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The problem of identifying the magnitude and the zone of action on the upper layer of a 

two-layer structure under the action of a normally distributed load and its own weight was 

solved to ensure full contact. The possibility of applying the inverse problem method rea-

lized with the method of the recession vector is investigated. A numerical analysis is made 

of the convergence of the deformation process of the model as a function of the mechanical 

and geometric parameters of the system. 

 :   ,  , -
 ,   . 

.       -
  ,  ,  -

      .  -
         -
.        

 ,      -
 . 

         
–          -

    .    -
  [1] – [3].   [1]     

  –   ,   -
 ,    ( ).   

      .   [2] 
  ,     :   

___________________________________________ 

©  . .,  . .,  . ., 2017 



 ISSN 2074-5893      .   17 

 

 163 

    ,       -
 ,     .    

  [3]    ,  -
   –   . 

      . 
,   [4]       -

         -
       -

          -
-    .   [5]    -

       
,       -

 .  ,     [6], 
       -

    .  ,  -
      –  -
-       -

   .  ,     -
 ,     , 

       -
,    . .     -

 . 
 .     -

    p ( . 1),    
    ,   -

 

  ( ) ( ) 2 ( ) (1) (2)

1 2 1 2 1 2 2, , , , 0 , 0k k k k k

k x x x x R x x h h x             , 

     q(x1), 0  q(x1)  q*,   
q*–   , k –  . 

        
k  h2 /h1>>1    

   graddiv 0k k

k k ku u Q     ,                                       (1) 

  1 2,
T

k k k
u u u  –   k –  , 

  
νλ

1 ν 1 2ν
k

k k

k k

E
 

, 

 2 1

k
k

k

E



 –  , Ek, νk  –    -

  (k=1,2)     (k = 1)    
(k = 2);  Q– ,   . 
 



 ISSN 2074-5893      .   17 

 

 164 

 
. 1.     

 

   x2 = h1   
   1 1 1, ( ) ( ),p x l b x l b l b x l b           ,  1 1,q x a x a    . 

 ,   
   1

22σ u q , 
1 qx  , 

   1

22σ u p , 
1 px  , 

   1

22 0σ u  , 
1 qx  , 

1 px  , 

                          1

12 0σ u  , 
1x   ,                                     (2)

   

    k

ijσ u , i, j=1,2 – ,   . 
       (x2 = 0)    k 

     
      1 2

22 22σ σ ,  
2 0
k

u  ,   
22 0
kσ  ,    

2 22 0
k k

u σ  , 1,2k  .          (3) 

,    C, , O,  -
 ,    ,   

C  O = k, C    O =. 

   x1 C    

                            

       

   

1 2 1 2

1 1 2 2

1 1

12 22

, ,

σ σ ,

u u u u

K

 


                                        (4)  

 K –  . 
     x1  

                         1 1 2 2

2 1 1 2 1 1u x u u x u   , (k) ( )

12 22 0kσ K σ  ,    1 2

1 1u u .              (5) 

     x1 O 

                                                 
22 0
kσ  ,  

12 0
kσ  .                                                (6) 

  k

ijσ ,  k

iu , i, j=1,2 –       



 ISSN 2074-5893      .   17 

 

 165 

k –  , k=1,2. 

 ,     0  q  q   -
     ,   
     q = q     

  q > q  ( . 2). 
      p, -

    z1  x1  z2, – z2  x1 – z1, x2=0,  σ22=0, -
    B=l, b, pT

  . -
   B    

                                          argmin ( )
B B

B J B





,                          (7) 

                            2
(1) (2) 2

2 2 1( ) ( ) ε
L

L

J u B u B dx


        ,                                  (8) 

 << 1 –  , B  –    B,  
2

i
u  –  

  
2 1( ,0)
i

u x     B    k. 

    .    
    -   -

     B [7]. 

       
    C, , O   

                       

 

 

12 22

1

12 22

22

2

22

1 σ σ , ,
γ

0 σ σ , ;

0 σ 0, ,
γ

1 σ 0, .

C

O

O

K x
x

K x

x
x

x

  
 
 

   

                                        (9) 

   (9)       (1– 6) 

    
           *argmin ,

W W

W Э u u





                         (10) 

    (4),  u = u
kT

 , W =  u, u
*T

, 

 

           

        
2 1

( )2
2 2 2

1 2 2 1 2 1 2 1

1 ( )

( ) ( ) ( ) ( ) * ( ) ( ) *

1 22 1 2 22 2 2 12 1 1

1
, ε ε

2

γ γ σ σ ; (11)

k

k

l ba l b

ijlm k k

k ij lm

k a l b l b
x h

k k k k k k

k k k

Э u u C u u dx dx u qdx u pdx u pdx

K u u u u u u u u d

 

     


      
   

        


    



 

i
ij

j

uε
x





, i, j,l,m = 1,2, 
*

iku  –      

,    
,

k k

ijσ u  –       k   
 . 

    (10)     



 ISSN 2074-5893      .   17 

 

 166 

   -  .    
 k         Xs, 1,s N ,  

Xs = x1s, x2s;    u (x), σij (x), u* (x)   
 ,        
 . 

  

         
       

* *

* * * *

,σ σ , , , ,

, ,γ γ , γ γ ,

, 1,2, 1, , 1,2.

TT

i ij ijs i i ik ik iks

T T T

i ik ik iks k k ks

u u u u u u u u

u u u u

i j s N k

    

   

  

         (12) 

,    k,   P = p1, p2,..., pM,  M 

   .    P  
   

 

 
11 2, ,...,C C C C

rP p p p ,  
21 2, ,..., rP p p p ,  

31 2, ,...,O O O O

rP p p p ,  

  
1 2 3r r r M   ,                                                (13) 

   ,   , -
      k    -

 (9). 
  -     

(11),     (10)   
   N –   

                                                      Au R ,                                                      (14) 

  * 0isЭ u   , i = 1,2, 1,s N , *Э  –  -
 Э        -

  , A –  ,   -
  , R – ,   u*. 

    ,  

                                                      σ Du ,                                                     (15) 

  , , 1,2, 1,
T

ijsσ σ i j s N   , D –   , 
     . 

    Э   *

isu , 1,s N     
  

                                               1 1 1* *n n n n
u u α σ    .                                         (16) 

 

           1 1 1 1 1

12 22σ σ ,σ σ σ , 1, ,
T T

n n n n n

s s s s s N
      

 
 n –  . 

 (n)
     

                                                  1*argmin
n n

α
α Э u                                        (17) 



 ISSN 2074-5893      .   17 

 

 167 

  . 
  ks      (9).  

     [7]. 
       . 
 ,    p,   1 2, ,...,

j j jk
C x x x    -

  ,F C p   ,   1 2, ,...,
k k kp

C x x x
 –     -

 . 
 J      

                (1) (2) (1) (2) 2

2 2 2 2( ( ) ( )) ( ( ) ( )) εT
J u F u F u F u F           ,                          (18) 

  (7)     
                                           argmin ( )

F F

F J F





.                                            (19) 

 W –   , F –   
, F W ,   W  –      

                                        
1

2 2

1 2 1 2

1

ρ ( , ) ( )
M

i i

i

F F f f




  ,                                 (20) 

 f 1i, f2i  –    F1, F2   W. 

 F   –      (7). -
  W   F     r1     

kF  , 1,12k  ,    ( )   
C       s = xk1, s = xkp    -

 p. 

   J     W    F   -
     ( ) ( )k kJ F J F    ,  

kF  , 1,12k  , – 

   ,    W , 

 ( ), ( )kJ F J F          [7]. 

,    k  0    F      -
   J(F).   k < 0   

* mink k   ,  

 
kF        J(F). 

,   ,  : 
. 

1.    F0,   
kF  , 1,12k  . 

2.       F0   

kF     J(F)    1.   k  0, 1,12k  , 

 J(F0) = minJ(F). 

3.  k  < 0  1,12k  ,   Fk*,  mink, 

     Fk* = F0. 

4.   .2.     ,  k < 0. 

   .    



 ISSN 2074-5893      .   17 

 

 168 

     ,  -
 :       

ρ=2.76·10-3 ( / 3),   E1=7.6·104 ( / 2)    
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q  K  η p* l* b* min J(F)  

0.075 0.0 2.0 0.2 0.03 7.25 1.75 9.13E-11 

0.075 0.3 2.0 0.2 0.0225 7.75 0.5 1.56E-12 

0.25 0.0 2.0 0.2 0.125 8.25 2.0 5.33E-09 

0.25 0.3 2.0 0.2 0.1 9.0 1.5 1.02E-10 

0.25 0.0 0.01 0.1 0.1 3.25 1 1.95E-08 

0.25 0.3 0.01 0.1 0.0875 3.75 0.25 1.21E-09 

0.25 0.0 0.01 0.2 0.025 3.25 0.75 4.23E-09 

0.25 0.3 0.01 0.2 0.0188 3.5 0.25 1.14E-10 

0.525 0.0 2.0 0.1 0.0525 5.25 1.75 9.55E-08 

0.525 0.3 2.0 0.1 0.05 5.75 1.5 2.54E-09 

1.0 0.0 0.01 0.2 0.1 3.5 1.0 3.02E-08 

1.0 0.3 0.01 0.2 0.075 3.75 0.5 1.15E-09 
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