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Ʌ.Ʌ. Ƚɚɪɬ 
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦ. Ɉ. Ƚɨɧɱɚɪɚ 

ȱɌȿɊȺɐȱɃɇȱ ɉɊɈɐȿɋɂ ɊɈɁȼ’əɁȺɇɇə ɇȿɅȱɇȱɃɇɂɏ 

ɈɉȿɊȺɌɈɊɇɂɏ Ɋȱȼɇəɇɖ, ɉɈȾȱȻɇȱ ȾɈ ɆȿɌɈȾɍ ɇɖɘɌɈɇȺ, 
ɌȺ Ȳɏ ɆɈȾɂɎȱɄȺɐȱȲ 

Ⱦɨɫɥɿɞɠɟɧɨ ɿɬɟɪɚɰɿɣɧɿ ɦɟɬɨɞɢ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɥɿɧɿɣɧɢɯ ɨɩɟɪɚɬɨɪɧɢɯ ɪɿɜɧɹɧɶ (ɜ ɬɨ-
ɦɭ ɱɢɫɥɿ, ɩɚɪɚɦɟɬɪɢɱɧɢɯ) ɭ ɛɚɧɚɯɨɜɨɦɭ ɩɪɨɫɬɨɪɿ, ɨɫɧɨɜɚɧɿ ɧɚ ɦɟɬɨɞɿ ɇɶɸɬɨɧɚ ɬɚ 
ɩɨɞɿɛɧɢɯ ɞɨ ɧɶɨɝɨ ɩɪɨɰɟɫɚɯ. Ⱦɨɜɟɞɟɧɨ ɬɟɨɪɟɦɢ ɩɪɨ ɡɛɿɠɧɿɫɬɶ, ɨɬɪɢɦɚɧɨ ɨɰɿɧɤɢ ɩɨ-
ɯɢɛɤɢ. 

ɂɫɫɥɟɞɨɜɚɧɵ ɢɬɟɪɚɰɢɨɧɧɵɟ ɦɟɬɨɞɵ ɪɟɲɟɧɢɹ ɧɟɥɢɧɟɣɧɵɯ ɨɩɟɪɚɬɨɪɧɵɯ ɭɪɚɜɧɟ-
ɧɢɣ (ɜ ɬɨɦ ɱɢɫɥɟ, ɩɚɪɚɦɟɬɪɢɱɟɫɤɢɯ) ɜ ɛɚɧɚɯɨɜɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ, ɨɫɧɨɜɚɧɧɵɟ ɧɚ ɦɟɬɨ-
ɞɟ ɇɶɸɬɨɧɚ ɢ ɩɨɞɨɛɧɵɯ ɟɦɭ ɩɪɨɰɟɫɫɚɯ. Ⱦɨɤɚɡɚɧɵ ɬɟɨɪɟɦɵ ɨ ɫɯɨɞɢɦɨɫɬɢ, ɩɨɥɭɱɟɧɵ 

ɨɰɟɧɤɢ ɩɨɝɪɟɲɧɨɫɬɢ. 

We study iterative methods for solving nonlinear operator equations (including 

parametric ones) in a Banach space based on the Newton method and similar processes. 

Theorems on convergence are proved, estimates of the error are obtained. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɧɟɥɿɧɿɣɧɟ ɨɩɟɪɚɬɨɪɧɟ ɪɿɜɧɹɧɧɹ, ɩɨɯɿɞɧɚ Ɏɪɟɲɟ, ɦɟɬɨɞ ɇɶɸɬɨɧɚ, 

ɿɬɟɪɚɰɿɣɧɢɣ ɩɪɨɰɟɫ, ɡɛɿɠɧɿɫɬɶ, ɧɚɛɥɢɠɟɧɢɣ ɪɨɡɜ’ɹɡɨɤ, ɩɨɯɢɛɤɚ. 

ȼɫɬɭɩ. Ɉɞɧɢɦ ɡ ɨɫɧɨɜɧɢɯ ɿɬɟɪɚɰɿɣɧɢɯ ɦɟɬɨɞɿɜ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɥɿɧɿɣɧɨɝɨ 
ɪɿɜɧɹɧɧɹ ɜɢɞɭ 

fu A  ,                                                      (1) 

ɡ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɢɦ ɡɚ Ɏɪɟɲɟ ɨɩɟɪɚɬɨɪɨɦ A , ɳɨ ɞɿє ɡ ɛɚɧɚɯɨɜɚ ɩɪɨɫɬɨɪɭ X  
ɜ ɛɚɧɚɯɨɜɢɣ ɩɪɨɫɬɿɪ Y  ( Yf    ɜɿɞɨɦɢɣ ɟɥɟɦɟɧɬ), є ɦɟɬɨɞ ɇɶɸɬɨɧɚ-

Ʉɚɧɬɨɪɨɜɢɱɚ, ɹɤɢɣ ɩɨɥɹɝɚє ɜ ɬɨɦɭ, ɳɨ ɞɥɹ ɡɧɚɯɨɞɠɟɧɧɹ ɧɚɫɬɭɩɧɨɝɨ ɧɚɛɥɢ-
ɠɟɧɧɹ )( 1ku   ɞɨ ɬɨɱɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ Xu*  ɪɿɜɧɹɧɧɹ (1) ɥɿɧɟɚɪɢɡɭєɬɶɫɹ ɜ ɬɨɱɰɿ 

)(ku  ( ,... ,10k  , Xu 0 )( ), ɿ ɨɞɟɪɠɚɧɟ ɥɿɧɿɣɧɟ ɪɿɜɧɹɧɧɹ ɪɨɡɜ’ɹɡɭєɬɶɫɹ ɬɨɱɧɨ. 
Ɇɟɬɨɞ ɇɶɸɬɨɧɚ-Ʉɚɧɬɨɪɨɜɢɱɚ (ɦɟɬɨɞ ɇɶɸɬɨɧɚ ɚɛɨ ɞɨɬɢɱɧɢɯ – ɭ ɜɢɩɚɞɤɭ 
ɞɿɣɫɧɢɯ ɪɿɜɧɹɧɶ), ɚ ɬɚɤɨɠ ɞɟɹɤɿ ɣɨɝɨ ɦɨɞɢɮɿɤɚɰɿʀ є ɧɚ ɫɶɨɝɨɞɧɿ ɨɞɧɢɦɢ ɡ ɧɟ-
ɛɚɝɚɬɶɨɯ ɜɠɢɜɚɧɢɯ ɧɚ ɩɪɚɤɬɢɰɿ ɞɥɹ ɮɚɤɬɢɱɧɨɝɨ ɡɧɚɯɨɞɠɟɧɧɹ ɪɨɡɜ’ɹɡɤɭ 
ɧɟɥɿɧɿɣɧɨɝɨ ɮɭɧɤɰɿɨɧɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ. ȼɚɠɥɢɜɨ ɜɿɞɡɧɚɱɢɬɢ ɿ ɬɟɨɪɟɬɢɱɧɟ 
ɡɧɚɱɟɧɧɹ ɦɟɬɨɞɭ, ɨɫɤɿɥɶɤɢ ɡ ɣɨɝɨ ɞɨɩɨɦɨɝɨɸ ɦɨɠɧɚ ɪɨɛɢɬɢ ɜɢɫɧɨɜɨɤ ɩɪɨ 
ɿɫɧɭɜɚɧɧɹ, єɞɢɧɿɫɬɶ ɿ ɨɛɥɚɫɬɶ ɪɨɡɬɚɲɭɜɚɧɧɹ ɪɨɡɜ’ɹɡɤɭ ɪɿɜɧɹɧɧɹ, ɧɟ ɡɧɚɯɨɞɹɱɢ 
ɫɚɦɨɝɨ ɪɨɡɜ’ɹɡɤɭ, ɳɨ ɱɚɫɨɦ ɧɟ ɦɟɧɲ ɜɚɠɥɢɜɨ, ɧɿɠ ɮɚɤɬɢɱɧɟ ɡɧɚɧɧɹ 
ɪɨɡɜ’ɹɡɤɭ. Ⱦɨɫɥɿɞɠɟɧɧɸ ɦɟɬɨɞɭ ɇɶɸɬɨɧɚ-Ʉɚɧɬɨɪɨɜɿɱɚ ɬɚ ɣɨɝɨ ɦɨɞɢɮɿɤɚɰɿɣ 
ɩɪɢɫɜɹɱɟɧɿ ɪɨɛɨɬɢ Ʌ. ȼ. Ʉɚɧɬɨɪɨɜɢɱɚ [5-8], І. ɉ. Ɇɢɫɨɜɫɶɤɢɯ [10], 
Ȼ. Ⱥ. ȼɟɪɬɝɟɣɦɚ [3], ɋ. Ɏɟɧɝɚ [17],  ɉ. Ⱦɺɮɥɯɚɪɞɚ [16],  Ȼ. Ɍ. ɉɨɥɹɤɚ [11]  ɬɚ  
______________________ 
 Ƚɚɪɬ Ʌ.Ʌ., 2017 
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ɿɧɲɢɯ ɚɜɬɨɪɿɜ. ȼɚɠɥɢɜɟ ɩɪɚɤɬɢɱɧɟ ɡɧɚɱɟɧɧɹ ɞɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɥɿɧɿɣɧɢɯ 
ɪɿɜɧɹɧɶ ɦɚɸɬɶ ɬɚɤɨɠ ɦɟɬɨɞɢ, ɨɫɧɨɜɚɧɿ ɧɚ ɧɚɛɥɢɠɟɧɨɦɭ ɪɨɡɜ’ɹɡɚɧɧɿ 
ɥɿɧɟɚɪɢɡɨɜɚɧɢɯ ɪɿɜɧɹɧɶ, ɡɚɩɪɨɩɨɧɨɜɚɧɿ ɿ ɞɨɫɥɿɞɠɟɧɿ ɩɪɢ ɪɿɡɧɢɯ ɩɪɢɩɭɳɟɧɧɹɯ 
Ɇ. Ɉ. Ʉɪɚɫɧɨɫɟɥɶɫɶɤɢɦ, ə. Ȼ. Ɋɭɬɢɰɶɤɢɦ [12] ɿ Ȼ. ɉ. ɉɭɝɚɱɨɜɢɦ [18]. Ɂɨɤɪɟɦɚ, 
ɝɪɚɞɿєɧɬɧɿ ɦɟɬɨɞɢ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧɶ ɜɢɜɱɚɥɢɫɶ Ʌ. Ʉɿɜɿɫɬɢɤɨɦ 
[9], ȼ. Ɇ. Ɏɪɢɞɦɚɧɨɦ [14], Ɇ. Ⱥɥɶɬɦɚɧɨɦ [15] ɬɚ ɿɧɲɢɦɢ ɭɱɟɧɢɦɢ. ɒɢɪɨɤɨ 
ɡɚɫɬɨɫɨɜɭɸɬɶɫɹ ɬɚɤɨɠ ɦɟɬɨɞ ɩɪɨɫɬɨʀ ɿɬɟɪɚɰɿʀ ɡ ɪɿɡɧɢɦɢ ɫɩɨɫɨɛɚɦɢ ɜɢɛɨɪɭ 
ɤɪɨɤɭ ɬɚ ɦɟɬɨɞ ɡ ɩɨɫɥɿɞɨɜɧɨɸ ɚɩɪɨɤɫɢɦɚɰɿєɸ ɨɛɟɪɧɟɧɨɝɨ ɨɩɟɪɚɬɨɪɚ, ɡɚɩɪɨ-
ɩɨɧɨɜɚɧɢɣ Ɉ. Ɇ. ȼɚɚɪɦɚɧɧɨɦ [1] ɿ ɪɨɡɜɢɧɭɬɢɣ ȼ. Ɇ. ȼɟɪɠɛɢɰɤɢɦ [2]. 

ɇɚɣɛɿɥɶɲ ɞɟɬɚɥɶɧɨ ɦɟɬɨɞ ɇɶɸɬɨɧɚ ɜɢɜɱɚɜɫɹ ɩɪɢ ɬɚɤ ɡɜɚɧɢɯ ɭɦɨɜɚɯ Ʉɚɧ-
ɬɨɪɨɜɢɱɚ (ɚɛɨ ɿɧɚɤɲɟ, ɜ ɩɪɢɩɭɳɟɧɧɿ, ɳɨ ɩɨɯɿɞɧɚ ɨɩɟɪɚɬɨɪɚ ɪɿɜɧɹɧɧɹ ɨɛɨɪɨɬ-
ɧɚ ɜ ɩɨɱɚɬɤɨɜɿɣ ɬɨɱɰɿ Xu 0 )(  ɿ ɡɚɞɨɜɨɥɶɧɹє ɜ ɪɨɡɝɥɹɞɭɜɚɧɿɣ ɨɛɥɚɫɬɿ ɭɦɨɜɿ 
Ʌɿɩɲɢɰɹ), ɜ ɭɦɨɜɚɯ ȼɟɪɬɝɟɣɦɚ (ɩɨɯɿɞɧɚ ɨɩɟɪɚɬɨɪɚ ɨɛɨɪɨɬɧɚ ɜ ɩɨɱɚɬɤɨɜɿɣ 
ɬɨɱɰɿ, ɚɥɟ ɡɚɞɨɜɨɥɶɧɹє ɥɢɲɟ ɭɦɨɜɿ Ƚɟɥɶɞɟɪɚ) ɿ ɜ ɭɦɨɜɚɯ Ɇɢɫɨɜɫɶɤɢɯ (ɩɨɯɿɞɧɚ 
ɨɛɨɪɨɬɧɚ ɜ ɭɫɿɯ ɬɨɱɤɚɯ ɪɨɡɝɥɹɞɭɜɚɧɨʀ ɨɛɥɚɫɬɿ ɬɚ ɡɜɨɪɨɬɧɢɣ ɞɨ ɧɟʀ ɨɩɟɪɚɬɨɪ є 
ɨɛɦɟɠɟɧɢɦ). Ⱦɥɹ ɜɫɿɯ ɰɢɯ ɜɢɩɚɞɤɿɜ ɨɬɪɢɦɚɧɿ ɭɦɨɜɢ ɡɛɿɠɧɨɫɬɿ, ɹɤɿ є ɩɨ ɫɭɬɿ 
ɞɨɫɬɚɬɧɿɦɢ, ɿ ɡɧɚɣɞɟɧɿ ɜɿɞɩɨɜɿɞɧɿ ɨɰɿɧɤɢ ɲɜɢɞɤɨɫɬɿ ɡɛɿɠɧɨɫɬɿ. 

ȼ ɞɚɧɿɣ ɪɨɛɨɬɿ ɦɟɬɨɞ ɇɶɸɬɨɧɚ ɞɨɫɥɿɞɠɭєɬɶɫɹ ɫɬɨɫɨɜɧɨ ɧɟɥɿɧɿɣɧɢɯ ɨɩɟɪɚ-
ɬɨɪɧɢɯ ɪɿɜɧɹɧɶ (ɜ ɬɨɦɭ ɱɢɫɥɿ, ɩɚɪɚɦɟɬɪɢɱɧɢɯ) ɩɪɢ ɭɡɚɝɚɥɶɧɟɧɢɯ ɭɦɨɜɚɯ ɬɢɩɭ 
Ʉɨɲɿ, ɤɨɥɢ ɡɚɦɿɫɬɶ ɨɛɨɪɨɬɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɞɨ ɩɨɯɿɞɧɨʀ ɜ ɪɨɡɝɥɹɞɭɜɚɧɿɣ ɨɛɥɚɫɬɿ 
ɩɪɢɩɭɫɤɚєɬɶɫɹ ɿɫɧɭɜɚɧɧɹ ɞɟɹɤɨɝɨ ɥɿɧɿɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ, ɛɥɢɡɶɤɨɝɨ ɞɨ ɧɶɨɝɨ. 
Ɋɨɡɝɥɹɞɚɸɬɶɫɹ ɩɢɬɚɧɧɹ ɨɛґɪɭɧɬɭɜɚɧɧɹ ɹɤ ɨɫɧɨɜɧɨɝɨ ɦɟɬɨɞɭ ɇɶɸɬɨɧɚ ɡɚ ɬɚ-
ɤɢɯ ɭɦɨɜ, ɬɚɤ ɿ ɞɟɹɤɢɯ ɣɨɝɨ ɦɨɞɢɮɿɤɚɰɿɣ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. ɇɟɯɚɣ ɡɚɞɚɧɟ ɪɿɜɧɹɧɧɹ (1) 
fu A  , 

ɞɟ A   ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɢɣ ɡɚ Ɏɪɟɲɟ ɧɟɥɿɧɿɣɧɢɣ ɨɩɟɪɚɬɨɪ, ɹɤɢɣ ɩɟɪɟɜɨɞɢɬɶ 
ɞɟɹɤɭ ɦɧɨɠɢɧɭ   ɛɚɧɚɯɨɜɚ ɩɪɨɫɬɨɪɭ X  ɜ ɛɚɧɚɯɨɜɢɣ ɩɪɨɫɬɿɪ Y . ɉɪɢɩɭɫɬɢ-
ɦɨ, ɳɨ ɜ   ɿɫɧɭє ɪɨɡɜ’ɹɡɨɤ *u  ɪɿɜɧɹɧɧɹ (1). 

ȼɿɡɶɦɟɦɨ ɞɨɜɿɥɶɧɢɣ ɟɥɟɦɟɧɬ )(0
u . ɉɪɢɩɭɫɤɚɸɱɢ, ɳɨ ɩɨɯɿɞɧɚ Ɏɪɟɲɟ 

)(uA  ɧɟɩɟɪɟɪɜɧɚ ɩɨ u  ɜ ɡɚɦɤɧɟɧɿɣ ɤɭɥɿ 
 }||||:{),( )()(

 Ruu  Xu RuS X
00 , 

ɡ ɮɨɪɦɭɥɢ ɫɤɿɧɱɟɧɧɢɯ ɩɪɢɪɨɳɟɧɶ ɨɬɪɢɦɚєɦɨ [8], ɳɨ ɜ ɞɨɫɬɚɬɧɶɨ ɦɚɥɨɦɭ 
ɨɤɨɥɿ ɬɨɱɤɢ )(0

u  ɟɥɟɦɟɧɬ Au  ɞɨɫɬɚɬɧɶɨ ɛɥɢɡɶɤɢɣ ɞɨ ))(( )()()( 000
uuuAAu   ɿ, 

ɨɬɠɟ, ɪɨɡɜ’ɹɡɨɤ ɪɿɜɧɹɧɧɹ fuuuAAu
000  ))(( )()()(  ɞɨɫɬɚɬɧɶɨ ɛɥɢɡɶɤɢɣ ɞɨ 

*u . ɐɟ ɪɿɜɧɹɧɧɹ ɜɠɟ ɥɿɧɿɣɧɟ, ɿ ɹɤɳɨ ɿɫɧɭє  10
uA

 )]([ )( , ɬɨ ɣɨɝɨ ɪɨɡɜ’ɹɡɨɤ  )(1
u  

ɡɧɚɯɨɞɢɬɶɫɹ ɡɚ ɮɨɪɦɭɥɨɸ )()]([ )()()()(
fAuuAuu

01001   . ɉɪɨɞɨɜɠɭɸɱɢ 
ɰɟɣ ɩɪɨɰɟɫ, ɨɬɪɢɦɚєɦɨ ɩɨɫɥɿɞɨɜɧɿɫɬɶ ɧɚɛɥɢɠɟɧɶ 

)()]([ )()()()(
fAuuAuu

k1kk1k   ,     ,...,1 0k                     (2) 

ɞɨ ɪɨɡɜ’ɹɡɤɭ *u  ɪɿɜɧɹɧɧɹ (1), ɹɤɚ ɜɢɡɧɚɱɚє ɿɬɟɪɚɰɿɣɧɢɣ ɦɟɬɨɞ ɇɶɸɬɨɧɚ. 
Ɍɟɨɪɟɬɢɱɧɟ ɨɛґɪɭɧɬɭɜɚɧɧɹ ɦɟɬɨɞɭ (2) ɡɚ ɭɦɨɜ ɬɢɩɭ Ʉɚɧɬɨɪɨɜɢɱɚ, ɤɨɥɢ ɜ 

ɩɨɱɚɬɤɨɜɿɣ ɬɨɱɰɿ )(0
u  ɩɪɢɩɭɫɤɚєɬɶɫɹ ɿɫɧɭɜɚɧɧɹ ɨɛɦɟɠɟɧɨɝɨ ɨɛɨɪɨɬɧɨɝɨ ɨɩɟ-
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ɪɚɬɨɪɚ 10
uA

 )]([ )( , ɦɿɫɬɢɬɶɫɹ ɜ [8]. ɍ ɪɹɞɿ ɜɢɩɚɞɤɿɜ ɜɢɹɜɥɹєɬɶɫɹ ɞɨɰɿɥɶɧɢɦ 
ɡɚɦɿɧɢɬɢ ɰɸ ɭɦɨɜɭ ɭɦɨɜɨɸ ɬɢɩɭ Ʉɨɲɿ, ɡɝɿɞɧɨ ɡ ɹɤɨɸ ɨɰɿɧɤɚ ɧɨɪɦɢ ɨɩɟɪɚɬɨɪɚ 

1
uAu

 )]([)(  ɜɿɞɨɦɚ ɧɟ ɬɿɥɶɤɢ ɜ ɬɨɱɰɿ )(0
u , ɚ ɣ ɭ ɜɫɿɣ ɤɭɥɿ ),( )(

RuS
0  (ɳɨ 

ɞɨɡɜɨɥɹє ɩɨɫɥɚɛɢɬɢ ɨɛɦɟɠɟɧɧɹ ɧɚ ɜɢɛɿɪ )(0
u ). ɍɦɨɜɢ ɿɫɧɭɜɚɧɧɹ ɿ ɨɛɥɚɫɬɶ ɪɨɡ-

ɬɚɲɭɜɚɧɧɹ ɪɨɡɜ’ɹɡɤɭ *u  ɪɿɜɧɹɧɧɹ (1), ɚ ɬɚɤɨɠ ɡɛɿɠɧɿɫɬɶ ɞɨ ɧɶɨɝɨ ɿɬɟɪɚɰɿɣɧɨʀ 
ɩɨɫɥɿɞɨɜɧɨɫɬɿ ɦɟɬɨɞɭ ɇɶɸɬɨɧɚ (2) ɡɚ ɭɦɨɜ ɬɢɩɭ Ʉɨɲɿ ɜɫɬɚɧɨɜɥɟɧɿ ɜ ɪɨɛɨɬɿ 
[10]. ɍɡɚɝɚɥɶɧɟɧɧɹɦ ɪɟɡɭɥɶɬɚɬɭ [10], ɤɨɥɢ ɡɚɦɿɫɬɶ ɨɩɟɪɚɬɨɪɚ   1

uAu
 )()(  

ɜɢɦɚɝɚєɬɶɫɹ ɥɢɲɟ ɿɫɧɭɜɚɧɧɹ ɜ ),( )(
RuS

0  ɨɩɟɪɚɬɨɪɚ )(uD , ɛɥɢɡɶɤɨɝɨ ɞɨ )(u , є 
ɧɚɫɬɭɩɧɚ ɬɟɨɪɟɦɚ. 

Ɍɟɨɪɟɦɚ 1 [13]. ɇɟɯɚɣ ɨɩɟɪɚɬɨɪ A  ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɢɣ ɡɚ Ɏɪɟɲɟ ɜ ɞɟɹɤɿɣ 
ɤɭɥɿ XRuS

0 ),( )(  ɿ ɣɨɝɨ ɩɨɯɿɞɧɚ ɧɚ ɰɿɣ ɤɭɥɿ ɡɚɞɨɜɨɥɶɧɹє ɭɦɨɜɭ Ʌɿɩɲɢɰɹ 
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0  ɿɫɧɭє ɥɿɧɿɣɧɢɣ ɨɩɟɪɚɬɨɪ )(uD , ɹɤɢɣ ɩɟɪɟɜɨɞɢɬɶ Y  ɜ X  ɿ 
ɦɚє ɧɟɩɟɪɟɪɜɧɢɣ ɨɛɨɪɨɬɧɢɣ, ɩɪɢɱɨɦɭ ɞɥɹ ɜɫɿɯ ),( )(
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b  uD
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


)( ,    1    uAuDE

XX
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
)()( ,                   (4) 

ɞɟ 0b  , 0 , E   ɬɨɬɨɠɧɢɣ ɨɩɟɪɚɬɨɪ ɜ X . əɤɳɨ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ 
)(0

u  ɡɚɞɨɜɨɥɶɧɹє ɭɦɨɜɢ 
)(0

Y

(0)
fu A  ,                                            (5) 
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ɬɨ ɪɿɜɧɹɧɧɹ (1) ɦɚє ɜ ɤɭɥɿ ),( )(
ruS

0  ɪɨɡɜ’ɹɡɨɤ *u , ɞɨ ɹɤɨɝɨ ɡɛɿɝɚєɬɶɫɹ ɦɟɬɨɞ 
ɇɶɸɬɨɧɚ (2) ɡ ɤɜɚɞɪɚɬɢɱɧɨɸ ɲɜɢɞɤɿɫɬɸ: 
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Ⱦɨɜɟɞɟɧɧɹ ɬɟɨɪɟɦɢ 1 ɦɨɠɧɚ ɡɧɚɣɬɢ ɜ ɪɨɛɨɬɿ [13]. 
Ɇɟɬɨɞ ɪɨɡɜ’ɹɡɚɧɧɹ. Ɂɛɿɠɧɿɫɬɶ ɿɬɟɪɚɰɿɣɧɨɝɨ ɩɪɨɰɟɫɭ, ɩɨɞɿɛɧɨɝɨ ɞɨ ɦɟɬɨɞɭ 

ɇɶɸɬɨɧɚ, ɡɚ ɭɦɨɜ ɬɢɩɭ Ʉɨɲɿ. Ɋɨɡɝɥɹɧɟɦɨ ɞɥɹ ɪɿɜɧɹɧɧɹ (1) ɩɪɨɰɟɫ 
ɩɨɫɥɿɞɨɜɧɢɯ ɧɚɛɥɢɠɟɧɶ, ɩɨɞɿɛɧɢɣ (2), ɿɡ ɡɚɦɿɧɨɸ ɜ ɨɫɬɚɧɧɶɨɦɭ ɨɩɟɪɚɬɨɪɚ 

1kk
uAu

 )]([)( )()(  ɧɚ ɛɥɢɡɶɤɢɣ ɞɨ ɧɶɨɝɨ ɨɩɟɪɚɬɨɪ )( )(k
uD : 

))(( )()()()(
fAuuDuu

kkk1k  ,     ,...,1 0k   .                   (7) 

Ɂɞɿɣɫɧɟɧɧɿɫɬɶ ɬɚ ɡɛɿɠɧɿɫɬɶ ɞɨ *u  ɜ ),( )(
RuS

0  ɩɨɫɥɿɞɨɜɧɨɫɬɿ ɧɚɛɥɢɠɟɧɶ 

 0k

k
u

)( , ɳɨ ɜɢɡɧɚɱɚєɬɶɫɹ ɡɚ ɮɨɪɦɭɥɚɦɢ (7), ɜɫɬɚɧɨɜɥɸє ɧɚɫɬɭɩɧɚ ɬɟɨɪɟɦɚ. 
Ɍɟɨɪɟɦɚ 2. ɇɟɯɚɣ ɜɢɤɨɧɚɧɿ ɜɫɿ ɭɦɨɜɢ ɬɟɨɪɟɦɢ 1. əɤɳɨ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢ-

ɠɟɧɧɹ )(0
u  ɡɚɞɨɜɨɥɶɧɹє ɭɦɨɜɢ (5), 
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)( ,                       (8) 

ɬɨ ɪɿɜɧɹɧɧɹ (1) ɦɚє ɜ ɤɭɥɿ XruS
00 ),( )()(  ɪɨɡɜ’ɹɡɨɤ *u , ɞɨ ɹɤɨɝɨ ɡɛɿɝɚєɬɶɫɹ 

ɩɪɨɰɟɫ ɧɚɛɥɢɠɟɧɶ (7) ɡ ɨɰɿɧɤɨɸ ɩɨɯɢɛɤɢ 

k0
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k
2h

2h1

b
 uu )(* )(

)(

)(
)(




 .                                  (9) 

Ⱦɨɜɟɞɟɧɧɹ. ȼɫɬɚɧɨɜɢɦɨ ɩɟɪɲ ɡɚ ɜɫɟ ɡɞɿɣɫɧɟɧɧɿɫɬɶ ɩɪɨɰɟɫɭ (7). Ɂɚɡɧɚɱɢɦɨ, 
ɳɨ, ɡɚ ɬɟɨɪɟɦɨɸ Ȼɚɧɚɯɚ ɩɪɨ ɨɛɨɪɨɬɧɢɣ ɨɩɟɪɚɬɨɪ [8], ɡ ɞɪɭɝɨʀ ɭɦɨɜɢ (4) 

ɜɢɩɥɢɜɚє ɿɫɧɭɜɚɧɧɹ ɞɥɹ ɜɫɿɯ ),( )(
RuSu

0  ɥɿɧɿɣɧɨɝɨ ɨɛɦɟɠɟɧɨɝɨ ɨɩɟɪɚɬɨɪɚ 
1

uAuDuV
 )]()([)(  ɡ ɧɨɪɦɨɸ )()( 


11uV

XX
, ɡɜɿɞɤɢ ɜ ɫɜɨɸ ɱɟɪɝɭ 

ɜɢɩɥɢɜɚє ɿɫɧɭɜɚɧɧɹ ɧɟɩɟɪɟɪɜɧɨɝɨ ɨɛɨɪɨɬɧɨɝɨ ɨɩɟɪɚɬɨɪɚ )()()]([ uV uAuD
1  , 

),( )(
RuSu

0 ; ɩɪɢ ɰɶɨɦɭ ɡ ɭɪɚɯɭɜɚɧɧɹɦ (3) )()]([ 



1L uD

YX

1  ɞɥɹ ɜɫɿɯ 

),( )(
RuSu

0 . Ɂɚɡɧɚɱɟɧɿ ɜɥɚɫɬɢɜɨɫɬɿ ɨɩɟɪɚɬɨɪɚ )(uD  ɨɛґɪɭɧɬɨɜɭɸɬɶ 
ɦɨɠɥɢɜɿɫɬɶ ɡɚɦɿɧɢ ɜɢɯɿɞɧɨɝɨ ɪɿɜɧɹɧɧɹ (2) ɥɿɧɟɚɪɢɡɨɜɚɧɢɦ ɩɨ ɜɿɞɧɨɲɟɧɧɸ ɞɨ 
ɧɶɨɝɨ ɪɿɜɧɹɧɧɹɦ ɜɢɞɭ 

fuuuDAu
k1kk   )()]([ )()()( . 

ɉɨɤɚɠɟɦɨ, ɳɨ ɤɨɠɧɟ ɧɚɛɥɢɠɟɧɧɹ )(k
u  ɦɚє ɜɥɚɫɬɢɜɨɫɬɿ, ɚɧɚɥɨɝɿɱɧɿ ɜɥɚɫɬɢ-

ɜɨɫɬɹɦ )(0
u . ȼ ɰɶɨɦɭ ɧɚɩɪɹɦɤɭ ɩɨɬɪɿɛɧɨ ɞɨɜɟɫɬɢ, ɳɨ ɞɥɹ ɛɭɞɶ-ɹɤɨɝɨ 

,..., 2 1k   ɜɢɤɨɧɭɸɬɶɫɹ ɭɦɨɜɢ 
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)k(
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),(),( )()()()( 1k1kkk
ruSruS

 .                                    (11) 

ȼɢɤɨɧɭɜɚɧɿɫɬɶ (11) ɨɡɧɚɱɚɬɢɦɟ ɧɚɥɟɠɧɿɫɬɶ ɜɫɿɯ ɧɚɛɥɢɠɟɧɶ )(k
u  ɞɨ 

),( )()( 00
ruS . ȼɢɯɨɞɹɱɢ ɡ ɭɦɨɜ ɬɟɨɪɟɦɢ, ɦɨɠɧɚ ɞɨɤɚɡɚɬɢ, ɳɨ ɭɦɨɜɢ (10), (11) 

ɜɢɤɨɧɭɸɬɶɫɹ ɞɥɹ  i 1 0k ,...,, . ɉɨɤɚɠɟɦɨ ʀɯ ɜɢɤɨɧɭɜɚɧɿɫɬɶ ɞɥɹ 1ik  . 

Ɂ ɮɨɪɦɭɥɢ (7), ɤɨɪɢɫɬɭɸɱɢɫɶ (4), (10), ɦɚɬɢɦɟɦɨ: 
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
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ȼɫɬɚɧɨɜɢɦɨ ɜɢɤɨɧɭɜɚɧɿɫɬɶ ɩɪɢ 1ik   ɩɟɪɲɨʀ ɡ ɭɦɨɜ (10). ɇɚ ɩɿɞɫɬɚɜɿ ɚɧɚ-
ɥɨɝɚ ɮɨɪɦɭɥɢ ɇɶɸɬɨɧɚ-Ʌɟɣɛɧɢɰɚ [8] 
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Ɍɨɦɭ ɡ ɭɪɚɯɭɜɚɧɧɹɦ (7) ɿ (12) ɦɚɬɢɦɟɦɨ: 
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ɬɨɛɬɨ ɩɟɪɲɚ ɡ ɭɦɨɜ (10) ɩɪɢ 1ik   ɜɢɤɨɧɭєɬɶɫɹ. Ⱦɪɭɝɚ ɭɦɨɜɚ ɬɚɤɨɠ 
ɜɢɤɨɧɭєɬɶɫɹ, ɬɚɤ ɹɤ 
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ɉɨɤɚɠɟɦɨ ɬɟɩɟɪ ɜɤɥɸɱɟɧɧɹ (11) ɩɪɢ 1ik  . ɇɟɯɚɣ ),( )()( 1i1i
ruSu
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Ɍɨɞɿ, ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ (12), ɥɟɝɤɨ ɨɬɪɢɦɚɬɢ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ 
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Ȼɟɡɩɨɫɟɪɟɞɧɿɦɢ ɨɛɱɢɫɥɟɧɧɹɦɢ ɦɨɠɧɚ ɩɟɪɟɤɨɧɚɬɢɫɹ, ɳɨ )()()( ii1i
rbr  . 

Ⱦɿɣɫɧɨ, ɡ ɭɪɚɯɭɜɚɧɧɹɦ ɨɫɬɚɧɧɶɨɝɨ ɜɢɪɚɡɭ ɜ (10) ɿ ɭɦɨɜ (14), (15) ɦɚєɦɨ: 

Rr
2h1

b
b

2h1

2hb
b

2h1

b
br

i

i

i
i

i

ii
i

1i

1i
i1i 













 


 )(

)(

)(
)(

)(

)()(
)(

)(

)(
)()( , 

ɬɨɛɬɨ  ),( )()( ii
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ruSruS  . 

Ɍɚɤɢɦ ɱɢɧɨɦ, ɡɞɿɣɫɧɟɧɧɿɫɬɶ ɿɬɟɪɚɰɿɣɧɨɝɨ ɩɪɨɰɟɫɭ (7) ɜɫɬɚɧɨɜɥɟɧɨ. 
Ⱦɨɜɟɞɟɦɨ ɬɟɩɟɪ ɡɛɿɠɧɿɫɬɶ ɰɶɨɝɨ ɩɪɨɰɟɫɭ. Ɉɫɤɿɥɶɤɢ ɞɥɹ ɤɨɠɧɨɝɨ ,..., 2 1k   

ɧɚ ɩɿɞɫɬɚɜɿ (14), (15) ɫɩɪɚɜɟɞɥɢɜɟ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ 
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ɬɨ, ɤɨɪɢɫɬɭɸɱɢɫɶ ɧɢɦ ɿ ɮɨɪɦɭɥɚɦɢ (12), (10), (15), ɞɥɹ ɛɭɞɶ-ɹɤɢɯ ɧɨɦɟɪɿɜ 
p ℕ  ɿ ,..., 1 0k   ɨɬɪɢɦɚєɦɨ: 
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Ɂɜɿɞɫɢ ɜɢɩɥɢɜɚє ɮɭɧɞɚɦɟɧɬɚɥɶɧɿɫɬɶ ɩɨɫɥɿɞɨɜɧɨɫɬɿ  0k

k
u

)( , ɚ ɜ ɫɢɥɭ ɩɨɜɧɨɬɢ 
X  ɿ ɿɫɧɭɜɚɧɧɹ XruSu*

00  ),( )()(  ɬɚɤɨɝɨ, ɳɨ )(k

k
ulimu*


 . ɉɟɪɟɯɨɞɹɱɢ ɜ 

ɨɫɬɚɧɧɿɣ ɧɟɪɿɜɧɨɫɬɿ ɞɨ ɝɪɚɧɢɰɿ ɩɪɢ p , ɨɬɪɢɦɭєɦɨ ɨɰɿɧɤɭ ɩɨɯɢɛɤɢ (9). 
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Ɂɚɥɢɲɢɥɨɫɶ ɞɨɜɟɫɬɢ, ɳɨ ɝɪɚɧɢɰɹ *u  ɩɨɫɥɿɞɨɜɧɨɫɬɿ  0k

k
u

)(  є ɪɨɡɜ’ɹɡɤɨɦ 
ɪɿɜɧɹɧɧɹ (1). Ⱦɿɣɫɧɨ, ɡ (7) ɜɢɩɥɢɜɚє, ɳɨ 

)()]([ )()()()()(  




1Lb uu uDfAu

k

X

k1k

YX

1k

Y

k ,   ,..., 1 0k  . 

Ɍɚɤ ɹɤ 0
k  )(  ɩɪɢ k , ɚ ɨɩɟɪɚɬɨɪ A  ɧɟɩɟɪɟɪɜɧɢɣ ɜ ɫɢɥɭ 

ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɫɬɿ ɡɚ Ɏɪɟɲɟ, ɬɨ ɩɟɪɟɯɨɞɹɱɢ ɜ ɨɫɬɚɧɧɿɣ ɧɟɪɿɜɧɨɫɬɿ ɞɨ 
ɝɪɚɧɢɰɿ ɩɪɢ k , ɨɬɪɢɦɭєɦɨ, ɳɨ fAu * . Ɍɟɨɪɟɦɚ ɞɨɜɟɞɟɧɚ.  

Ɂɚɡɧɚɱɢɦɨ, ɳɨ ɡɿ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ (13) ɩɪɢ *uu  , (k)
uv   ɜɢɩɥɢɜɚє, ɳɨ 

ɿɬɟɪɚɰɿɣɧɢɣ ɩɪɨɰɟɫ (7) ɜ ɡɚɝɚɥɶɧɨɦɭ ɜɢɩɚɞɤɭ ɡɛɿɝɚєɬɶɫɹ ɡ ɥɿɧɿɣɧɨɸ 
ɲɜɢɞɤɿɫɬɸ ɡɚ ɜɢɧɹɬɤɨɦ ɫɢɬɭɚɰɿʀ 0 , ɤɨɥɢ ɜɿɧ ɦɚє ɤɜɚɞɪɚɬɢɱɧɭ ɲɜɢɞɤɿɫɬɶ 
ɡɛɿɠɧɨɫɬɿ, ɨɫɤɿɥɶɤɢ ɩɟɪɟɬɜɨɪɸєɬɶɫɹ ɧɚ ɡɜɢɱɚɣɧɢɣ ɦɟɬɨɞ ɇɶɸɬɨɧɚ (2): 

 
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k1kk uu
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uuuDAuAub )()()()()( **)*()]([* 
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

  . 

ȼɿɞɦɿɬɢɦɨ ɜ ɡɜ’ɹɡɤɭ ɡ ɰɢɦ, ɳɨ ɭ ɜɢɩɚɞɤɭ 0  ɨɰɿɧɤɚ ɩɨɯɢɛɤɢ (9) ɞɥɹ ɦɟɬɨɞɭ 
(7) (ɚɛɨ, ɳɨ ɬɟ ɠ ɫɚɦɟ, (2)) ɫɭɬɬєɜɨ ɡɚɜɢɳɟɧɚ, ɛɿɥɶɲ ɜɿɞɩɨɜɿɞɧɢɣ ɪɟɡɭɥɶɬɚɬ 
ɞɥɹ ɰɶɨɝɨ ɜɢɩɚɞɤɭ ɦɿɫɬɢɬɶɫɹ ɜ ɬɟɨɪɟɦɿ 1. 

Ɂɚɫɬɨɫɭɜɚɧɧɹ ɦɟɬɨɞɭ ɇɶɸɬɨɧɚ ɬɚ ɩɨɞɿɛɧɢɯ ɞɨ ɧɶɨɝɨ ɩɪɨɰɟɫɿɜ ɞɨ 
ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɧɟɥɿɧɿɣɧɨɝɨ ɨɩɟɪɚɬɨɪɧɨɝɨ ɪɿɜɧɹɧɧɹ ɡ ɩɚɪɚɦɟɬɪɨɦ. ɇɟɪɿɞɤɨ 
ɜɢɹɜɥɹєɬɶɫɹ ɦɨɠɥɢɜɢɦ ɡɚɞɚɧɟ ɪɿɜɧɹɧɧɹ (1) ɡɚɦɿɧɢɬɢ ɧɚ ɟɤɜɿɜɚɥɟɧɬɧɟ ɚɛɨ 
ɛɥɢɡɶɤɟ ɞɨ ɧɶɨɝɨ, ɚɥɟ ɜɠɟ ɛɿɥɶɲ ɩɪɨɫɬɟ ɪɿɜɧɹɧɧɹ, ɬɚɤɨɠ, ɜɡɚɝɚɥɿ ɤɚɠɭɱɢ, 
ɧɟɥɿɧɿɣɧɟ. ɍɦɨɜɢ ɬɢɩɭ Ʉɚɧɬɨɪɨɜɢɱɚ ɿ ɬɢɩɭ Ʉɨɲɿ, ɧɚ ɩɿɞɫɬɚɜɿ ɹɤɢɯ ɦɨɠɧɚ ɫɭ-
ɞɢɬɢ ɩɪɨ ɪɨɡɜ'ɹɡɧɿɫɬɶ ɪɿɜɧɹɧɧɹ (1) ɩɨ ɪɨɡɜ’ɹɡɧɨɫɬɿ ɪɿɜɧɹɧɧɹ 

f u   Q u T  u   A  , ɞɟ T  ɿ Q   ɞɟɹɤɿ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɿ ɡɚ Ɏɪɟɲɟ ɨɩɟɪɚɬɨɪɢ, 
ɳɨ ɞɿɸɬɶ ɿɡ X  ɜ Y , ɫɮɨɪɦɭɥɶɨɜɚɧɿ ɜɿɞɩɨɜɿɞɧɨ ɜ [8] ɿ [13]. Ɍɚɤɚ ɫɢɬɭɚɰɿɹ є ɨɤ-
ɪɟɦɢɦ ɜɢɩɚɞɤɨɦ ɛɿɥɶɲ ɡɚɝɚɥɶɧɨʀ, ɤɨɥɢ ɥɿɜɚ ɱɚɫɬɢɧɚ ɪɿɜɧɹɧɧɹ (1) ɡɚɥɟɠɢɬɶ ɜɿɞ 
ɱɢɫɥɨɜɨɝɨ ɱɢ ɿɧɲɨɝɨ ɩɚɪɚɦɟɬɪɚ, ɩɪɢɱɨɦɭ ɩɪɢ ɨɞɧɨɦɭ ɡɧɚɱɟɧɧɿ ɩɚɪɚɦɟɬɪɚ 
ɪɨɡɜ’ɹɡɨɤ ɪɿɜɧɹɧɧɹ ɜɿɞɨɦɢɣ ɿ ɩɨɬɪɿɛɧɨ ɜɫɬɚɧɨɜɢɬɢ ɿɫɧɭɜɚɧɧɹ ɪɨɡɜ’ɹɡɤɭ ɞɥɹ 
ɡɧɚɱɟɧɶ ɩɚɪɚɦɟɬɪɚ, ɛɥɢɡɶɤɢɯ ɞɨ ɩɨɱɚɬɤɨɜɨɝɨ. ɉɪɢɩɭɫɬɢɦɨ, ɳɨ ɡɝɚɞɚɧɢɣ ɩɚ-
ɪɚɦɟɬɪ ɜɯɨɞɢɬɶ ɭ ɪɿɜɧɹɧɧɹ ɥɿɧɿɣɧɨ, ɬɨɛɬɨ ɛɭɞɟɦɨ ɪɨɡɝɥɹɞɚɬɢ ɨɩɟɪɚɬɨɪɧɟ 
ɪɿɜɧɹɧɧɹ ɜɢɞɭ 

f u   Q  u T    )u( A  ,                                      (16) 

ɞɟ   ɨɡɧɚɱɚє ɥɿɧɿɣɧɢɣ ɨɩɟɪɚɬɨɪ ɜ ɩɪɨɫɬɨɪɿ Y , ɡɨɤɪɟɦɚ,   ɦɨɠɟ ɛɭɬɢ ɱɢɫɥɨ-
ɜɢɦ ɦɧɨɠɧɢɤɨɦ. 

ɍɦɨɜɢ ɿɫɧɭɜɚɧɧɹ ɿ ɨɛɥɚɫɬɶ ɪɨɡɬɚɲɭɜɚɧɧɹ ɪɨɡɜ’ɹɡɤɭ )(**  uu  ɪɿɜɧɹɧɧɹ 
(16), ɚ ɬɚɤɨɠ ɭɦɨɜɢ ɬɢɩɭ Ʉɨɲɿ ɡɛɿɠɧɨɫɬɿ ɞɨ ɧɶɨɝɨ ɿɬɟɪɚɰɿɣɧɨʀ ɩɨɫɥɿɞɨɜɧɨɫɬɿ 
ɦɟɬɨɞɭ ɇɶɸɬɨɧɚ (2) 

))(()]([)()( )()()()(
fAuuAuu

k1kk1k   ,   ,...,1 0k  ;  )()( )( 00
uu  , 

ɜɫɬɚɧɨɜɥɸє ɧɚɫɬɭɩɧɚ ɬɟɨɪɟɦɚ. 
Ɍɟɨɪɟɦɚ 3 [4]. ɇɟɯɚɣ ɨɩɟɪɚɬɨɪɢ T  ɿ Q  ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɿ ɡɚ Ɏɪɟɲɟ ɜ ɞɟɹɤɿɣ 

ɤɭɥɿ XRuS
0 ),( )(  ɿ ʀɯ ɩɨɯɿɞɧɿ )(uT   ɿ )(uQ  ɡɚɞɨɜɨɥɶɧɹɸɬɶ ɧɚ ɰɿɣ ɤɭɥɿ ɭɦɨɜɭ 
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Ʌɿɩɲɢɰɹ ɡ ɤɨɧɫɬɚɧɬɚɦɢ 0K   ɿ 0M   ɜɿɞɩɨɜɿɞɧɨ. ɇɟɯɚɣ )(0
u  є ɪɨɡɜ’ɹɡɤɨɦ 

ɪɿɜɧɹɧɧɹ f u  T  , ɬɚɤ ɳɨ 

f  u T   (0)u A
(0)(0)  ,                                          (17) 

ɿ ɞɥɹ ɤɨɠɧɨɝɨ ),( )(
RuSu

0  ɿɫɧɭє ɥɿɧɿɣɧɢɣ ɨɛɦɟɠɟɧɢɣ ɨɩɟɪɚɬɨɪ 1
uT

 )]([ , 
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b  uT
XY

1 
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)]([ ,    
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  uQ
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)(                              (18) 

ɞɥɹ ɜɫɿɯ ),( )(
RuSu

0 . Ɍɨɞɿ, ɹɤɳɨ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ )(0
u  ɡɚɞɨɜɨɥɶɧɹє 

ɭɦɨɜɭ 
)(0
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  u Q                                                 (19) 

ɿ    ɬɚɤɟ, ɳɨ 
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ɞɟ G  ɜɢɡɧɚɱɟɧɨ ɜ (6), ɬɨ ɪɿɜɧɹɧɧɹ (16) ɦɚє ɜ ɤɭɥɿ ),( )(
ruS

0  ɪɨɡɜ’ɹɡɨɤ 
)(**  uu , ɞɨ ɹɤɨɝɨ ɡɛɿɝɚєɬɶɫɹ ɩɪɨɰɟɫ ɇɶɸɬɨɧɚ (2) ɡ ɨɰɿɧɤɨɸ ɩɨɯɢɛɤɢ 
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Ⱦɨɜɟɞɟɧɧɹ. Ɍɜɟɪɞɠɟɧɧɹ ɬɟɨɪɟɦɢ 3 ɜɢɯɨɞɢɬɶ ɛɟɡɩɨɫɟɪɟɞɧɶɨ ɡ ɬɟɨɪɟɦɢ 1, 

ɹɤɳɨ ɩɨɤɥɚɫɬɢ ɜ ɧɿɣ 1
uTuD

 )]([)( . 

Ⱦɿɣɫɧɨ, ɡɚ ɜɥɚɫɬɢɜɨɫɬɹɦɢ ɩɨɯɿɞɧɢɯ [8], ɡ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɫɬɿ ɨɩɟɪɚɬɨɪɿɜ T  

ɿ Q  ɜ ɤɭɥɿ XRuS
0 ),( )(  ɜɢɩɥɢɜɚє ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɿɫɬɶ ɨɩɟɪɚɬɨɪɚ QTA   

ɜ ɬɿɣ ɠɟ ɤɭɥɿ. Ʉɪɿɦ ɬɨɝɨ, ɞɥɹ ɞɨɜɿɥɶɧɢɯ ),(, )(
RuSv u

0  ɦɚɬɢɦɟɦɨ: 
  YXYXYX

vQuQvTuTvAuA )()( )()()()(

X
vuM) K    ( , 

ɬɨɛɬɨ ɭɦɨɜɚ Ʌɿɩɲɢɰɹ (3) ɜɢɤɨɧɭєɬɶɫɹ ɡ ɤɨɧɫɬɚɧɬɨɸ  M KL  . 

Ⱦɚɥɿ ɡ ɭɪɚɯɭɜɚɧɧɹɦ (18) ɿ ɩɟɪɲɨʀ ɡ ɭɦɨɜ (20) ɨɬɪɢɦɭєɦɨ: 





 XX

1

XX
uQ uTuTEuAuDE ))()(()]([)()(  

1  b uQuT 
YXXY

1 


 )()]([ ,    ),( )(
RuSu 

0 , 

ɬɨɛɬɨ ɜɢɤɨɧɭєɬɶɫɹ ɞɪɭɝɚ ɡ ɭɦɨɜ (4) ɡ ɤɨɧɫɬɚɧɬɨɸ   b . ɓɨ ɫɬɨɫɭєɬɶɫɹ 

ɭɦɨɜɢ (5), ɬɨ ɜɨɧɚ, ɜɨɱɟɜɢɞɶ, ɜɢɤɨɧɭєɬɶɫɹ ɡ ɤɨɧɫɬɚɧɬɨɸ (0)0
  )(  ɧɚ 

ɩɿɞɫɬɚɜɿ ɜɢɤɨɧɭɜɚɧɨɫɬɿ ɭɦɨɜ (17), (19): 
)()( 0

Y

(0)(0)

Y

(0)

Y

(0)
  fu Q u Tfu Afu A  . 

ȼɪɚɯɨɜɭɸɱɢ ɨɞɟɪɠɚɧɿ ɜɢɪɚɡɢ ɞɥɹ ɤɨɧɫɬɚɧɬ L ,   ɿ )(0  ɜ ɨɫɬɚɧɧɿɯ ɞɜɨɯ ɭɦɨɜɚɯ 
(20), ɛɚɱɢɦɨ, ɳɨ ʀɯ ɜɢɤɨɧɭɜɚɧɿɫɬɶ ɜɿɞɪɚɡɭ ɩɪɢɜɨɞɢɬɶ ɞɨ ɜɢɤɨɧɭɜɚɧɨɫɬɿ 
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ɜɿɞɩɨɜɿɞɧɢɯ ɭɦɨɜ (5). Ɍɚɤɢɦ ɱɢɧɨɦ, ɜɫɿ ɭɦɨɜɢ ɬɟɨɪɟɦɢ 1 ɜɢɤɨɧɭɸɬɶɫɹ, ɡ ɱɨɝɨ 
ɜɢɩɥɢɜɚє ɫɩɪɚɜɟɞɥɢɜɿɫɬɶ ɬɜɟɪɞɠɟɧɶ ɞɚɧɨʀ ɬɟɨɪɟɦɢ. Ɂɚɥɢɲɚєɬɶɫɹ ɡɚɦɿɧɢɬɢ ɜ 
ɨɰɿɧɰɿ ɩɨɯɢɛɤɢ ɬɟɨɪɟɦɢ 1 )(0  ɧɚ (0)

   ɿ   ɧɚ   b . Ɍɟɨɪɟɦɚ ɞɨɜɟɞɟɧɚ.  
Ⱦɨ ɪɿɜɧɹɧɧɹ (16) ɦɨɠɧɚ ɬɚɤɨɠ ɡɚɫɬɨɫɨɜɭɜɚɬɢ ɩɪɨɰɟɫ ɩɨɫɥɿɞɨɜɧɢɯ ɧɚɛɥɢ-

ɠɟɧɶ ɜɢɞɭ (7), ɩɨɞɿɛɧɢɣ ɞɨ ɦɟɬɨɞɭ ɇɶɸɬɨɧɚ, ɹɤɳɨ ɡɚɦɿɧɢɬɢ ɜ (2) ɨɩɟɪɚɬɨɪ 
1k

uA
 )]([ )(  ɧɚ ɛɥɢɡɶɤɢɣ ɞɨ ɧɶɨɝɨ ɨɩɟɪɚɬɨɪ 1kk

uTuD
 )]([)( )()( : 

))(()]([)()( )()()()(
fAuuTuu

k1kk1k   ,   ,...,1 0k  ;  )()( )( 00
uu  .   (21) 

ȼ ɰɶɨɦɭ ɜɢɩɚɞɤɭ ɭɦɨɜɢ ɿɫɧɭɜɚɧɧɹ ɿ ɨɛɥɚɫɬɶ ɪɨɡɬɚɲɭɜɚɧɧɹ ɪɨɡɜ’ɹɡɤɭ 
)(**  uu  ɪɿɜɧɹɧɧɹ (16), ɚ ɬɚɤɨɠ ɭɦɨɜɢ ɡɛɿɠɧɨɫɬɿ ɞɨ ɧɶɨɝɨ ɩɪɨɰɟɫɭ ɧɚɛɥɢ-

ɠɟɧɶ (21) ɞɚɸɬɶɫɹ ɧɚɫɬɭɩɧɨɸ ɬɟɨɪɟɦɨɸ. 
Ɍɟɨɪɟɦɚ 4. ɇɟɯɚɣ ɜɢɤɨɧɚɧɿ ɜɫɿ ɭɦɨɜɢ ɬɟɨɪɟɦɢ 2. əɤɳɨ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢ-

ɠɟɧɧɹ )(0
u  ɡɚɞɨɜɨɥɶɧɹє ɭɦɨɜɭ (19) ɿ    ɬɚɤɟ, ɳɨ 

1 b  ,   2
b1

2
 MKbh

020 










 )()( )( ,  R

2h 1

  b
r

0

0
0 





)(

)(
)( ,  (22) 

ɬɨ ɪɿɜɧɹɧɧɹ (16) ɦɚє ɜ ɤɭɥɿ XruS
00 ),( )()(  ɪɨɡɜ’ɹɡɨɤ )(**  uu , ɞɨ ɹɤɨɝɨ 

ɡɛɿɝɚєɬɶɫɹ ɩɪɨɰɟɫ ɧɚɛɥɢɠɟɧɶ (21), ɪɨɡɩɨɱɚɬɢɣ ɡ )(0
u , ɡ ɥɿɧɿɣɧɨɸ ɲɜɢɞɤɿɫɬɸ 

k0

0

0

X

k
2h

2h1

 b
 uu )(*)( )(

)(

)(
)(




 . 

Ⱦɨɜɟɞɟɧɧɹ.  əɤ ɡɚɡɧɚɱɚɥɨɫɶ ɜɢɳɟ (ɞɢɜ. ɞɨɜɟɞɟɧɧɹ ɬɟɨɪɟɦɢ 2), ɩɪɢ 
1

uTuD
 )]([)(  ɜɢɤɨɧɭɜɚɧɿɫɬɶ ɭɦɨɜ ɬɟɨɪɟɦɢ 2 ɩɪɢɜɨɞɢɬɶ ɞɨ ɜɢɤɨɧɭɜɚɧɨɫɬɿ 

ɜɫɿɯ ɭɦɨɜ ɬɟɨɪɟɦɢ 1 ɡ ɤɨɧɫɬɚɧɬɚɦɢ  M KL  ,   b , (0)0
  )( . 

ȼɪɚɯɨɜɭɸɱɢ ɰɿ ɜɢɪɚɡɢ ɞɥɹ ɤɨɧɫɬɚɧɬ ɜ ɭɦɨɜɚɯ (22), ɛɚɱɢɦɨ, ɳɨ ʀɯ 
ɜɢɤɨɧɭɜɚɧɿɫɬɶ ɜɿɞɪɚɡɭ ɩɪɢɜɨɞɢɬɶ ɞɨ ɜɢɤɨɧɭɜɚɧɨɫɬɿ ɜɿɞɩɨɜɿɞɧɢɯ ɭɦɨɜ (8). Ɍɨ-
ɦɭ ɫɩɪɚɜɟɞɥɢɜɿɫɬɶ ɬɜɟɪɞɠɟɧɶ ɞɚɧɨʀ ɬɟɨɪɟɦɢ ɧɟɝɚɣɧɨ ɜɢɩɥɢɜɚє ɡ ɬɟɨɪɟɦɢ 2. 

Ɂɚɥɢɲɚєɬɶɫɹ ɡɚɦɿɧɢɬɢ ɜ ɨɰɿɧɰɿ ɩɨɯɢɛɤɢ (9) )(0  ɧɚ (0)
  . Ɍɟɨɪɟɦɚ ɞɨɜɟɞɟɧɚ.  

Ɂɚɡɧɚɱɢɦɨ, ɳɨ ɨɫɧɨɜɧɢɦ ɧɟɞɨɥɿɤɨɦ ɿɬɟɪɚɰɿɣɧɢɯ ɦɟɬɨɞɿɜ (2), (7) ɿ (21) є ɬɟ, 
ɳɨ ɧɚ ɤɨɠɧɨɦɭ ɤɪɨɰɿ ɿɬɟɪɚɰɿɣ ɞɨɜɨɞɢɬɶɫɹ ɜɢɡɧɚɱɚɬɢ ɜɿɞɩɨɜɿɞɧɨ ɨɩɟɪɚɬɨɪɢ 

1k
uA

 )]([ )( , )( )(k
uD  ɿ 1k

uT
 )]([ )( , ,...,1 0k  . ɇɚɣɛɿɥɶɲ ɱɚɫɬɨ ɡɚɦɿɫɬɶ ɜɤɚɡɚɧɢɯ 

ɦɟɬɨɞɿɜ ɜɢɤɨɪɢɫɬɨɜɭɸɬɶ ɜɿɞɩɨɜɿɞɧɨ ɦɨɞɢɮɿɤɨɜɚɧɢɣ ɦɟɬɨɞ ɇɶɸɬɨɧɚ 

)()]([ )()()()(
fAuuAuu

k10k1k   ,     ,...,1 0k                    (23) 

ɬɚ ɦɟɬɨɞɢ, ɩɨɞɿɛɧɿ ɞɨ ɧɶɨɝɨ, ɿɡ ɡɚɦɿɧɨɸ ɜ (23) ɨɩɟɪɚɬɨɪɚ 10
uA

 )]([ )(  ɧɚ ɛɥɢɡɶɤɿ 
ɞɨ ɧɶɨɝɨ ɨɩɟɪɚɬɨɪɢ )( )(0

uD  ɿ 10
uT

 )]([ )( : 

))(( )()()()(
fAuuDuu

k0k1k  ,     ,...,1 0k  ,                      (24) 

)()]([ )()()()(
fAuuTuu

k10k1k   ,   ,...,1 0k  .                   (25) 

Іɬɟɪɚɰɿɣɧɿ ɩɪɨɰɟɫɢ (23)-(25), ɯɨɱɚ ɿ ɡɛɿɝɚɸɬɶɫɹ ɩɨɜɿɥɶɧɿɲɟ (ɡ ɥɿɧɿɣɧɨɸ 
ɲɜɢɞɤɿɫɬɸ) ɡɚ ɨɫɧɨɜɧɢɣ ɦɟɬɨɞ ɇɶɸɬɨɧɚ (2), ɚɥɟ ɦɟɧɲ ɬɪɭɞɨɦɿɫɬɤɿ, ɨɫɤɿɥɶɤɢ 
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ɜɢɡɧɚɱɟɧɧɹ ɜɿɞɩɨɜɿɞɧɢɯ ɨɩɟɪɚɬɨɪɿɜ 1
uA

 )]([ , )(uD  ɿ 1
uT

 )]([  ɜ ɧɢɯ 
ɜɿɞɛɭɜɚєɬɶɫɹ ɥɢɲɟ ɜ ɩɨɱɚɬɤɨɜɿɣ ɬɨɱɰɿ )(0

u . Ɉɫɬɚɧɧɿɣ ɠɟ ɡ ɧɚɜɟɞɟɧɢɯ ɩɪɨɰɟɫɿɜ 
ɦɚє ɬɭ ɞɨɞɚɬɤɨɜɭ ɩɟɪɟɜɚɝɭ, ɳɨ ɜ ɧɶɨɦɭ ɜɢɤɨɪɢɫɬɨɜɭєɬɶɫɹ ɡɜɨɪɨɬɧɢɣ ɨɩɟɪɚɬɨɪ 

10
uT

 )]([ )( , ɹɤɢɣ ɜɿɞɩɨɜɿɞɚє ɧɟ ɬɿɥɶɤɢ ɩɨɱɚɬɤɨɜɿɣ ɬɨɱɰɿ )(0
u , ɚ ɳɟ ɣ ɩɨɱɚɬɤɨ-

ɜɨɦɭ ɡɧɚɱɟɧɧɸ ɩɚɪɚɦɟɬɪɚ 0 . Ɍɟɨɪɟɬɢɱɧɟ ɨɛґɪɭɧɬɭɜɚɧɧɹ ɩɪɨɰɟɫɿɜ (23)-

(25) ɡɚ ɭɦɨɜ ɬɢɩɭ Ʉɚɧɬɨɪɨɜɢɱɚ ɦɿɫɬɢɬɶɫɹ ɜ ɪɨɛɨɬɿ [8]. 
Ⱥɧɚɥɿɡ ɨɞɟɪɠɚɧɢɯ ɪɟɡɭɥɶɬɚɬɿɜ ɬɚ ɜɢɫɧɨɜɤɢ. ɍ ɪɨɛɨɬɿ ɞɥɹ ɧɟɥɿɧɿɣɧɢɯ ɨɩɟ-

ɪɚɬɨɪɧɢɯ ɪɿɜɧɹɧɶ ɭ ɛɚɧɚɯɨɜɨɦɭ ɩɪɨɫɬɨɪɿ, ɜ ɬɨɦɭ ɱɢɫɥɿ ɡɚɥɟɠɧɢɯ ɜɿɞ ɩɚɪɚɦɟɬ-
ɪɚ, ɞɨɫɥɿɞɠɟɧɿ ɩɢɬɚɧɧɹ ɩɪɨ ɿɫɧɭɜɚɧɧɹ, ɨɛɥɚɫɬɶ ɪɨɡɬɚɲɭɜɚɧɧɹ ɪɨɡɜ’ɹɡɤɭ ɬɚ 
ɡɛɿɠɧɿɫɬɶ ɞɨ ɧɶɨɝɨ ɿɬɟɪɚɰɿɣɧɢɯ ɦɟɬɨɞɿɜ, ɨɫɧɨɜɚɧɢɯ ɧɚ ɦɟɬɨɞɿ ɇɶɸɬɨɧɚ ɿ 
ɩɨɞɿɛɧɢɯ ɞɨ ɧɶɨɝɨ ɩɪɨɰɟɫɚɯ. Ⱦɨɜɟɞɟɧɨ ɜɿɞɩɨɜɿɞɧɿ ɬɟɨɪɟɦɢ, ɨɬɪɢɦɚɧɨ ɨɰɿɧɤɢ 
ɩɨɯɢɛɤɢ. Ɉɛґɪɭɧɬɭɜɚɧɧɹ ɦɟɬɨɞɿɜ ɩɪɨɜɟɞɟɧɨ ɩɪɢ ɭɡɚɝɚɥɶɧɟɧɢɯ ɭɦɨɜɚɯ ɬɢɩɭ 
Ʉɨɲɿ, ɤɨɥɢ ɡɚɦɿɫɬɶ ɨɛɦɟɠɟɧɨɝɨ ɨɛɨɪɨɬɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɞɨ ɩɨɯɿɞɧɨʀ ɜɢɯɿɞɧɨɝɨ 
ɨɩɟɪɚɬɨɪɚ ɜ ɪɨɡɝɥɹɞɭɜɚɧɿɣ ɨɛɥɚɫɬɿ ɩɪɢɩɭɫɤɚєɬɶɫɹ ɥɢɲɟ ɿɫɧɭɜɚɧɧɹ ɞɟɹɤɨɝɨ 
ɥɿɧɿɣɧɨɝɨ ɨɛɦɟɠɟɧɨɝɨ ɨɩɟɪɚɬɨɪɚ, ɛɥɢɡɶɤɨɝɨ ɞɨ ɧɶɨɝɨ. Ɂɚɦɿɧɚ ɭɦɨɜ ɬɢɩɭ Ʉɚɧ-
ɬɨɪɨɜɢɱɚ (ɤɨɥɢ ɩɪɢɩɭɫɤɚєɬɶɫɹ ɿɫɧɭɜɚɧɧɹ ɨɛɦɟɠɟɧɨɝɨ ɨɛɨɪɨɬɧɨɝɨ ɨɩɟɪɚɬɨɪɚ 
ɞɨ ɩɨɯɿɞɧɨʀ ɜ ɩɨɱɚɬɤɨɜɿɣ ɬɨɱɰɿ) ɭɦɨɜɚɦɢ ɬɢɩɭ Ʉɨɲɿ ɞɨɡɜɨɥɢɥɚ ɩɨɫɥɚɛɢɬɢ ɨɛ-
ɦɟɠɟɧɧɹ, ɹɤɿ ɧɚɤɥɚɞɚɸɬɶɫɹ ɧɚ ɜɢɛɿɪ ɩɨɱɚɬɤɨɜɨɝɨ ɧɚɛɥɢɠɟɧɧɹ ɜ ɩɪɨɰɟɫɿ 
ɿɬɟɪɚɰɿɣ. ɐɹ ɨɛɫɬɚɜɢɧɚ є ɧɚɞɡɜɢɱɚɣɧɨ ɜɚɠɥɢɜɨɸ, ɨɫɤɿɥɶɤɢ ɩɪɢ ɪɨɡɜ’ɹɡɭɜɚɧɧɿ 
ɿɬɟɪɚɰɿɣɧɢɦɢ ɦɟɬɨɞɚɦɢ ɧɟɥɿɧɿɣɧɢɯ ɡɚɞɚɱ ɜɢɛɿɪ ɧɚɥɟɠɧɨɝɨ ɩɨɱɚɬɤɨɜɨɝɨ ɧɚ-
ɛɥɢɠɟɧɧɹ є ɨɞɧɢɦ ɡ ɧɚɣɛɿɥɶɲ ɫɤɥɚɞɧɢɯ ɦɨɦɟɧɬɿɜ.  

Ɋɟɡɭɥɶɬɚɬɢ ɪɨɛɨɬɢ ɦɨɠɭɬɶ ɛɭɬɢ ɜɢɤɨɪɢɫɬɚɧɿ ɩɪɢ ɞɨɫɥɿɞɠɟɧɧɿ ɤɨɧɤɪɟɬɧɢɯ 
ɮɭɧɤɰɿɨɧɚɥɶɧɢɯ ɪɿɜɧɹɧɶ, ɡɨɤɪɟɦɚ, ɧɟɥɿɧɿɣɧɢɯ ɿɧɬɟɝɪɚɥɶɧɢɯ ɿ 
ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜɧɹɧɶ, ɚ ɬɚɤɨɠ ɨɩɟɪɚɬɨɪɧɢɯ ɪɿɜɧɹɧɶ, ɳɨ ɜɢɧɢɤɚɸɬɶ ɜ 
ɬɟɨɪɿʀ ɡɛɭɪɟɧɶ ɿ ɡɚɞɚɱɚɯ ɧɚɛɥɢɠɟɧɨʀ ɩɨɛɭɞɨɜɢ ɤɨɧɮɨɪɦɧɢɯ ɜɿɞɨɛɪɚɠɟɧɶ. 
 

Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 
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