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ȼ.Ʌ. ȼɨɥɨɲɤɨ  
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦ. Ɉ. Ƚɨɧɱɚɪɚ 

ɈɉɌɂɆȺɅɖɇȿ ȽɊȺɇɂɑɇȿ ɄȿɊɍȼȺɇɇə 

ɉȺɊȺɆȿɌɊȺɆɂ  ɇȿɈȾɇɈɊȱȾɇɈȽɈ ȻȱȽȺɊɆɈɇȱɑɇɈȽɈ 

Ɋȱȼɇəɇɇə. ɈȻȽɊɍɇɌɍȼȺɇɇə ɆȿɌɈȾɍ ɊɈɁȼ’əɁɍȼȺɇɇə ɁȺȾȺɑȱ 

 
Ɋɨɡɝɥɹɧɭɬɨ ɡɚɞɚɱɭ ɡɧɚɯɨɞɠɟɧɧɹ ɨɩɬɢɦɚɥɶɧɨʀ ɮɭɧɤɰɿʀ ɝɪɚɧɢɱɧɢɯ ɭɦɨɜ ɧɟɨɞɧɨɪɿɞ-

ɧɨɝɨ ɛɿɝɚɪɦɨɧɿɱɧɨɝɨ ɪɿɜɧɹɧɧɹ.  Ⱦɨɫɥɿɞɠɟɧɢɣ ɮɭɧɤɰɿɨɧɚɥ ɹɤɨɫɬɿ  ɜ ɩɪɨɫɬɨɪɿ ɋɨɛɨɥєɜɚ 
ɬɚ ɡɧɚɣɞɟɧɚ ɣɨɝɨ ɩɨɯɿɞɧɚ Ɏɪɟɲɟ  ɞɥɹ ɡɚɫɬɨɫɭɜɚɧɧɹ ɨɞɧɨɝɨ ɡ ɜɚɪɿɚɧɬɿɜ ɝɪɚɞɿєɧɬɧɢɯ 
ɦɟɬɨɞɿɜ. 

Ɋɚɫɫɦɨɬɪɟɧɚ ɡɚɞɚɱɚ ɧɚɯɨɠɞɟɧɢɹ ɨɩɬɢɦɚɥɶɧɨɣ ɮɭɧɤɰɢɢ ɝɪɚɧɢɱɧɵɯ ɭɫɥɨɜɢɣ ɧɟɨɞ-
ɧɨɪɨɞɧɨɝɨ ɛɢɝɚɪɦɨɧɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ. ɂɫɫɥɟɞɨɜɚɧ ɮɭɧɤɰɢɨɧɚɥ ɤɚɱɟɫɬɜɚ ɜ ɩɪɨ-
ɫɬɪɚɧɫɬɜɟ ɋɨɛɨɥɟɜɚ ɢ ɧɚɣɞɟɧɚ ɟɝɨ ɩɪɨɢɡɜɨɞɧɚɹ Ɏɪɟɲɟ ɞɥɹ ɩɪɢɦɟɧɟɧɢɹ ɨɞɧɨɝɨ ɢɡ ɜɚ-
ɪɢɚɧɬɨɜ ɝɪɚɞɢɟɧɬɧɵɯ ɦɟɬɨɞɨɜ. 

Problem of boundary conditions optimal function finding for inhomogeneous biharmon-

ic equation has been considered. Cost functional in Sobolev space has been investigated and 

its Frechet derivative has been found. It was accomplished for gradient descent method 

applying. 

 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɛɿɝɚɪɦɨɧɿɱɧɟ ɪɿɜɧɹɧɧɹ, ɭɡɚɝɚɥɶɧɟɧɚ ɮɭɧɤɰɿɹ, ɝɪɚɞɿєɧɬɧɢɣ 
ɦɟɬɨɞ, ɨɩɬɢɦɚɥɶɧɟ ɤɟɪɭɜɚɧɧɹ 

ȼɫɬɭɩ.  Ɍɨɱɧɿɫɬɶ ɪɨɡɜ’ɹɡɤɭ ɥɿɧɿɣɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ є ɜɢɫɨɤɨɸ [4]. Ɉɬɠɟ, 
ɜɢɤɨɪɢɫɬɚɜɲɢ ɣɨɝɨ ɹɤ ɛɚɡɨɜɢɣ, ɦɨɠɧɚ ɨɬɪɢɦɚɬɢ ɞɨɫɬɚɬɧɶɨ ɟɮɟɤɬɢɜɧɢɣ 
ɪɨɡɜ’ɹɡɨɤ ɜɿɞɩɨɜɿɞɧɨʀ ɧɟɥɿɧɿɣɧɨʀ ɡɚɞɚɱɿ.  ɋɚɦɟ ɬɚɤɨɝɨ ɪɨɞɭ  ɩɪɨɛɥɟɦɚ ɪɨɡɝɥɹ-
ɞɚєɬɶɫɹ ɞɚɥɿ, ɚ ɫɚɦɟ, ɡɚɞɚɱɚ ɜɿɞɧɨɜɥɟɧɧɹ ɨɩɬɢɦɚɥɶɧɢɯ ɤɪɚɣɨɜɢɯ ɭɦɨɜ ɛɿɝɚɪ-
ɦɨɧɿɱɧɨɝɨ ɧɟɨɞɧɨɪɿɞɧɨɝɨ ɪɿɜɧɹɧɧɹ [1]. Ɏɭɧɤɰɿɨɧɚɥ ɹɤɨɫɬɿ ɞɨɫɥɿɞɠɭєɬɶɫɹ ɧɚ 
ɨɩɭɤɥɿɫɬɶ [2]. ȼ ɨɫɧɨɜɿ ɫɩɨɫɨɛɭ ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɥɟɠɢɬɶ ɨɞɢɧ ɿɡ ɜɚɪɿɚɧɬɿɜ ɝɪɚɞɿ-
єɧɬɧɨɝɨ ɦɟɬɨɞɭ [2], ɞɥɹ ɣɨɝɨ ɡɚɫɬɨɫɭɜɚɧɧɹ ɡɧɚɯɨɞɢɬɶɫɹ ɮɭɧɤɰɿɨɧɚɥɶɧɚ ɩɨɯɿɞ-
ɧɚ [7]. ȼɢɤɥɚɞɟɧɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɤɭ ɩɨɫɬɚɜɥɟɧɨʀ ɡɚɞɚɱɿ.  

ɉɨɫɬɚɧɨɜɤɚ ɨɩɬɢɦɿɡɚɰɿɣɧɨʀ ɡɚɞɚɱɿ. 
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,   Ss 0  – ɩɪɢɪɨɞɧɢɣ ɩɚɪɚɦɟɬɪ 

(ɞɨɜɠɢɧɚ ɤɪɢɜɨʀ), r – ɜɿɞɫɬɚɧɶ ɦɿɠ ɬɨɱɤɚɦɢ: ,)()(),;,( 22   yxyxr   
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),()(   s  − ɜɧɭɬɪɿɲɧɹ ɧɨɪɦɚɥɶ, ɳɨ ɩɪɨɜɟɞɟɧɚ ɞɨ ɤɪɢɜɨʀ  Ƚ, 
2

R – 

ɨɛɥɚɫɬɶ, ɨɛɦɟɠɟɧɚ ɥɿɩɲɢɰɟɜɢɦ ɤɨɧɬɭɪɨɦ Ƚ, )(),( 2  Hyxww  – ɧɟɜɿɞɨɦɚ 
ɮɭɧɤɰɿɹ, )(),( 2  

Hyxf  – ɮɭɧɤɰɿɹ ɩɪɚɜɨʀ ɱɚɫɬɢɧɢ ɪɿɜɧɹɧɧɹ (1) ɡɚɞɚɧɚ ɜ 
ɨɛɥɚɫɬɿ  , )(),(),(),( 2/12/3 ΓHyxΓHyx    – ɮɭɧɤɰɿʀ ɤɪɚɣɨɜɢɯ ɭɦɨɜ (2) 

ɡɚɞɚɧɿ ɧɚ ɤɨɧɬɭɪɿ Ƚ, n – ɜɧɭɬɪɿɲɧɹ ɧɨɪɦɚɥɶ ɜ ɬɨɱɰɿ Γyx ),( [5]. 

əɤ ɜɿɞɨɦɨ [6], ɮɭɧɞɚɦɟɧɬɚɥɶɧɢɣ  ɪɨɡɜ’ɹɡɨɤ ɪɿɜɧɹɧɧɹ (1)  є  

),;,(ln),;,(),;,( 211  yxryxryxKK  . 
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Ɍɨɞɿ  ɦɨɠɧɚ ɨɬɪɢɦɚɬɢ . [6] ɪɨɡɜ’ɹɡɨɤ  ɡɚɞɚɱɿ  (1) – (2): 
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ɹɤɢɣ ɡɚɥɟɠɢɬɶ ɜɿɞ ɩɪɚɜɨʀ ɱɚɫɬɢɧɢ ɪɿɜɧɹɧɧɹ ɿ ɮɭɧɤɰɿɣ ɤɪɚɣɨɜɢɯ ɭɦɨɜ. ɉɪɢɩɭɫ-
ɬɢɜɲɢ, ɳɨ ɮɭɧɤɰɿʀ )(),( 2  

Hyxf  ɿ )(),( 2/3 ΓHyx   ɡɚɞɚɧɿ, ɩɨɫɬɚɜɢɦɨ ɡɚ-
ɞɚɱɭ ɡɧɚɯɨɞɠɟɧɧɹ )(),( 2/1 ΓHyx   ɿ ),(),( 2 Hyxw  ɹɤɿ ɧɚɞɚɸɬɶ ɦɿɧɿɦɭɦ 
ɮɭɧɤɰɿɨɧɚɥɭ 
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ɞɟ )(),( 2 Hyxwfixed  – ɞɟɹɤɚ ɡɚɞɚɧɚ ɮɭɧɤɰɿɹ. Ʉɨɪɨɬɤɨ ɡɚɞɚɱɚ ɦɿɧɿɦɿɡɚɰɿʀ 
ɡɚɩɢɫɭєɬɶɫɹ ɬɚɤ 
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ɞɟ  Ɋ – ɦɧɨɠɢɧɚ ɞɨɩɭɫɬɢɦɢɯ ɪɨɡɜ’ɹɡɤɿɜ.
 

    ɉɨɯɿɞɧɚ Ɏɪɟɲɟ ɜɿɞ ɮɭɧɤɰɿɨɧɚɥɭ ɹɤɨɫɬɿ. Ɉɛґɪɭɧɬɭɜɚɧɧɹ ɦɟɬɨɞɭ ɪɨɡɜ’ɹɡɚɧɧɹ 
ɡɚɞɚɱɿ.  Ɂɜɚɠɚɸɱɢ ɧɚ ɫɤɥɚɞɧɿɫɬɶ ɚɧɚɥɿɬɢɱɧɨɝɨ ɜɢɝɥɹɞɭ ɮɭɧɤɰɿɨɧɚɥɭ ɹɤɨɫɬɿ (3), 
ɞɥɹ ɩɨɞɚɥɶɲɨɝɨ ɞɨɫɥɿɞɠɟɧɧɹ ɞɨɰɿɥɶɧɨ ɩɪɟɞɫɬɚɜɢɬɢ ɣɨɝɨ ɹɤ ɫɭɩɟɪɩɨɡɢɰɿɸ 
ɬɪɶɨɯ ɮɭɧɤɰɿɣ. ɐɟ ɫɩɪɨɳɭє ɡɧɚɯɨɞɠɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɶɧɨʀ ɩɨɯɿɞɧɨʀ ɬɚ ɜɫɬɚ-
ɧɨɜɥɟɧɧɹ ɨɩɭɤɥɨɫɬɿ ɮɭɧɤɰɿɨɧɚɥɭ (3). Ɉɬɠɟ, ɧɟɯɚɣ 
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Ⱦɢɮɟɪɟɧɰɿɣɨɜɚɧɿɫɬɶ ɡɚ Ɏɪɟɲɟ ɞɨɜɟɞɟɧɨ. ɉɨɯɿɞɧɚ Ɏɪɟɲɟ (ɫɢɥɶɧɚ ɩɨɯɿɞɧɚ) 
ɦɚє ɜɢɝɥɹɞ 

   .),(),(2
)(1 







dxdyyxwyxw

w

wI
fixed  (8) 

ɉɨɤɚɠɟɦɨ, ɳɨ ɮɭɧɤɰɿɨɧɚɥ (4) ɨɩɭɤɥɢɣ. ɉɨɡɧɚɱɢɦɨ ɜ ɧɶɨɦɭ 
)).,(),((),( yxwyxwyxw fixed  Ɂɝɿɞɧɨ ɤɥɚɫɢɱɧɨɝɨ ɜɢɡɧɚɱɟɧɧɹ ɨɩɭɤɥɨɫɬɿ [2], 
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ȼ ɧɚɲɨɦɭ ɜɢɩɚɞɤɭ 
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ɇɟɪɿɜɧɿɫɬɶ ɞɨɜɟɞɟɧɨ, ɨɬɠɟ, ɮɭɧɤɰɿɨɧɚɥ (4) ɨɩɭɤɥɢɣ. 

Ⱥɧɚɥɨɝɿɱɧɨɧɨ ɨɬɪɢɦɭєɦɨ ɩɨɯɿɞɧɿ Ɏɪɟɲɟ ɬɚ ɨɩɭɤɥɿɫɬɶ ɮɭɧɤɰɿɨɧɚɥɿɜ (5)–(6), ɚ 
ʀɯ  ɩɨɯɿɞɧɿ Ɏɪɟɲɟ  ɦɚɸɬɶ ɜɢɝɥɹɞ 
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Ɋɨɡɝɥɹɞ ɜɥɚɫɬɢɜɨɫɬɟɣ ɫɤɥɚɞɨɜɢɯ ɮɭɧɤɰɿɨɧɚɥɭ (3) ɡɚɜɟɪɲɟɧɨ. Ɍɟɩɟɪ ɦɨɠɟ-
ɦɨ ɡɚɩɢɫɚɬɢ ɮɭɧɤɰɿɨɧɚɥɶɧɭ ɩɨɯɿɞɧɭ Ɏɪɟɲɟ ɿ ɡɪɨɛɢɬɢ ɜɢɫɧɨɜɨɤ ɳɨɞɨ 
ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ (1) – (2), (4). 
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ȼ [7] ɧɚɜɟɞɟɧɨ ɬɟɯɧɿɤɭ ɡɧɚɯɨɞɠɟɧɧɹ ɩɨɯɿɞɧɨʀ Ɏɪɟɲɟ ɭ ɜɢɩɚɞɤɭ 
ɫɭɩɟɪɩɨɡɢɰɿʀ ɮɭɧɤɰɿɣ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɬɟɨɪɟɦɢ Ʌɚɝɪɚɧɠɚ. ɋɥɿɞɭɸɱɢ ʀɣ ɬɚ 
ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ ɜɢɪɚɡɢ (8), (9), (10), ɨɫɬɚɬɨɱɧɨ ɨɬɪɢɦɚєɦɨ ɮɭɧɤɰɿɨɧɚɥ 
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(11) 

ɹɤɢɣ  ɜɿɞɩɨɜɿɞɚє ɭɦɨɜɚɦ ɬɟɨɪɟɦɢ  ɩɪɨ ɨɩɭɤɥɿɫɬɶ ɫɭɩɟɪɩɨɡɢɰɿʀ ɮɭɧɤɰɿɣ [2]. 
Ɉɱɟɜɢɞɧɨ, ɳɨ ɰɟɣ ɮɭɧɤɰɿɨɧɚɥ ɧɚɩɿɜɧɟɩɟɪɟɪɜɧɢɣ ɡɧɢɡɭ. Ɉɬɠɟ, ɡɝɿɞɧɨ ɬɟɨɪɟɦ, 
ɧɚɜɟɞɟɧɢɯ ɜ [2], ɦɚєɦɨ ɧɚɫɬɭɩɧɢɣ ɪɟɡɭɥɶɬɚɬ. əɤɳɨ ɜ ɮɭɧɤɰɿɨɧɚɥɿ (3) 

),(),( 2 Hyxw  ),(),( 2  
Hyxf  )(),(),(),( 2/12/3 ΓHyxΓHyx   , ɬɨ  ɜɿɧ 

є ɨɩɭɤɥɢɦ, ɞɥɹ ɧɶɨɝɨ ɿɫɧɭє ɩɨɯɿɞɧɚ Ɏɪɟɲɟ. ɇɚ ɦɧɨɠɢɧɿ Ɋ ɜɢɡɧɚɱɟɧɧɹ 
ɮɭɧɤɰɿɨɧɚɥɭ ɿɫɧɭє єɞɢɧɢɣ ɦɿɧɿɦɭɦ, ɹɤɢɣ ɞɨɫɹɝɚєɬɶɫɹ ɩɪɢ 

,)),(*),,(*( Pyxyxw  ɬɨɛɬɨ ),,(min*)*,(
),(




wIwI
Pw 

  ɞɟ ),(* yxw  ɪɨɡɜ’ɹɡɨɤ 

ɡɚɞɚɱɿ (1) – (2) ɩɪɢ ɮɭɧɤɰɿʀ ),(* yx  ɞɪɭɝɨʀ ɤɪɚɣɨɜɨʀ ɭɦɨɜɢ. 

Ⱦɥɹ ɡɧɚɯɨɞɠɟɧɧɹ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ (1) – (2), (4) ɛɭɥɨ ɨɛɪɚɧɨ ɨɞɢɧ ɡ ɜɚɪɿɚɧɬɿɜ 
ɝɪɚɞɿєɧɬɧɨɝɨ ɦɟɬɨɞɭ. əɤ ɜɿɞɨɦɨ [2], ɹɤɳɨ 0),(   wI , ɬɨ ɧɚɩɪɹɦɨɤ ɧɚɣɲ-
ɜɢɞɲɨɝɨ ɫɩɚɞɚɧɧɹ ɫɩɿɜɩɚɞɚє ɡ ɧɚɩɪɹɦɤɨɦ ɚɧɬɢɝɪɚɞɿєɧɬɚ  ),(  wI  . ɋɚɦɟ ɰɹ 
ɜɥɚɫɬɢɜɿɫɬɶ ɥɟɠɢɬɶ ɜ ɨɫɧɨɜɿ ɝɪɚɞɿєɧɬɧɢɯ ɦɟɬɨɞɿɜ, ɹɤɿ ɦɚɸɬɶ ɬɚɤɿ ɩɟɪɟɜɚɝɢ: 
ɞɨɫɬɚɬɧɶɨ ɩɪɨɫɬɿ ɜ ɪɟɚɥɿɡɚɰɿʀ; ɜɢɦɨɝɢ ɞɨ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ɧɟ є ɞɭɠɟ ɠɨɪɫɬɤɢ-
ɦɢ – ɞɨɫɬɚɬɧɶɨ ɿɫɧɭɜɚɧɧɹ ɩɨɯɿɞɧɨʀ ɮɭɧɤɰɿɨɧɚɥɭ; ʀɯɧє ɡɚɫɬɨɫɭɜɚɧɧɹ ɞɨɰɿɥɶɧɟ ɭ 
ɜɢɩɚɞɤɭ, ɤɨɥɢ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ ɡɧɚɯɨɞɢɬɶɫɹ ɞɚɥɟɤɨ ɜɿɞ ɬɨɱɤɢ ɦɿɧɿɦɭɦɭ 
ɮɭɧɤɰɿɨɧɚɥɭ; ɤɪɨɤɢ ɜɡɞɨɜɠ ɚɧɬɢɝɪɚɞɿєɧɬɚ ɞɨɡɜɨɥɹɸɬɶ ɡɧɚɱɧɨ ɡɦɟɧɲɢɬɢ ɡɧɚ-
ɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɭ [3]. 

ɋɭɬɶ ɝɪɚɞɿєɧɬɧɢɯ ɦɟɬɨɞɿɜ ɩɨɥɹɝɚє ɜ ɧɚɫɬɭɩɧɨɦɭ: ɧɟɯɚɣ ),(0
yx  – ɨɛɪɚɧɟ 

ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ. Ɍɨɞɿ ɝɪɚɞɿєɧɬɧɢɣ ɦɟɬɨɞ ɩɨɥɹɝɚє ɜ ɩɨɛɭɞɨɜɿ 
ɩɨɫɥɿɞɨɜɧɨɫɬɿ  ),( yx

k  ɡɚ ɩɪɚɜɢɥɨɦ 
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Ɋɚɡɨɦ ɡ (12) ɩɪɢɪɨɞɧɿɦ ɱɢɧɨɦ ɜɢɧɢɤɚє ɩɨɫɥɿɞɨɜɧɿɫɬɶ  ),( yxw
k , ɱɥɟɧɢ ɹɤɨʀ є 

ɪɨɡɜ’ɹɡɤɚɦɢ ɜɿɞɩɨɜɿɞɧɢɯ ɥɿɧɿɣɧɢɯ ɤɪɚɣɨɜɢɯ ɡɚɞɚɱ (1) – (2) ɧɚ ɤɨɠɧɨɦɭ ɤɪɨɰɿ 
ɿɬɟɪɚɰɿɣɧɨɝɨ ɩɪɨɰɟɫɭ. 

ȼɢɫɧɨɜɨɤ. ɋɮɨɪɦɭɥɶɨɜɚɧɚ ɦɚɬɟɦɚɬɢɱɧɚ ɩɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɝɪɚɧɢɱɧɨɝɨ ɤɟɪɭɜɚɧɧɹ ɞɥɹ ɧɟɨɞɧɨɪɿɞɧɨɝɨ ɛɿɝɚɪɦɨɧɿɱɧɨɝɨ ɪɿɜɧɹɧɧɹ. Ɂɧɚɣɞɟɧɨ 
ɩɨɯɿɞɧɭ Ɏɪɟɲɟ ɜɿɞ ɮɭɧɤɰɿɨɧɚɥɭ ɹɤɨɫɬɿ. Ⱦɨɜɟɞɟɧɨ, ɳɨ ɪɨɡɜ’ɹɡɨɤ ɩɨɫɬɚɜɥɟɧɨʀ 
ɡɚɞɚɱɿ ɿɫɧɭє, єɞɢɧɢɣ ɿ ɞɨɫɹɝɚєɬɶɫɹ ɧɚ ɦɧɨɠɢɧɿ ɣɨɝɨ ɜɢɡɧɚɱɟɧɧɹ. 
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Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 
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