɨɪɢɬɦ. 
1. ȼɵɛɪɚɬɶ ɧɚɱɚɥɶɧɭɸ ɬɨɱɤɭ F0, ɫɮɨɪɦɢɪɨɜɚɬɶ ɬɨɱɤɢ 

kF  , 1,12k  . 

2. Ɉɩɪɟɞɟɥɢɬɶ ɤɨɦɩɨɧɟɧɬɵ ɜɟɤɬɨɪɚ ɫɩɚɞɚ ɞɥɹ ɬɨɱɤɢ F0 ɜ ɧɚɩɪɚɜɥɟɧɢɹɯ 

kF   ɩɭɬɟɦ ɜɵɱɢɫɥɟɧɢɹ J(F) ɫ ɩɨɦɨɳɶɸ ɚɥɝɨɪɢɬɦɚ 1. ȿɫɥɢ ɜɫɟ k  0, 1,12k  , 

ɬɨ J(F0) = minJ(F). 

3. ȿɫɥɢ k  < 0 ɞɥɹ 1,12k  , ɬɨ ɜɵɛɢɪɚɸɬ Fk*, ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ mink, 

ɤɨɬɨɪɨɟ ɫɬɚɧɨɜɢɬɫɹ ɰɟɧɬɪɨɦ ɧɨɜɨɣ ɨɤɪɟɫɬɧɨɫɬɢ Fk* = F0. 

4. ɉɟɪɟɯɨɞ ɧɚ ɩ.2. ɉɪɨɰɟɫɫ ɩɪɨɞɨɥɠɚɟɬɫɹ ɞɨ ɬɟɯ ɩɨɪ, ɩɨɤɚ k < 0. 

ɑɢɫɥɟɧɧɵɣ ɚɧɚɥɢɡ ɡɚɞɚɱɢ ɢɞɟɧɬɢɮɢɤɚɰɢɢ. ɋ ɩɨɦɨɳɶɸ ɩɪɟɞɥɨɠɟɧɧɨɝɨ 
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ɚɥɝɨɪɢɬɦɚ ɩɪɨɜɟɞɟɧ ɚɧɚɥɢɡ ɩɨɜɟɞɟɧɢɹ ɞɜɭɯɫɥɨɣɧɨɣ ɫɢɫɬɟɦɵ, ɢɦɟɸɳɟɣ ɫɥɟ-
ɞɭɸɳɢɟ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ: ɞɥɹ ɩɟɪɜɨɝɨ ɜɚɪɢɚɧɬɚ ɜɵɛɪɚɧɵ ɭɞɟɥɶɧɵɣ ɜɟɫ 
ρ=2.76·10-3 (ɤɝ/ɫɦ3), ɦɨɞɭɥɶ ɘɧɝɚ E1=7.6·104 (ɤɝ/ɫɦ2) ɢ ɤɨɷɮɮɢɰɢɟɧɬ ɉɭɚɫɫɨɧɚ 
ν1=0.4, ɞɥɹ ɧɢɠɧɟɝɨ ɫɥɨɹ – E2=3.8·104 (ɤɝ/ɫɦ2), ν2=0.35, ɞɥɹ ɜɬɨɪɨɝɨ ɜɚɪɢɚɧɬɚ  
– ρ=2.72·10-3 (ɤɝ/ɫɦ3

), E1=7.6·103 (ɤɝ/ɫɦ2), ν1=0.4, E2=7.6·105 (ɤɝ/ɫɦ2), ν2=0.2. 

Ɋɚɡɦɟɪɵ ɦɨɞɟɥɢɪɭɟɦɨɝɨ ɩɨɥɭɛɟɫɤɨɧɟɱɧɨɝɨ ɨɫɧɨɜɚɧɢɹ ɜɵɛɢɪɚɥɢɫɶ ɢɡ ɭɫ-
ɥɨɜɢɹ ɡɚɬɭɯɚɧɢɹ ɪɟɲɟɧɢɹ ɩɪɢ ɩɨɥɧɨɦ ɫɰɟɩɥɟɧɢɢ (h2=50 ɫɦ, L=150 ɫɦ, a=8 ɫɦ 
– ɡɨɧɚ ɪɚɫɩɪɟɞɟɥɟɧɧɨɣ ɩɨɜɟɪɯɧɨɫɬɧɨɣ ɧɚɝɪɭɡɤɢ q). Ɋɟɲɟɧɢɟ ɡɚɞɚɱɢ (10) ɨɫɭ-
ɳɟɫɬɜɥɹɥɨɫɶ ɫ ɩɨɦɨɳɶɸ ɩɚɤɟɬɚ ɩɪɢɤɥɚɞɧɵɯ ɩɪɨɝɪɚɦɦ «Cosmos» ɫ ɚɜɬɨɦɚɬɢ-
ɱɟɫɤɢɦ ɩɪɟɞɜɚɪɢɬɟɥɶɧɵɦ «ɫɥɢɹɧɢɟɦ» ɢ «ɪɚɡɴɟɞɢɧɟɧɢɟɦ» ɭɡɥɨɜ, ɫɨɨɬɜɟɬɫɬ-
ɜɭɸɳɢɦ ɡɨɧɚɦ ɫɰɟɩɥɟɧɢɹ, ɩɪɨɫɤɚɥɶɡɵɜɚɧɢɹ ɢ ɨɬɪɵɜɚ. ɂɫɩɨɥɶɡɨɜɚɥɫɹ ɩɥɨ-
ɫɤɢɣ ɤɨɧɟɱɧɵɣ ɷɥɟɦɟɧɬ. Ɋɟɲɟɧɢɹ ɩɪɨɜɨɞɢɥɢɫɶ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɩɭɬɟɦ ɞɪɨɛ-
ɥɟɧɢɹ ɪɚɡɦɟɪɚ ɤɨɧɟɱɧɨɝɨ ɷɥɟɦɟɧɬɚ ɞɨ ɩɨɥɭɱɟɧɢɹ ɡɚɞɚɧɧɨɣ ɬɨɱɧɨɫɬɢ. Ɇɨɞɟɥɶ 
ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɣ ɫɢɫɬɟɦɵ, ɩɪɟɞɫɬɚɜɥɟɧɧɚɹ ɧɚ ɪɢɫ. 1, ɫɨɞɟɪɠɢɬ 1201 ɷɥɟɦɟɧɬ 
ɢ  1292 ɭɡɥɚ.  

Ⱦɥɹ ɨɩɢɫɚɧɢɹ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ ɜɜɟɞɟɧɵ ɛɟɡɪɚɡɦɟɪɧɵɟ ɨɛɨɡɧɚɱɟɧɢɹ ɩɚɪɚ-
ɦɟɬɪɨɜ – χ=E1 /E2, , =h1 /h2, / *q q q , ɝɞɟ q* = 40 (ɤɝ/ɫɦ) – ɩɪɟɞɟɥɶɧɚɹ ɧɚ-
ɝɪɭɡɤɚ, ɞɟɣɫɬɜɭɸɳɚɹ ɧɚ ɜɟɪɯɧɸɸ ɝɪɚɧɢɰɭ ɫɥɨɹ, ɚ ɬɚɤɠɟ b*=b/a, l*=l /a, 

p*=p/q* – ɡɧɚɱɟɧɢɹ ɜɟɤɬɨɪɚ F, ɩɪɢ ɤɨɬɨɪɨɦ ɞɨɫɬɢɝɚɟɬ ɦɢɧɢɦɭɦɚ ɮɭɧɤɰɢɹ 
J(F). 

ɇɚ ɪɢɫ. 2 ɩɪɟɞɫɬɚɜɥɟɧɵ ɡɧɚɱɟɧɢɹ ɨɬɧɨɫɢɬɟɥɶɧɨɣ ɡɨɧɵ ɨɬɪɵɜɚ ɩɪɢ ɫɨɨɬɜɟɬ-
ɫɬɜɭɸɳɟɣ ɧɚɝɪɭɡɤɟ q  ɜ ɡɚɜɢɫɢɦɨɫɬɢ ɨɬ ɤɨɷɮɮɢɰɢɟɧɬɚ ɬɪɟɧɢɹ K ɢ ɨɬɧɨɲɟɧɢɹ 
ɦɨɞɭɥɟɣ ɘɧɝɚ χ. 

 

 
 

Ɋɢɫ. 2. Ɂɚɜɢɫɢɦɨɫɬɶ  ɨɬɧɨɫɢɬɟɥɶɧɨɣ ɡɨɧɵ ɨɬɪɵɜɚ ɨɬ ɧɚɝɪɭɡɤɢ ɩɪɢ =0.2:  

1 – K=0, χ=0.01; 2 –  K=0.3, χ=0.01; 3 – K=0, χ=2; 4 – K=0.3, χ=2 

 

ɇɚ ɪɢɫ. 3, 4 ɩɪɟɞɫɬɚɜɥɟɧɵ ɪɟɡɭɥɶɬɚɬɵ ɢɬɟɪɚɰɢɨɧɧɨɝɨ ɩɪɨɰɟɫɫɚ ɦɟɬɨɞɚ ɜɟɤ-
ɬɨɪɚ ɫɩɚɞɚ. Ɂɞɟɫɶ ɩɪɢɜɟɞɟɧɵ ɡɧɚɱɟɧɢɹ ɨɬɧɨɫɢɬɟɥɶɧɨɝɨ ɪɚɫɤɪɵɬɢɹ ɩɨɜɟɪɯɧɨ-
ɫɬɟɣ ɤɨɧɬɚɤɬɚ ( (1) (2)

1 2 1 2 1 1( ) ( ( ) ( )) /w x u x u x h  ), ɢɡ ɤɨɬɨɪɵɯ ɫɥɟɞɭɟɬ, ɱɬɨ ɜɟɥɢɱɢɧɚ 
ɡɨɧɵ ɨɬɪɵɜɚ ɡɚɜɢɫɢɬ ɨɬ ɢɫɫɥɟɞɭɟɦɵɯ ɩɚɪɚɦɟɬɪɨɜ ɫɭɳɟɫɬɜɟɧɧɨ ɬɨɥɶɤɨ ɜ ɡɨɧɟ 



 ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 17 

 

 169 

ɛɨɥɶɲɢɯ ɧɚɝɪɭɡɨɤ. ȼ ɬɨ ɠɟ ɜɪɟɦɹ ɜɟɥɢɱɢɧɚ ɪɚɫɤɪɵɬɢɹ ɢɡɦɟɧɹɟɬɫɹ ɧɟɥɢɧɟɣɧɨ 
ɧɟ ɬɨɥɶɤɨ ɫ ɢɡɦɟɧɟɧɢɟɦ ɧɚɝɪɭɡɤɢ, ɧɨ ɢ ɜ ɡɚɜɢɫɢɦɨɫɬɢ ɨɬ ɨɬɧɨɫɢɬɟɥɶɧɨɣ ɬɨɥ-
ɳɢɧɵ ɫɥɨɟɜ ɢ ɢɯ ɦɨɞɭɥɟɣ ɜɨ ɜɫɟɦ ɞɢɚɩɚɡɨɧɟ ɧɚɝɪɭɡɨɤ. Ɉɬɦɟɬɢɦ, ɱɬɨ ɜɥɢɹɧɢɟ 
ɬɪɟɧɢɹ ɫɭɳɟɫɬɜɟɧɧɨ ɭɜɟɥɢɱɢɜɚɟɬɫɹ ɩɪɢ ɭɜɟɥɢɱɟɧɢɢ ɨɬɧɨɫɢɬɟɥɶɧɨɣ ɬɨɥɳɢɧɵ 
ɫɥɨɟɜ. 

 

 
   ɚ)                ɛ) 
 

Ɋɢɫ. 3 – Ɉɬɧɨɫɢɬɟɥɶɧɨɟ ɩɟɪɟɦɟɳɟɧɢɟ ɬɨɱɟɤ ɫɥɨɹ ɢ ɨɫɧɨɜɚɧɢɹ ɧɚ ɝɪɚɧɢɰɟ ɪɚɡɞɟɥɚ ɩɪɢ 
1q  , 2χ= : ɚ) 0.1   ; ɛ)  0.2   

 

 

 
ɚ)               ɛ)   

 

Ɋɢɫ. 4 – Ɉɬɧɨɫɢɬɟɥɶɧɨɟ ɩɟɪɟɦɟɳɟɧɢɟ ɬɨɱɟɤ ɫɥɨɹ ɢ ɨɫɧɨɜɚɧɢɹ ɧɚ ɝɪɚɧɢɰɟ ɪɚɡɞɟɥɚ ɩɪɢ 
0.01χ= , 0.2  : ɚ) 0.25q  ; ɛ) 1q   

 

Ɋɟɡɭɥɶɬɚɬɵ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ ɢɞɟɧɬɢɮɢɤɚɰɢɢ ɞɟɦɨɧɫɬɪɢɪɭɟɬ ɬɚɛɥ. 1. ɉɪɢ 
ɪɟɲɟɧɢɢ ɡɚɞɚɱɢ ɜɵɛɪɚɧɵ ɧɚɱɚɥɶɧɵɟ ɩɪɢɛɥɢɠɟɧɢɹ: p0 = 0.05q, b0 = a/4, l0 

=5a;10a ɜ ɡɚɜɢɫɢɦɨɫɬɢ ɨɬ  ɢ η.  

ɂɡ ɩɪɢɜɟɞɟɧɧɵɯ ɞɚɧɧɵɯ (ɬɚɛɥ. 1) ɜɢɞɧɨ, ɱɬɨ ɩɚɪɚɦɟɬɪɵ ɞɨɩɨɥɧɢɬɟɥɶɧɨɝɨ 
ɜɨɡɞɟɣɫɬɜɢɹ p*, l*, b* ɫɭɳɟɫɬɜɟɧɧɨ ɡɚɜɢɫɹɬ ɨɬ ɭɪɨɜɧɹ ɧɚɝɪɭɠɟɧɢɹ, ɝɟɨɦɟɬɪɢ-
ɱɟɫɤɢɯ ɢ ɮɢɡɢɱɟɫɤɢɯ ɫɜɨɣɫɬɜ ɫɢɫɬɟɦɵ. Ɉɬɦɟɬɢɦ, ɱɬɨ ɭɱɟɬ ɬɪɟɧɢɹ ɭɦɟɧɶɲɚɟɬ 
ɧɟɨɛɯɨɞɢɦɨɫɬɶ ɞɨɩɨɥɧɢɬɟɥɶɧɨɝɨ ɜɨɡɞɟɣɫɬɜɢɹ. 

 

 

 

 

 



 ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 17 

 

 170 

Ɍɚɛɥɢɰɚ 1 

             Ɂɚɜɢɫɢɦɨɫɬɶ ɩɚɪɚɦɟɬɪɨɜ ɢɞɟɧɬɢɮɢɤɚɰɢɢ ɨɬ ɩɚɪɚɦɟɬɪɨɜ ɫɢɫɬɟɦɵ 

 
q  K  η p* l* b* min J(F)  

0.075 0.0 2.0 0.2 0.03 7.25 1.75 9.13E-11 

0.075 0.3 2.0 0.2 0.0225 7.75 0.5 1.56E-12 

0.25 0.0 2.0 0.2 0.125 8.25 2.0 5.33E-09 

0.25 0.3 2.0 0.2 0.1 9.0 1.5 1.02E-10 

0.25 0.0 0.01 0.1 0.1 3.25 1 1.95E-08 

0.25 0.3 0.01 0.1 0.0875 3.75 0.25 1.21E-09 

0.25 0.0 0.01 0.2 0.025 3.25 0.75 4.23E-09 

0.25 0.3 0.01 0.2 0.0188 3.5 0.25 1.14E-10 

0.525 0.0 2.0 0.1 0.0525 5.25 1.75 9.55E-08 

0.525 0.3 2.0 0.1 0.05 5.75 1.5 2.54E-09 

1.0 0.0 0.01 0.2 0.1 3.5 1.0 3.02E-08 

1.0 0.3 0.01 0.2 0.075 3.75 0.5 1.15E-09 

 

ȼɵɜɨɞɵ. ɉɪɨɜɟɞɟɧɚ ɩɚɪɚɦɟɬɪɢɡɚɰɢɹ, ɩɨɡɜɨɥɹɸɳɚɹ ɨɫɭɳɟɫɬɜɢɬɶ ɨɩɢɫɚɧɢɟ 
ɹɜɥɟɧɢɹ ɨɞɧɨɫɬɨɪɨɧɧɟɝɨ ɤɨɧɬɚɤɬɚ ɢ ɞɨɩɨɥɧɢɬɟɥɶɧɨɝɨ ɜɨɡɞɟɣɫɬɜɢɹ ɞɥɹ ɩɪɟ-
ɞɨɬɜɪɚɳɟɧɢɹ ɨɬɪɵɜɚ ɜɟɪɯɧɟɝɨ ɫɥɨɹ. ɋɨɡɞɚɧ ɚɥɝɨɪɢɬɦ, ɩɨɡɜɨɥɹɸɳɢɣ ɨɩɪɟɞɟ-
ɥɹɬɶ ɫɨɫɬɨɹɧɢɟ ɡɨɧɵ ɤɨɧɬɚɤɬɚ ɢ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɧɚɩɪɹɠɟɧɧɨ-

ɞɟɮɨɪɦɢɪɭɟɦɨɟ ɫɨɫɬɨɹɧɢɟ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɣ ɞɜɭɯɫɥɨɣɧɨɣ ɫɢɫɬɟɦɵ. ɋɮɨɪɦɭ-
ɥɢɪɨɜɚɧ ɢ ɱɢɫɥɟɧɧɨ ɪɟɚɥɢɡɨɜɚɧ ɦɟɬɨɞ ɜɟɤɬɨɪɚ ɫɩɚɞɚ ɩɪɢɦɟɧɢɬɟɥɶɧɨ ɤ ɪɚɫ-
ɫɦɚɬɪɢɜɚɟɦɨɣ ɡɚɞɚɱɟ, ɩɨɡɜɨɥɹɸɳɢɣ ɨɩɪɟɞɟɥɹɬɶ ɩɚɪɚɦɟɬɪɵ ɢɞɟɧɬɢɮɢɤɚɰɢɢ. 
ɂɫɫɥɟɞɨɜɚɧɨ ɜɥɢɹɧɢɟ  ɮɢɡɢɱɟɫɤɢɯ ɢ ɝɟɨɦɟɬɪɢɱɟɫɤɢɯ ɫɜɨɣɫɬɜ ɫɢɫɬɟɦɵ ɧɚ ɩɚ-
ɪɚɦɟɬɪɵ ɞɨɩɨɥɧɢɬɟɥɶɧɨɝɨ ɜɨɡɞɟɣɫɬɜɢɹ, ɨɛɟɫɩɟɱɢɜɚɸɳɟɝɨ ɨɬɫɭɬɫɬɜɢɟ ɡɨɧɵ 
ɨɬɪɵɜɚ. ɉɨɤɚɡɚɧɨ, ɱɬɨ ɭɱɟɬ ɬɪɟɧɢɹ ɦɚɥɨ ɜɥɢɹɟɬ ɧɚ ɩɚɪɚɦɟɬɪɵ ɜɨɡɞɟɣɫɬɜɢɹ; 

ɨɩɪɟɞɟɥɹɸɳɢɦ ɡɞɟɫɶ ɹɜɥɹɸɬɫɹ ɝɟɨɦɟɬɪɢɱɟɫɤɢɟ ɩɚɪɚɦɟɬɪɵ ɢ ɭɪɨɜɟɧɶ ɨɫɧɨɜ-
ɧɨɝɨ ɧɚɝɪɭɠɟɧɢɹ. ɋɯɨɞɢɦɨɫɬɶ ɩɪɨɰɟɫɫɚ ɢɞɟɧɬɢɮɢɤɚɰɢɢ ɦɟɬɨɞɨɦ ɜɟɤɬɨɪɚ 
ɫɩɚɞɚ ɡɚɜɢɫɢɬ ɨɬ ɜɟɥɢɱɢɧɵ ɧɚɝɪɭɠɟɧɢɹ ɢ ɧɚɥɢɱɢɹ ɬɪɟɧɢɹ. 
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