
ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 18 

 

85 

ɍȾɄ 519.8                                                                           doi: 10.15421/321809 
 

Ɉ.Ɇ. Ʉɿɫɟɥɶɨɜɚ, Ɉ.Ɇ. ɉɪɢɬɨɦɚɧɨɜɚ, ɋ.ȼ. ɀɭɪɚɜɟɥɶ, ȼ.ȼ. ɒɚɪɚɜɚɪɚ 
Ⱦɧɿɩɪɨɜɫьɤɢɣ ɧɚɰɿɨɧɚɥьɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

 

ȺɅȽɈɊɂɌɆ ɊɈɁȼ’əɁȺɇɇə ɈȾɇȱЄȲ ɁȺȾȺɑȱ 

ɈɉɌɂɆȺɅЬɇɈȽɈ ɊɈɁȻɂɌɌə 

Ɂ ɇȿɑȱɌɄɂɆɂ ɉȺɊȺɆȿɌɊȺɆɂ ȼ ɐȱɅЬɈȼɈɆɍ ɎɍɇɄɐȱɈɇȺɅȱ 
 

Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɩɟɪɟɪɜɧɨʀ ɥɿɧɿɣɧɨʀ ɨɞɧɨɩɪɨɞɭɤɬɨɜɨʀ ɡɚɞɚɱɿ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ ɡ n-ɜɢɦɿɪɧɨɝɨ ɟɜɤɥɿɞɨɜɨɝɨ ɩɪɨɫɬɨɪɭ Еn ɧɚ 
ɩɿɞɦɧɨɠɢɧɢ ɡ ɜɿɞɲɭɤɭɜɚɧɧɹɦ ɤɨɨɪɞɢɧɚɬ ɰɟɧɬɪɿɜ ɰɢɯ ɩɿɞɦɧɨɠɢɧ ɩɪɢ ɨɛɦɟɠɟɧɧɹɯ ɭ 
ɮɨɪɦɿ ɪɿɜɧɨɫɬɟɣ ɬɚ ɧɟɪɿɜɧɨɫɬɟɣ, ɰɿɥɶɨɜɢɣ ɮɭɧɤɰɿɨɧɚɥ ɹɤɨʀ ɦɚє ɧɟɱɿɬɤɿ ɩɚɪɚɦɟɬɪɢ. 
Ⱥɥɝɨɪɢɬɦ ɡɚɫɧɨɜɚɧɢɣ ɧɚ ɡɚɫɬɨɫɭɜɚɧɧɿ ɧɟɣɪɨɧɟɱɿɬɤɢɯ ɬɟɯɧɨɥɨɝɿɣ ɬɚ r-ɚɥɝɨɪɢɬɦɭ 
ɇ.Ɂ. ɒɨɪɚ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɨɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ, ɧɟɞɢɮɟɪɟɧɰɿɣɨɜɧɚ ɨɩɬɢɦɿɡɚɰɿɹ, ɧɟɱɿɬɤɢɣ 
ɩɚɪɚɦɟɬɪ, ɧɟɣɪɨɧɟɱɿɬɤɿ ɬɟɯɧɨɥɨɝɿʀ, r-ɚɥɝɨɪɢɬɦ. 
 

ɉɪɟɞɥɨɠɟɧ ɚɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɧɟɩɪɟɪɵɜɧɨɣ ɥɢɧɟɣɧɨɣ ɨɞɧɨɩɪɨɞɭɤɬɨɜɨɣ ɡɚɞɚɱɢ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɡɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜɚ ɢɡ n-ɦɟɪɧɨɝɨ ɟɜɤɥɢɞɨɜɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ Еn ɧɚ 
ɩɨɞɦɧɨɠɟɫɬɜɚ ɫ ɨɬɵɫɤɚɧɢɟɦ ɤɨɨɪɞɢɧɚɬ ɰɟɧɬɪɨɜ ɷɬɢɯ ɩɨɞɦɧɨɠɟɫɬɜ ɩɪɢ 
ɨɝɪɚɧɢɱɟɧɢɹɯ ɜ ɮɨɪɦɟ ɪɚɜɟɧɫɬɜ ɢ ɧɟɪɚɜɟɧɫɬɜ, ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɨɧɚɥ ɤɨɬɨɪɨɣ ɢɦɟɟɬ 

ɧɟɱɟɬɤɢɟ ɩɚɪɚɦɟɬɪɵ. Ⱥɥɝɨɪɢɬɦ ɨɫɧɨɜɚɧ ɧɚ ɩɪɢɦɟɧɟɧɢɢ ɧɟɣɪɨɧɟɱɟɬɤɢɯ ɬɟɯɧɨɥɨɝɢɣ ɢ 
r-ɚɥɝɨɪɢɬɦɚ ɇ.Ɂ. ɒɨɪɚ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɨɩɬɢɦɚɥɶɧɨɟ ɪɚɡɛɢɟɧɢɟ, ɧɟɞɢɮɮɟɪɟɧɰɢɪɭɟɦɚɹ ɨɩɬɢɦɢɡɚɰɢɹ, 
ɧɟɱɟɬɤɢɣ ɩɚɪɚɦɟɬɪ, ɧɟɣɪɨɧɟɱɟɬɤɢɟ ɬɟɯɧɨɥɨɝɢɢ, r-ɚɥɝɨɪɢɬɦ. 

 

The mathematical theory of optimal set partitioning (OSP) of the n-dimensional Euclid-

ean space, which has been formed for todays, is the field of the modern theory of optimiza-

tion, namely, the new section of non-classical infinite-dimensional mathematical program-

ming. The theory is built based on a single, theoretically defined approach that sum up ini-

tial infinite-dimensional optimization problems in a certain way (with the function of La-

grange) to non-smooth, usually, finite-dimensional optimization problems, where latest 

numerical non-differentiated optimization methods may be used - various variants r-

algorithm of N.Shor, that was developed in V. Glushkov Institute of Cybernetics of the Na-

tional Academy of Sciences of Ukraine. 

For now, the number of directions have been formed in the theory of continuous tasks of 

OSP, which are defined with different types of mathematical statements of partitioning 

problems, as well as various spheres of its application. For example, linear and nonlinear, 

single-product and multiproduct, deterministic and stochastic, in the conditions of com-

plete and incomplete information about the initial data, static and dynamic tasks of the 

OSP without limitations and with limitations, both with the given position of the centers of 

subsets, and with definition the optimal variant of their location. Optimal set partitioning  

problems in uncertainty are the least developed for today is the direction of this theory, in 

particular, tasks where a number of parameters are fuzzy, inaccurate, or there are insuffi-

cient mathematical description of some dependencies in the model. Such models refer to  

the fuzzy OSP problems, and special solutions and methods are needed to solve them. 
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In this paper, we propose an algorithm for solving a continuous linear single-product 

problem of optimal set partitioning of n-dimensional Euclidean spaces Еn into a subset with 

searching of coordinates of the centers of these subsets with restrictions in the form of 

equalities and inequalities where target function has fuzzy parameters.  The algorithm is 

built based on the application of neuro-fuzzy technologies and N.Shor r-algorithm.  

Keywords: optimal partitioning, non-differentiable optimization, fuzzy parameter, neu-

ro-fuzzy technologies, r-algorithm. 

 

ȼɫɬɭɩ. Ɉɫɧɨɜɢ ɦɚɬɟɦɚɬɢɱɧɨʀ ɬɟɨɪɿʀ ɧɟɩɟɪɟɪɜɧɢɯ ɡɚɞɚɱ ɈɊɆ n-ɜɢɦɿɪɧɨɝɨ 
ɟɜɤɥɿɞɨɜɨɝɨ ɩɪɨɫɬɨɪɭ ɧɚ ɩɿɞɦɧɨɠɢɧɢ, ɹɤɿ є ɧɟɤɥɚɫɢɱɧɢɦɢ ɡɚɞɚɱɚɦɢ 
ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɨɝɨ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɩɪɨɝɪɚɦɭɜɚɧɧɹ ɡ ɛɭɥɟɜɢɦɢ ɡɦɿɧɧɢɦɢ, 
ɡɚɤɥɚɞɟɧɿ ɜ ɪɨɛɨɬɿ [1], ɜ ɹɤɿɣ ɧɚɜɟɞɟɧɚ ɱɢɫɥɟɧɧɚ ɛɿɛɥɿɨɝɪɚɮɿɹ, ɚ ɬɚɤɨɠ 
ɲɢɪɨɤɢɣ ɫɩɟɤɬɪ ɩɪɚɤɬɢɱɧɢɯ ɡɚɫɬɨɫɭɜɚɧɶ ɧɟɩɟɪɟɪɜɧɢɯ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ ɬɚ ɫɩɨɪɿɞɧɟɧɢɯ ɡ ɧɢɦɢ ɡɚɞɚɱ. ɐɟ ɥɿɧɿɣɧɿ ɿ ɧɟɥɿɧɿɣɧɿ, 
ɨɞɧɨɩɪɨɞɭɤɬɨɜɿ ɣ ɛɚɝɚɬɨɩɪɨɞɭɤɬɨɜɿ, ɞɟɬɟɪɦɿɧɨɜɚɧɿ ɣ ɫɬɨɯɚɫɬɢɱɧɿ, ɜ ɭɦɨɜɚɯ 
ɩɨɜɧɨʀ ɬɚ ɧɟɩɨɜɧɨʀ ɿɧɮɨɪɦɚɰɿʀ ɩɪɨ ɜɢɯɿɞɧɿ ɞɚɧɿ, ɫɬɚɬɢɱɧɿ ɬɚ ɞɢɧɚɦɿɱɧɿ ɡɚɞɚɱɿ 
ɈɊɆ ɛɟɡ ɨɛɦɟɠɟɧɶ ɿ ɡ ɨɛɦɟɠɟɧɧɹɦɢ, ɹɤ ɿɡ ɡɚɞɚɧɢɦ ɩɨɥɨɠɟɧɧɹɦ ɰɟɧɬɪɿɜ 
ɩɿɞɦɧɨɠɢɧ, ɬɚɤ ɿ ɡ ɜɿɞɲɭɤɚɧɧɹ ɨɩɬɢɦɚɥɶɧɨɝɨ ɜɚɪɿɚɧɬɭ ʀɯ ɪɨɡɬɚɲɭɜɚɧɧɹ.  

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɚɜɟɞɟɧɢɯ ɤɥɚɫɿɜ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ 
ɡɚɩɪɨɩɨɧɨɜɚɧɢɣ єɞɢɧɢɣ, ɬɟɨɪɟɬɢɱɧɨ ɨɛґɪɭɧɬɨɜɚɧɢɣ ɩɿɞɯɿɞ, ɧɚ ɨɫɧɨɜɿ ɹɤɨɝɨ 
ɪɨɡɪɨɛɥɟɧɨ ɚɥɝɨɪɢɬɦɢ, ɫɤɥɚɞɨɜɨɸ ɱɚɫɬɢɧɨɸ ɹɤɢɯ, ɹɤ ɩɪɚɜɢɥɨ, є r-ɚɥɝɨɪɢɬɦ 
ɇ. Ɂ. ɒɨɪɚ ɚɛɨ ɣɨɝɨ ɦɨɞɢɮɿɤɚɰɿʀ. 

ɇɚɣɦɟɧɲ ɜɢɜɱɟɧɢɦɢ ɧɚ ɫɶɨɝɨɞɧɿɲɧɿɣ ɞɟɧɶ є ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ 
ɦɧɨɠɢɧ ɜ ɭɦɨɜɚɯ ɧɟɜɢɡɧɚɱɟɧɨɫɬɿ, ɡɨɤɪɟɦɚ, ɡɚɞɚɱɿ, ɜ ɹɤɢɯ ɪɹɞ ɩɚɪɚɦɟɬɪɿɜ є 
ɧɟɱɿɬɤɢɦɢ, ɧɟɬɨɱɧɢɦɢ, ɚɛɨ є ɧɟɞɨɫɬɨɜɿɪɧɢɦ ɦɚɬɟɦɚɬɢɱɧɢɣ ɨɩɢɫ ɞɟɹɤɢɯ 
ɡɚɥɟɠɧɨɫɬɟɣ ɜ ɦɨɞɟɥɿ. Ɍɚɤɿ ɦɨɞɟɥɿ ɜɿɞɧɨɫɹɬɶ ɞɨ ɧɟɱɿɬɤɢɯ ɡɚɞɚɱ ɈɊɆ, ɞɥɹ ʀɯ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɩɨɬɪɿɛɧɚ ɪɨɡɪɨɛɤɚ ɫɩɟɰɿɚɥɶɧɢɯ ɩɿɞɯɨɞɿɜ ɿ ɦɟɬɨɞɿɜ. 

ɍ ɞɚɧɿɣ ɪɨɛɨɬɿ ɡɚɩɪɨɩɨɧɨɜɚɧɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɩɟɪɟɪɜɧɨʀ ɥɿɧɿɣɧɨʀ 
ɨɞɧɨɩɪɨɞɭɤɬɨɜɨʀ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ   ɡ n-ɜɢɦɿɪɧɨɝɨ 
ɟɜɤɥɿɞɨɜɨɝɨ ɩɪɨɫɬɨɪɭ nE  ɧɚ ʀʀ ɩɿɞɦɧɨɠɢɧɢ 1,..., N  , ɳɨ ɧɟ ɩɟɪɟɬɢɧɚɸɬɶɫɹ 

(ɫɟɪɟɞ ɹɤɢɯ ɦɨɠɭɬɶ ɛɭɬɢ ɿ ɩɨɪɨɠɧɿ), ɡ ɜɿɞɲɭɤɭɜɚɧɧɹɦ ɤɨɨɪɞɢɧɚɬ ɰɟɧɬɪɿɜ 
1,...,  N   ɰɢɯ ɩɿɞɦɧɨɠɢɧ, ɩɪɢ ɨɛɦɟɠɟɧɧɹɯ ɭ ɮɨɪɦɿ ɪɿɜɧɨɫɬɟɣ ɬɚ ɧɟɪɿɜɧɨɫɬɟɣ, 

ɰɿɥɶɨɜɢɣ ɮɭɧɤɰɿɨɧɚɥ ɹɤɨʀ ɦɚє ɧɟɱɿɬɤɿ ɩɚɪɚɦɟɬɪɢ. Ⱥɥɝɨɪɢɬɦ ɡɚɫɧɨɜɚɧɢɣ ɧɚ 
ɡɚɫɬɨɫɭɜɚɧɧɿ ɧɟɣɪɨɧɟɱɿɬɤɢɯ ɬɟɯɧɨɥɨɝɿɣ ɬɚ r-ɚɥɝɨɪɢɬɦɭ ɇ.Ɂ. ɒɨɪɚ. 

ɇɚɜɟɞɟɦɨ ɫɩɨɱɚɬɤɭ ɦɚɬɟɦɚɬɢɱɧɭ ɩɨɫɬɚɧɨɜɤɭ ɰɿєʀ ɡɚɞɚɱɿ ɡ [1] ɡ ɱɿɬɤɢɦɢ 
ɩɚɪɚɦɟɬɪɚɦɢ ɭ ɰɿɥɶɨɜɨɦɭ ɮɭɧɤɰɿɨɧɚɥɿ. 

Ɂɚɞɚɱɚ Ⱥ. Ɂɧɚɣɬɢ 

   1 1( ,..., , ,..., ) 1

( ( ,  ) ) ( )min
N n i

N

i i
i

c x a x dx
 

 
  = 

 
 +
  
   (1) 

ɡɚ ɭɦɨɜ 

( ) , 1,..., ,

i

ix dx b i p


= = ( ) , 1,...,

i

ix dx b i p N


 = +
, 

(2) 
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( )
1

, 0, , , 1,...,
N

i i j

i

mes i j i j N

=
 =   =  =

, 

( )1 ,..., ... N
N

N

  =   = , 

(3) 

ɞɟ 1( ,..., )n nx x x E=  ; 
(1) ( )

( ,..., )
n

i i i  =  ; ɮɭɧɤɰɿʀ ( ,  )ic x   − ɨɛɦɟɠɟɧɿ, 
ɜɢɡɧɚɱɟɧɿ ɧɚ , ɜɢɦɿɪɧɿ ɡɚ ɚɪɝɭɦɟɧɬɨɦ x  ɩɪɢ ɛɭɞɶ-ɹɤɨɦɭ ɮɿɤɫɨɜɚɧɨɦɭ 

(1) ( )
( ,..., )

n
i i i  =  ɡ   ɞɥɹ ɜɫɿɯ 1,..,i N= ; ɤɨɨɪɞɢɧɚɬɢ 

(1) ( )
,...,

n
i i   ɰɟɧɬɪɭ i , 

1,..,i N= , ɡɚɡɞɚɥɟɝɿɞɶ ɧɟɜɿɞɨɦɿ (ɹɤɿ ɩɨɬɪɿɛɧɨ ɜɢɡɧɚɱɢɬɢ); ( )x  − ɨɛɦɟɠɟɧɿ, 
ɜɢɦɿɪɧɿ, ɧɟɜɿɞ'єɦɧɿ ɧɚ   ɮɭɧɤɰɿʀ; 1,... Na a , 1,..., Nb b  − ɡɚɞɚɧɿ ɧɟɜɿɞ'єɦɧɿ ɱɢɫɥɚ, 
ɩɪɢɱɨɦɭ 

1

( ) , ,0 , 1,...,
N

i i

i

S x dx b b S i N
=

=    = . 
 

Ɍɭɬ ɿ ɧɚɞɚɥɿ ɿɧɬɟɝɪɚɥɢ ɪɨɡɭɦɿɸɬɶɫɹ ɜ ɫɟɧɫɿ Ʌɟɛɟɝɚ. Ȼɭɞɟɦɨ ɜɜɚɠɚɬɢ, ɳɨ ɦɿɪɚ 
ɦɧɨɠɢɧɢ ɝɪɚɧɢɱɧɢɯ ɬɨɱɨɤ i , 1,..,i N= , ɞɨɪɿɜɧɸє ɧɭɥɸ. 

ɍ ɪɨɛɨɬɚɯ [2],[3] ɩɟɪɟɞɛɚɱɚɥɨɫɹ, ɳɨ ɞɥɹ ɮɭɧɤɰɿɣ ( )x , ( ,  )ic x  , 1,...,i N= , 

ɜɿɞɨɦɚ ɹɜɧɚ ɚɧɚɥɿɬɢɱɧɚ ɡɚɥɟɠɧɿɫɬɶ ɜɿɞ ʀɯ ɚɪɝɭɦɟɧɬɿɜ. Ɉɞɧɚɤ ɧɚ ɩɪɚɤɬɢɰɿ ɰɹ 
ɡɚɥɟɠɧɿɫɬɶ (ɹɤ ɩɪɚɜɢɥɨ, ɫɤɥɚɞɧɚ ɧɟɥɿɧɿɣɧɚ) ɧɟ ɜɿɞɨɦɚ. ȼ ɪɨɛɨɬɿ [3] ɛɭɥɨ 
ɡɚɩɪɨɩɨɧɨɜɚɧɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ'ɹɡɚɧɧɹ ɡɚɞɚɱɿ (1), (3) ɡ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɨɸ 
ɿɞɟɧɬɢɮɿɤɚɰɿєɸ ɮɭɧɤɰɿʀ ɩɨɩɢɬɭ ( )x . ɍ ɞɚɧɿɣ ɪɨɛɨɬɿ ɪɨɡɝɥɹɧɟɦɨ ɜɢɩɚɞɨɤ, 
ɤɨɥɢ ɩɚɪɚɦɟɬɪɢ , 1,...,ia i N= , ɭ ɮɭɧɤɰɿɨɧɚɥɿ (1) ɦɨɠɭɬɶ ɛɭɬɢ ɧɟɱɿɬɤɢɦɢ, 
ɧɟɬɨɱɧɢɦɢ, ɧɟɞɨɫɬɨɜɿɪɧɢɦɢ. Ⱦɥɹ ɡɧɹɬɬɹ ɧɟɱɿɬɤɨɫɬɿ ɜ ɩɨɞɚɥɶɲɨɦɭ ɛɭɞɟɦɨ 
ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɧɟɣɪɨɧɟɱɿɬɤɿ ɬɟɯɧɨɥɨɝɿʀ, ɨɩɢɫɚɧɿ ɜ ɪɨɛɨɬɚɯ [3]-[4].  

Ⱦɥɹ ɰɶɨɝɨ ɩɚɪɚɦɟɬɪɢ , 1,...,ia i N= , ɩɪɟɞɫɬɚɜɢɦɨ ɹɤ ɩɚɪɚɦɟɬɪɢ, ɳɨ 
ɡɚɥɟɠɚɬɶ ɜɿɞ ɧɟɱɿɬɤɢɯ ɮɚɤɬɨɪɿɜ , 1,..., ,j j n =  ɭ ɜɢɞɿ 

1( ,..., )i i na a  = . (4) 

Ɍɨɞɿ ɡɚɞɚɱɭ (1)-(3) ɦɨɠɧɚ ɡɚɩɢɫɚɬɢ ɡ ɧɟɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ ɭ ɬɚɤɨɦɭ 
ɜɢɞɿ: 

 1( ,..., , )1

( ( ,  ) ) ( ) min
Ni

N

i i
i

c x a x dx


 
 = 

+ → 
 

 

(5) 

ɡɚ ɭɦɨɜ 

( ) , 1,..., ,

i

ix dx b i p


= = ( ) , 1,...,

i

ix dx b i p N


 = + , 
 

(6) 

( )
1

, 0, , , 1,...,
N

i i j

i

mes i j i j N

=
 =   =  = . (7) 

 

 

 



 ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 18 

 

 88 

ɇɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɚ ɿɞɟɧɬɢɮɿɤɚɰɿɹ ɧɟɱɿɬɤɢɯ ɩɚɪɚɦɟɬɪɿɜ ia . 

ɉɨɡɧɚɱɢɦɨ, ɞɥɹ ɫɩɪɨɳɟɧɧɹ ɨɩɢɫɭ ɦɟɬɨɞɭ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɨʀ 
ɿɞɟɧɬɢɮɿɤɚɰɿʀ, ɤɨɠɧɢɣ ɩɚɪɚɦɟɬɪ ia , 1,...,i N= , ɹɤ a  ɬɚ ɪɨɡɝɥɹɧɟɦɨ 
ɮɭɧɤɰɿɨɧɚɥɶɧɭ ɡɚɥɟɠɧɿɫɬɶ ɜɢɯɨɞɭ a  ɜɿɞ ɜɯɨɞɿɜ 1,..., n   ɭ ɜɢɞɿ: 

( )a a = , ɞɟ 1( ,..., )n  = . 
(8) 

Ⱦɥɹ ɡɚɞɚɱɿ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɩɟɪɟɞɛɚɱɚɸɬɶɫɹ ɜɿɞɨɦɢɦɢ:  
1) ɨɛɥɚɫɬɿ ɜɢɡɧɚɱɟɧɧɹ ɜɯɨɞɿɜ ɿ ɨɛɥɚɫɬɶ ɡɦɿɧɢ ɜɢɯɨɞɭ ɞɥɹ (8): 

max,    
i ii min   =    - ɨɛɥɚɫɬɿ ɜɢɡɧɚɱɟɧɧɹ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ i , 

  1,...,i n= ,  
(9) 

   , min maxA a a=  - ɨɛɥɚɫɬɶ ɡɦɿɧɢ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ a ; (10) 

2) ɟɤɫɩɟɪɬɧɨ-ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɚ ɿɧɮɨɪɦɚɰɿɹ ɩɪɨ ɡɚɥɟɠɧɿɫɬɶ (8) ɭ ɜɢɝɥɹɞɿ 
ɜɢɛɿɪɤɢ ɡ M  ɩɚɪ ɞɚɧɢɯ ɩɪɨ ɜɯɨɞɢ ɬɚ ɜɢɯɿɞ ɨɛ'єɤɬɚ ( ) ( )

exp exp{ , }m m
a , ɞɟ 

exp exp exp

( ) ( ) ( ) ( )
exp 1 2{ , ,..., }m m m m

n   =  - ɜɯɿɞɧɢɣ ɜɟɤɬɨɪ ɜ m-ɿɣ ɩɚɪɿ, 1,m M= . 

ɇɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɚ ɿɞɟɧɬɢɮɿɤɚɰɿɹ ɫɤɥɚɞɧɨʀ, ɹɤ ɩɪɚɜɢɥɨ ɧɟɥɿɧɿɣɧɨʀ, 
ɮɭɧɤɰɿɨɧɚɥɶɧɨʀ ɡɚɥɟɠɧɨɫɬɿ (8) ɫɤɥɚɞɚєɬɶɫɹ ɡ ɞɜɨɯ ɟɬɚɩɿɜ: 

ɩɟɪɲɢɣ ɟɬаɩ - ɩɨɛɭɞɨɜɚ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ ɨɛ'єɤɬɚ (8) ɭ ɜɢɝɥɹɞɿ ɧɟɱɿɬɤɨʀ 
ɩɪɨɞɭɤɰɿɣɧɨʀ ɦɨɞɟɥɿ ɡɚ ɟɤɫɩɟɪɬɧɨ-ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɦɢ ɞɚɧɢɦɢ ɩɪɨ 
ɜɡɚєɦɨɡɜ'ɹɡɨɤ ɜɢɯɨɞɭ a  ɬɚ ɜɯɨɞɿɜ 1,..., n  , ɹɤ ɭɡɝɨɞɠɟɧɨʀ ɦɧɨɠɢɧɢ ɨɤɪɟɦɢɯ 
ɧɟɱɿɬɤɢɯ ɩɪɨɞɭɤɰɿɣɧɢɯ ɩɪɚɜɢɥ ɜɢɞɭ «əɄɓɈ - ɌɈ»; 

ɞɪɭɝɢɣ ɟɬаɩ - ɧɚɫɬɪɨɣɤɚ ɩɚɪɚɦɟɬɪɿɜ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ ɡ ɦɟɬɨɸ ɦɿɧɿɦɿɡɚɰɿʀ 
ɜɿɞɯɢɥɟɧɧɹ ɪɟɡɭɥɶɬɚɬɿɜ ɦɨɞɟɥɸɜɚɧɧɹ ɜɿɞ ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɯ ɞɚɧɢɯ. 

Ⱦɚɥɿ ɤɨɪɨɬɤɨ ɨɩɢɲɟɦɨ ɩɟɪɲɢɣ ɟɬɚɩ ɦɟɬɨɞɭ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɨʀ 
ɿɞɟɧɬɢɮɿɤɚɰɿʀ - ɩɨɛɭɞɨɜɭ ɧɟɱɿɬɤɨʀ ɩɪɨɞɭɤɰɿɣɧɨʀ ɦɨɞɟɥɿ, ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ ɞɟɹɤɿ 
ɧɟɨɛɯɿɞɧɿ ɞɥɹ ɰɶɨɝɨ ɩɨɧɹɬɬɹ ɬɟɨɪɿʀ ɧɟɱɿɬɤɢɯ ɦɧɨɠɢɧ ɿ ɧɟɱɿɬɤɨʀ ɥɨɝɿɤɢ ɡ [4]. 

Ɍɢɩɨɜɚ ɫɬɪɭɤɬɭɪɚ ɩɪɨɰɟɫɭ ɩɨɛɭɞɨɜɢ ɧɟɱɿɬɤɨʀ ɩɪɨɞɭɤɰɿɣɧɨʀ ɦɨɞɟɥɿ ɨɛ’єɤɬɚ 
(8) ɡ ɞɟɤɿɥɶɤɨɦɚ ɜɯɨɞɚɦɢ ɿ ɨɞɧɢɦ ɜɢɯɨɞɨɦ ɫɤɥɚɞɚєɬɶɫɹ ɡ ɬɚɤɢɯ ɛɥɨɤɿɜ: 
ɮɚɡɢɮɿɤɚɰɿɹ, ɧɟɱɿɬɤɟ ɥɨɝɿɱɧɟ ɜɢɜɟɞɟɧɧɹ, ɞɟɮɚɡɢɮɿɤɚɰɿɹ. Ɉɩɢɲɟɦɨ ɰɿ ɛɥɨɤɢ. 

Ȼɥɨɤ ɮɚɡɢɮɿɤɚɰɿʀ. Ⱦɥɹ ɡɧɚɯɨɞɠɟɧɧɹ ɡɚɥɟɠɧɨɫɬɿ (8) ɜ ɹɜɧɨɦɭ ɜɢɝɥɹɞɿ 
ɛɭɞɟɦɨ ɪɨɡɝɥɹɞɚɬɢ ɜɯɿɞɧɿ ɡɦɿɧɧɿ ɿ ɜɢɯɿɞɧɭ ɡɦɿɧɧɭ ɹɤ ɥɿɧɝɜɿɫɬɢɱɧɿ ɡɦɿɧɧɿ, 
ɡɚɞɚɧɿ ɧɚ ɭɧɿɜɟɪɫɚɥɶɧɢɯ ɦɧɨɠɢɧɚɯ (9) - (10). 

ɍ ɤɨɧɬɟɤɫɬɿ ɧɟɱɿɬɤɨʀ ɥɨɝɿɤɢ ɩɿɞ ɮɚɡɢɮɿɤɚɰɿєɸ ɪɨɡɭɦɿєɬɶɫɹ ɩɪɨɰɟɞɭɪɚ 
ɜɢɡɧɚɱɟɧɧɹ ɬɟɪɦ-ɦɧɨɠɢɧ ɜɯɿɞɧɢɯ ɬɚ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɢɯ ɡ ɜɿɞɩɨɜɿɞɧɢɦɢ 
ɮɭɧɤɰɿɹɦɢ ɧɚɥɟɠɧɨɫɬɿ ɞɥɹ ɤɨɠɧɨɝɨ ɬɟɪɦɭ. 

ɍ ɞɚɧɨʀ ɡɚɥɟɠɧɨɫɬɿ (8) ɞɥɹ ɨɰɿɧɤɢ ɥɿɧɝɜɿɫɬɢɱɧɢɯ ɡɦɿɧɧɢɯ a  ɬɚ 
,   1, ,  i i n =  , ɛɭɞɟɦɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɬɟɪɦɢ ɡ ɬɚɤɢɯ ɬɟɪɦ-ɦɧɨɠɢɧ: 

 { }kD D=  - ɬɟɪɦ-ɦɧɨɠɢɧɚ ɡɦɿɧɧɨʀ a , ɞɟ k
D  – k-ɣ ɥɿɧɝɜɿɫɬɢɱɧɢɣ ɬɟɪɦ 

ɡɦɿɧɧɨʀ a ,    1,2, ,k L=  , L – ɱɢɫɥɨ ɪɿɡɧɢɯ ɤɥɚɫɿɜ ɜɢɯɨɞɭ a . Ⱦɥɹ ɤɨɠɧɨɝɨ ɤɥɚɫɭ 
kD  ɞɨɛɟɪɟɦɨ «ɧɚɣɯɚɪɚɤɬɟɪɧɿɲɨɝɨ ɩɪɟɞɫɬɚɜɧɢɤɚ» k kd D  ɿ ɧɚɡɜɟɦɨ ɣɨɝɨ 

ɰɟɧɬɪɨɦ ɤɥɚɫɭ; 
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 { }i ir =   - ɬɟɪɦ-ɦɧɨɠɢɧɚ ɡɦɿɧɧɨʀ i , ɞɟ ir  – r-ɣ ɥɿɧɝɜɿɫɬɢɱɧɢɣ ɬɟɪɦ 
ɡɦɿɧɧɨʀ i , 1,2, , ,   1,2, ,

i
i n r p=  =  , i

p  - ɤɿɥɶɤɿɫɬɶ ɬɟɪɦɿɜ ɜ ɬɟɪɦ-ɦɧɨɠɢɧɿ i  

ɡɦɿɧɧɨʀ i . ɉɪɢɱɨɦɭ, ɭ ɡɚɝɚɥɶɧɨɦɭ ɜɢɩɚɞɤɭ, 1 2 n
p p p  . 

Ɂɧɚɱɟɧɧɹ ɥɿɧɝɜɿɫɬɢɱɧɢɯ ɬɟɪɦɿɜ kD  ɢ ir  ɨɬɪɢɦɚєɦɨ ɧɚ ɨɫɧɨɜɿ ɟɤɫɩɟɪɬɧɨ-

ɥɿɧɝɜɿɫɬɢɱɧɨʀ ɿɧɮɨɪɦɚɰɿʀ ɩɪɨ ɨɛ’єɤɬ, ɳɨ ɦɨɞɟɥɸєɬɶɫɹ. 
Ʌɿɧɝɜɿɫɬɢɱɧɿ ɬɟɪɦɢ ir i   ɢ kD D  ɪɨɡɝɥɹɞɚɸɬɶɫɹ ɹɤ ɧɟɱɿɬɤɿ ɦɧɨɠɢɧɢ, 

ɡɚɞɚɧɿ ɧɚ ɭɧɿɜɟɪɫɚɥɶɧɢɯ ɦɧɨɠɢɧɚɯ ,  1,2, ,i i n =  , ɬɚ A , ɜɿɞɩɨɜɿɞɧɨ, 
ɜɢɡɧɚɱɟɧɢɯ ɭ (9)-(10). Ʉɨɠɧɢɣ ɡ ɧɟɱɿɬɤɢɯ ɬɟɪɦɿɜ ir i   ɩɪɟɞɫɬɚɜɥɹє 
ɜɿɞɩɨɜɿɞɧɭ ɧɟɱɿɬɤɭ ɩɿɞɦɧɨɠɢɧɭ ɧɚ ɦɧɨɠɢɧɿ ɡɧɚɱɟɧɶ i . Ⱥ ɤɨɠɧɭ ɧɟɱɿɬɤɭ 
ɦɧɨɠɢɧɭ, ɭ ɫɜɨɸ ɱɟɪɝɭ, ɡɚɞɚɦɨ ʀʀ ɞɡɜɨɧɨɩɨɞɿɛɧɨɸ ɮɭɧɤɰɿєɸ ɧɚɥɟɠɧɨɫɬɿ 

( )ir i  , ɹɤɭ ɩɪɟɞɫɬɚɜɢɦɨ ɭ ɜɢɞɿ 

2

1
( ) ,

1

ir i

i ir

ir

b

c

 


=
 −

+  
 

 1,2, , ,   1,2, ,
i

i n r p=  =  , 

(11) 

ɞɟ ( )ir i   – ɱɢɫɥɨ ɭ ɞɿɚɩɚɡɨɧɿ [0,1], ɹɤɟ ɯɚɪɚɤɬɟɪɢɡɭє ɫɭɛ’єɤɬɢɜɧɭ ɦɿɪɭ 
ɜɿɞɩɨɜɿɞɧɨɫɬɿ ɡɧɚɱɟɧɧɹ i  ɧɟɱɿɬɤɨɦɭ ɬɟɪɦɭ ir ; irb  ɿ irс  – ɩɚɪɚɦɟɬɪɢ, ɹɤɿ 
ɫɩɨɱɚɬɤɭ ɨɛɢɪɚɸɬɶɫɹ ɟɤɫɩɟɪɬɨɦ, ɚ ɩɨɬɿɦ (2-ɣ ɟɬɚɩ ɩɨɛɭɞɨɜɢ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ) 
ɧɚɫɬɪɨɸɸɬɶɫɹ ɧɚ ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɿ ɞɚɧɿ: irb  – ɤɨɨɪɞɢɧɚɬɚ ɦɚɤɫɢɦɭɦɭ 
ɮɭɧɤɰɿʀ ( )ir i  , ɩɪɢɱɨɦɭ ( ) 1ir irb = , irс  – ɤɨɟɮɿɰɿєɧɬ ɤɨɧɰɟɧɬɪɚɰɿʀ-
ɪɨɡɬɹɝɭɜɚɧɧɹ ɮɭɧɤɰɿʀ ( )ir i  . 

Ɍɚɤɢɦ ɱɢɧɨɦ, ɧɚ ɜɢɯɨɞɿ ɛɥɨɤɭ ɮɚɡɢɮɿɤɚɰɿʀ є ɡɚɞɚɧɢɦɢ ɮɭɧɤɰɿʀ ɧɚɥɟɠɧɨɫɬɿ 
( )ir i   ɞɥɹ ɤɨɠɧɨɝɨ ɥɿɧɝɜɿɫɬɢɱɧɨɝɨ ɬɟɪɦɭ ir  ɡ ɬɟɪɦ-ɦɧɨɠɢɧɢ i  ɜɿɞɩɨɜɿɞɧɨʀ 

ɜɯɿɞɧɨʀ ɡɦɿɧɧɨʀ i . 

Ȼɥɨɤ ɧɟɱɿɬɤɨɝɨ ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ. ɇɚ ɜɯɨɞɿ ɰɟɣ ɛɥɨɤ ɨɬɪɢɦɭє ɡ 
ɩɨɩɟɪɟɞɧɶɨɝɨ ɛɥɨɤɭ ɫɬɭɩɿɧɶ ɧɚɥɟɠɧɨɫɬɿ ɡɧɚɱɟɧɶ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ ɤɨɧɤɪɟɬɧɢɦ 
ɧɟɱɿɬɤɢɦ ɦɧɨɠɢɧɚɦ (ɬɟɪɦɚɦ), ɬɨɛɬɨ ɡɧɚɱɟɧɧɹ ( )ir i  , ɬɚ ɧɚ ɣɨɝɨ ɜɢɯɨɞɿ 
ɨɛɱɢɫɥɸєɬɶɫɹ ɪɟɡɭɥɶɬɭɸɱɚ ɮɭɧɤɰɿɹ ɧɚɥɟɠɧɨɫɬɿ ɜɢɯɿɞɧɨɝɨ ɡɧɚɱɟɧɧɹ ɦɨɞɟɥɿ 

( )res a . ɐɹ ɮɭɧɤɰɿɹ ɦɚє ɫɤɥɚɞɧɭ ɮɨɪɦɭ ɿ ɜɢɡɧɚɱɚєɬɶɫɹ ɡɚ ɞɨɩɨɦɨɝɨɸ 
ɚɥɝɨɪɢɬɦɭ ɧɟɱɿɬɤɨɝɨ ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ. Ⱦɥɹ ɜɢɤɨɧɚɧɧɹ ɨɛɱɢɫɥɟɧɶ ɛɥɨɤ 
ɜɢɜɟɞɟɧɧɹ ɩɨɜɢɧɟɧ ɜɤɥɸɱɚɬɢ ɧɚɫɬɭɩɧɿ ɤɨɦɩɨɧɟɧɬɢ: ɛɚɡɭ ɧɟɱɿɬɤɢɯ 
ɩɪɨɞɭɤɰɿɣɧɢɯ ɥɨɝɿɱɧɢɯ ɩɪɚɜɢɥ, ɚɥɝɨɪɢɬɦ ɧɟɱɿɬɤɨɝɨ ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ, 
ɮɭɧɤɰɿʀ ɧɚɥɟɠɧɨɫɬɿ ( )

kD a  ɞɥɹ ɤɨɠɧɨɝɨ ɬɟɪɦɭ kD  ɡ ɬɟɪɦ-ɦɧɨɠɢɧɢ D  

ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ a . 

Ⱦɚɥɿ ɩɪɟɞɫɬɚɜɢɦɨ ɜɿɞɨɦɭ ɟɤɫɩɟɪɬɧɨ-ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɭ ɿɧɮɨɪɦɚɰɿɸ ɩɪɨ 
ɨɛ’єɤɬ (8) ɭ ɜɢɝɥɹɞɿ ɫɢɫɬɟɦɢ ɧɟɱɿɬɤɢɯ ɩɪɨɞɭɤɰɿɣɧɢɯ ɥɨɝɿɱɧɢɯ ɩɪɚɜɢɥ ɜɢɞɭ 
«əɄɓɈ - ɌɈ».  

Ɍɨɞɿ ɮɭɧɤɰɿɸ ɧɚɥɟɠɧɨɫɬɿ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ a  ɤɥɚɫɭ kD  ɩɨɛɭɞɭєɦɨ ɧɚ 
ɩɿɞɫɬɚɜɿ ɧɚɹɜɧɨɫɬɿ ɡɚɥɟɠɧɨɫɬɿ (8) ɿ ɡɚɫɬɨɫɭɜɚɧɧɹ ɩɪɢɧɰɢɩɭ ɭɡɚɝɚɥɶɧɟɧɧɹ Ɂɚɞɟ 
ɬɟɨɪɿʀ ɧɟɱɿɬɤɢɯ ɦɧɨɠɢɧ ɭ ɜɢɝɥɹɞɿ: 
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11 1 21 2 1( ) ( ( ) ( ) .... ( ))
k

k k k
D n na      =     

……. 

1 1 2 2( ( ) ( ) .... ( ))k k k
j j nj n          

……. 

1 21 2
( ( ) ( ) .... ( )), 1,2,...,

k k k

k k k
ns s ns

k L         = . 

(12) 

Ɂɚɦɿɧɢɦɨ ɜ (12) ɨɩɟɪɚɰɿɸ ɧɟɱɿɬɤɨɝɨ «ɌȺ» () ɜ ɤɨɠɧɨɦɭ j-ɨɦɭ, 
1,2, , kj s=  , ɩɪɚɜɢɥɿ ɞɨɛɭɬɤɨɦ ɿ ɨɬɪɢɦɚєɦɨ: 

1 1 2 2 1 1 2 2

1

( ) ( ) .... ( ) ( ) ( ) .... ( ) ( ),
n

k k k k k k k
j j nj n j j nj n ij i

i

             
=

   =    =
1,2, , kj s=  , k = 1, 2, …, L, 

(13) 

ɬɨɞɿ ɜɢɪɚɡ ɞɥɹ ( )
kD a  ɡ (12), ɿɡ ɭɪɚɯɭɜɚɧɧɹɦ (13), ɩɟɪɟɩɢɲɟɦɨ ɭ ɜɢɞɿ 

( )
kD a = 1

1 1 1

( ) ... ( ) ... ( )
k

n n n
k k k
i i ij i iis

i i i

     
= = =

      , (14) 

ɞɟ     
2

1
( ) ,

1

k
ij i

k
i ij

k
ij

b

c

 


=
 −
 +
 
 

 1,2, , ,  i n=  1,2, , kj s=  , k = 1, 2, …, L. 

(15) 

Ʉɪɿɦ ɬɨɝɨ, ɞɥɹ ɞɨɫɹɝɧɟɧɧɹ ɛɿɥɶɲɨʀ ɝɧɭɱɤɨɫɬɿ ɦɨɞɟɥɿ, ɩɨɫɬɚɜɢɦɨ ɭ 
ɜɿɞɩɨɜɿɞɧɿɫɬɶ ɤɨɠɧɨɦɭ ɩɪɚɜɢɥɭ ɱɢɫɥɨ [0,1]k

jw  , ɹɤɟ ɨɡɧɚɱɚє ɫɬɭɩɿɧɶ 
ɞɨɫɬɨɜɿɪɧɨɫɬɿ j-ɝɨ ɩɪɚɜɢɥɚ ɞɥɹ k-ɝɨ ɤɥɚɫɭ. Ɍɨɞɿ, ɩɪɢ ɭɪɚɯɭɜɚɧɧɿ (13), ɜɢɯɿɞ j-
ɝɨ ɩɪɚɜɢɥɚ ɛɭɞɟɦɨ ɜɢɡɧɚɱɚɬɢ ɡɚ ɮɨɪɦɭɥɚɦɢ:  

1 2

1

( , ,..., ) ( ),
n

k k k

j n j ij i

i

p w    
=

=   1,2, , kj s=  , k = 1, 2, …, L. (16) 

Ɂɚɦɿɧɢɦɨ ɜ (14) ɨɩɟɪɚɰɿɸ ɧɟɱɿɬɤɨɝɨ «ȺȻɈ» () ɫɭɦɨɸ ɡ ɭɪɿɡɚɧɧɹɦ 
ɡɧɚɱɟɧɧɹ ɞɨ ɨɞɢɧɢɰɿ ɿ, ɜɪɚɯɨɜɭɸɱɢ (16), ɜɢɯɿɞ ɤɥɚɫɭ ɩɪɚɜɢɥ ɛɭɞɟɦɨ 
ɨɛɱɢɫɥɸɜɚɬɢ ɡɚ ɮɨɪɦɭɥɚɦɢ: 

1 2 1 2
1 1

( , ,..., ), ɹɤɳɨ ( , ,..., ) 1,
( )

1 іɧаɤɲɟ,

k k

Dk

s s
k k
j n j n

j j

p p
a

     
 = =




= 



 
 

k = 1, 2, …, L. 

 

(17) 

Ȼɥɨɤ ɞɟɮɚɡɢɮɿɤɚɰɿʀ. Ⱦɥɹ ɨɬɪɢɦɚɧɧɹ ɬɨɱɧɨɝɨ (ɱɿɬɤɨɝɨ) ɡɧɚɱɟɧɧɹ ɜɢɯɿɞɧɨʀ 
ɡɦɿɧɧɨʀ ɛɭɞɟɦɨ ɡɚɫɬɨɫɨɜɭɜɚɬɢ ɞɢɫɤɪɟɬɧɢɣ ɚɧɚɥɨɝ ɦɟɬɨɞɭ ɰɟɧɬɪɭ ɬɹɠɿɧɧɹ [4]: 
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1

1

( )

        

( )

k

k

L

k D

k
L

D

k

d a

a

a





=

=

=



. (18) 

Ɍɚɤɢɦ ɱɢɧɨɦ, ɦɢ ɩɨɛɭɞɭɜɚɥɢ ɧɟɱɿɬɤɭ ɦɨɞɟɥɶ ɨɛ'єɤɬɚ (8) ɭ ɜɢɝɥɹɞɿ 
ɫɩɿɜɜɿɞɧɨɲɟɧɶ (15) - (18), ɫɬɪɭɤɬɭɪɚ ɹɤɨʀ ɜɿɞɩɨɜɿɞɚє ɟɤɫɩɟɪɬɧɿɣ ɧɟɱɿɬɤɿɣ ɛɚɡɿ 
ɡɧɚɧɶ ɿ ɝɪɭɛɨ ɨɩɢɫɭє ɲɭɤɚɧɭ ɡɚɥɟɠɧɿɫɬɶ (8).  

ɇɚɩɢɲɟɦɨ ɩɨɛɭɞɨɜɚɧɭ ɧɟɱɿɬɤɭ ɦɨɞɟɥɶ ɭ ɜɢɝɥɹɞɿ 
( , , , ),a F B C W=  (19) 

ɬɭɬ 1( ,..., )
n

  =  – ɜɯɿɞɧɢɣ ɜɟɤɬɨɪ, { }k
jW w= ,  0;1jw  , 1, , kj s=  , ɧɚɛɿɪ 

ɜɚɝɨɜɢɯ ɤɨɟɮɿɰɿєɧɬɿɜ ɩɪɚɜɢɥ, { }k
ijB b= , min max; 

i i

k
ijb b b   , 

expm n
(

i
)min( )

i

m
i

m
b = , 

expm x
(

a
)max( )

i

m
i

m
b = , { }k

ij
C c= ,  0;

ij
c  +  – ɧɚɛɨɪɢ 

ɩɚɪɚɦɟɬɪɿɜ ɧɚɫɬɪɨɣɤɢ ɮɭɧɤɰɿɣ ɧɚɥɟɠɧɨɫɬɿ (17), 1,...,i n= , 1,2, , kj s=  , k = 1, 

2, …, L; F – ɮɭɧɤɰɿɹ ɡɜ’ɹɡɤɭ ɜɯɨɞɢ-ɜɢɯɿɞ, ɹɤɚ ɜɤɥɸɱɚє ɧɚɜɟɞɟɧɿ ɜɢɳɟ 
ɩɟɪɟɬɜɨɪɟɧɧɹ. 

əɤɳɨ ɩɨɛɭɞɨɜɚɧɚ ɦɨɞɟɥɶ (19) ɧɟɞɨɫɬɚɬɧɶɨ ɬɨɱɧɨ ɨɩɢɫɭє ɦɨɞɟɥɶɨɜɚɧɢɣ 
ɨɛ'єɤɬ (8), ɬɨ ɧɟɨɛɯɿɞɧɨ ɧɚɫɬɪɨʀɬɢ ʀʀ, ɬɨɛɬɨ ɡɧɚɣɬɢ ɬɚɤɿ ɩɚɪɚɦɟɬɪɢ B, C, W, ɹɤɿ 
ɦɿɧɿɦɿɡɭɸɬɶ ɜɿɞɯɢɥɟɧɧɹ ɦɨɞɟɥɶɧɢɯ (ɬɟɨɪɟɬɢɱɧɢɯ, ɨɬɪɢɦɚɧɢɯ ɡɚ ɦɨɞɟɥɥɸ 
(19)) ɜɿɞ ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɯ ɞɚɧɢɯ. 

ɉɟɪɟɣɞɟɦɨ ɞɨ ɞɪɭɝɨɝɨ ɟɬɚɩɭ - ɧɚɫɬɪɨɣɤɢ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ (19). Ɍɨɞɿ ɜ 
ɬɟɪɦɿɧɚɯ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɩɪɨɝɪɚɦɭɜɚɧɧɹ ɡɚɞɚɱɚ ɧɚɫɬɪɨɣɤɢ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ 
ɦɨɠɟ ɛɭɬɢ ɫɮɨɪɦɭɥɶɨɜɚɧɚ ɬɚɤɢɦ ɱɢɧɨɦ: 

ɡɧɚɣɬɢ ɜɟɤɬɨɪ (B,C,W), ɹɤɢɣ ɡɚɛɟɡɩɟɱɭє  

exp exp
, ,

( , , , ) min
B C W

F B C W a − → . (20) 

ɉɨɡɧɚɱɢɦɨ ɜɟɤɬɨɪ ( , , )B C W = , 1{ ... ... }i nQ Q Q Q  =     , ɞɟ 

   min max; 0; 0;1
i iiQ b b =  +   , 1,...,i n= , ɬɚ ɩɟɪɟɩɢɲɟɦɨ ɡɚɞɚɱɭ ɨɩɬɢɦɿɡɚɰɿʀ 

(20) ɭ ɜɢɞɿ 
( ) min

Q
f





→ , 

(21) 

ɞɟ exp( )f a a = − , a  – ɪɟɡɭɥɶɬɚɬɢ, ɹɤɿ ɪɨɡɪɚɯɨɜɚɧɿ ɡɚ ɦɨɞɟɥɥɸ (19), expa  – 

ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɿ ɞɚɧɿ. 
Ɍɭɬ ɧɨɪɦɚ   ɜɢɡɧɚɱɚєɬɶɫɹ ɹɤ ɟɜɤɥɿɞɨɜɚ ɦɟɬɪɢɤɚ 

( )2( ) ( )
exp exp

1

1
M

m m

m

a a a a
M =

− = − , (22) 
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ɞɟ ( )
exp

m
a  – ɡɧɚɱɟɧɧɹ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ a  ɡ m -ɨʀ ɩɚɪɢ ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɨʀ 

ɜɢɛɿɪɤɢ ( ) ( )
exp exp{ , }m m

a , 1,...,m M= ; ( )m
a  – ɪɟɡɭɥɶɬɚɬɢ, ɪɨɡɪɚɯɨɜɚɧɿ ɡɚ 

ɦɨɞɟɥɥɸ (15)-(18) ɞɥɹ ɡɧɚɱɟɧɶ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ   ɡ m -ɨʀ ɩɚɪɢ 
ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɨʀ ɜɢɛɿɪɤɢ. 

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɨɩɬɢɦɿɡɚɰɿʀ (21) ɛɭɞɟɦɨ ɡɚɫɬɨɫɨɜɭɜɚɬɢ r-ɚɥɝɨɪɢɬɦ 
ɇ.Ɂ.ɒɨɪɚ ɜ ɇ-ɮɨɪɦɿ [1], ɡ ɿɬɟɪɚɰɿɣɧɨɸ ɮɨɪɦɭɥɨɸ ɭ ɜɢɞɿ 

( )
( ) ( )( )

( )

( 1) ( )

( ) ( )
P

,

k
k fk k

Q k
k k

k f f

H g
h

H g g


 

 

+

 
 

= − 
 
 

, 0,1,2,...k =  (23) 

ɞɟ PQ  - ɨɩɟɪɚɬɨɪ ɩɪɨɟɤɬɭɜɚɧɧɹ ɧɚ Q , 0kh   - ɤɪɨɤɨɜɢɣ ɦɧɨɠɧɢɤ; ( )( )k
fg   - 

ɫɭɛɝɪɚɞɿєɧɬ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ( )f   ɡ (21) ɭ ɬɨɱɰɿ ( )k = , ɹɤɢɣ 
ɪɨɡɪɚɯɨɜɭєɬɶɫɹ ɞɥɹ , , ,k i j m : 1,...,k L= , 1,...,i n= , 1,..., kj s= , 1,...,m M= , ɡɚ 
ɬɚɤɢɦɢ ɮɨɪɦɭɥɚɦɢ:  

( ) ( ) ( ) ( )( ) ( ( ), ( ), ( ))k B k C k W k
f f f fg g g g   = ,  
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j jkw wk k

M
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a a


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=  −
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 
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(
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 
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1
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=
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*
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( ) ( ) ( )
k

k

D

k
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k
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j j
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k
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
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
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*
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i j
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j j

с с
k
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
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
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( ) ( )

* * * ** *

* *

* * * *

2
( )

( )

2
2 2

( )

2 ( )
( )

k

i

i j

k
j

k
b ii j i j

i

k
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mk

j i

m

mk

j

ac

c

b

g a

a b



 −
=
 

+ − 
 

, 
 

( ) ( )
* * * ** *

* *

* * * *

( ) 2

( )

2
2 2

( )

2 ( )
( )

k

i j

i j

k

kс ii j i j
i

k
ii

m

j i j

k

m

mk

c b

c b

a
g a

a



 −
=
 

+ − 
 

. 
 

Ɂɚɭɜɚɠɢɦɨ, ɳɨ r-ɚɥɝɨɪɢɬɦ є ɦɟɬɨɞɨɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱ ɛɟɡɭɦɨɜɧɨʀ 
ɨɩɬɢɦɿɡɚɰɿʀ. ȼ ɡɚɥɟɠɧɨɫɬɿ ɜɿɞ ɜɢɝɥɹɞɭ ɮɭɧɤɰɿɣ ɧɚɥɟɠɧɨɫɬɿ ɬɟɪɦɿɜ ɞɥɹ 
ɧɟɱɿɬɤɢɯ ɡɦɿɧɧɢɯ ɦɨɞɟɥɿ ɩɪɢ ɜɢɤɨɪɢɫɬɚɧɧɿ r-ɚɥɝɨɪɢɬɦɭ ɧɟɨɛɯɿɞɧɨ ɜɜɟɫɬɢ ɞɨ 
ɰɿɥɶɨɜɨɝɨ ɮɭɧɤɰɿɨɧɚɥɭ ɧɟɝɥɚɞɤɿ ɲɬɪɚɮɢ ɬɚ ɜɪɚɯɭɜɚɬɢ ʀɯ ɩɪɢ ɪɨɡɪɚɯɭɧɤɭ ɣɨɝɨ 
ɝɪɚɞɿєɧɬɭ. 

ɍ ɞɚɧɿɣ ɡɚɞɚɱɿ ɨɛɦɟɠɟɧɧɹ ɞɥɹ ɩɚɪɚɦɟɬɪɚ B, ɳɨ ɧɚɜɟɞɟɧɿ ɜɢɳɟ, ɞɨɞɚɸɬɶɫɹ 

ɞɨ ɰɿɥɶɨɜɨɝɨ ɮɭɧɤɰɿɨɧɚɥɭ ɭ ɜɢɝɥɹɞɿ ɧɟɝɥɚɞɤɨʀ ɲɬɪɚɮɧɨʀ ɮɭɧɤɰɿʀ 

( ) ( )( )min max
11 1

max 0, max 0,
i i

kL
k k
i

sn

j ij
ki j

S b b b b
== =

− + − −  , ɨɛɦɟɠɟɧɧɹ ɞɥɹ 

ɩɚɪɚɦɟɬɪɚ C - ɭ ɜɢɝɥɹɞɿ ɧɟɝɥɚɞɤɨʀ ɲɬɪɚɮɧɨʀ ɮɭɧɤɰɿʀ 

( )
11 1

max 0,
kL

k
ij

ki j

sn

S c
== =

−  −  , ɚ ɞɥɹ ɩɚɪɚɦɟɬɪɚ W – ɭ ɜɢɝɥɹɞɿ ɧɟɝɥɚɞɤɨʀ ɲɬɪɚɮɧɨʀ 

ɮɭɧɤɰɿʀ ( )( )
1 1

max 0, x 1)ma (0,
k

k k
j

s

k j

L

jS w w
= =

−  − + −  , ɞɟ S – ɜɟɥɢɤɟ ɞɨɞɚɬɧɟ ɱɢɫɥɨ 
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(ɡɧɚɱɧɨ ɛiɥɶɲɟ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɡ ɦɧɨɠɧɢɤiɜ Ʌɚɝɪɚɧɠɚ ɞɥɹ ɰiɥɶɨɜɨɝɨ 
ɮɭɧɤɰiɨɧɚɥɭ). 
 ɍ ɪɟɡɭɥɶɬɚɬɿ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɨɩɬɢɦɿɡɚɰɿʀ (21) ɨɬɪɢɦɭєɦɨ ɜɟɤɬɨɪ 

* * * *( , , )B C W = , ɹɤɢɣ ɞɨɫɬɚɜɥɹє ɦɿɧɿɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɰɿɥɶɨɜɿɣ ɮɭɧɤɰɿʀ 
( )f  . Ɍɨɛɬɨ ɨɬɪɢɦɭєɦɨ ɬɚɤɿ ɡɧɚɱɟɧɧɹ * *{ }k

j
W w=  – ɞɥɹ ɧɚɛɨɪɭ ɜɚɝɨɜɢɯ 

ɤɨɟɮɿɰɿєɧɬɿɜ ɩɪɚɜɢɥ ɿ ɧɚɛɨɪɿɜ ɩɚɪɚɦɟɬɪɿɜ * * * *{ },  { }k k

ij ij
B b C c= =  ɮɭɧɤɰɿɣ 

ɧɚɥɟɠɧɨɫɬɿ (15), ɞɥɹ ɹɤɢɯ ɜɿɞɯɢɥɟɧɧɹ ɜɢɞɭ (22) ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɯ ɞɚɧɢɯ ɜɿɞ 
ɦɨɞɟɥɶɧɢɯ, ɨɬɪɢɦɚɧɢɯ ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ, ɞɨɫɹɝɚє ɦɿɧɿɦɚɥɶɧɨɝɨ 
ɡɧɚɱɟɧɧɹ. 
 ɇɚɜɟɞɟɦɨ ɪɟɡɭɥɶɬɭɸɱɭ ɧɟɣɪɨɧɟɱɿɬɤɭ ɿɞɟɧɬɢɮɿɤɚɰɿɸ ɡɚɥɟɠɧɨɫɬɿ (8) ɭ 
ɜɢɝɥɹɞɿ ɧɚɫɬɭɩɧɢɯ ɫɩɿɜɜɿɞɧɨɲɟɧɶ: 

*

1

*

1
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( )  
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k

k

L

k D
k
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d a
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




=

=


=



,    1 ... ...i n  =        , (24) 

ɞɟ  

* *
1 2 1 2*

1 1

( , ,..., ), ɹɤɳɨ ( , ,..., ) 1,
( )

1 іɧаɤɲɟ,

k k

Dk

s s
k k
j n j n

j j

p p
a

     
 = =


 = 



 

 

(25) 

* * *
1 2

1

( , ,..., ) ( ),
n

k k k
j n j ij i

i

p w    
=

=   (26) 

*

2
*

*

1
( )

1

k
ij i

k
i ij

k
ij

b

c

 


=
 −
 +
 
 

,     1,...,i n= , 1,..., kj s= , k = 1, 2, …, L. 

(27) 

 ɍ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹɯ (24)-(27) ɡɧɚɱɟɧɧɹ *( )k
ij i  , *

1 2( , ,..., )k
j np    , * ( )

Dk
a  

ɪɨɡɪɚɯɨɜɭɸɬɶɫɹ ɩɪɢ ɨɩɬɢɦɚɥɶɧɢɯ ɡɧɚɱɟɧɧɹɯ ɩɚɪɚɦɟɬɪɿɜ 
* *{ }k

jW w= , * * * *{ },  { }k k
ij ijB b C c= = , ɨɬɪɢɦɚɧɢɯ ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ. 

Ⱥɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɡ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɨɸ ɿɞɟɧɬɢɮɿɤɚɰɿєɸ 

ɧɟɱɿɬɤɢɯ ɩɚɪɚɦɟɬɪɿɜ ia .  

Ⱦɥɹ ɮɨɪɦɭɥɸɜɚɧɧɹ ɚɥɝɨɪɢɬɦɭ ɪɨɡɜ'ɹɡɚɧɧɹ ɡɚɞɚɱɿ (5)-(7) ɡ ɧɟɱɿɬɤɢɦɢ 
ɩɚɪɚɦɟɬɪɚɦɢ , 1,...,ia i N= , ɩɟɪɟɩɢɲɟɦɨ ɡɚɞɚɱɭ Ⱥ (ɡ ɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ), 
ɜɜɨɞɹɱɢ ɯɚɪɚɤɬɟɪɢɫɬɢɱɧɭ ɮɭɧɤɰɿɸ  

1,  ,
( )

0, \ , 1,...,  ,

i
i

i

x
x

x i N



=    =
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ɩɿɞɦɧɨɠɢɧɢ i , 1,...,  i N= , ɭ ɜɢɞɿ ɡɚɞɚɱɿ B. 

 

Ɂɚɞɚɱɚ ȼ. Ɂɧɚɣɬɢ 

2( ( ), )

min ( ( ), )
N

I
 

 
  

   

ɞɟ  
2 1( ) : ( ) ɦаɣɠɟ вɫɸɞɢ (ɦ.в.) ɞɥɹ ;x x x  =     

( ) ( ) , 1,...,i ix x dx b i p 


= = ,    ( ) ( ) , 1,..., }i ix x dx b i p N 


 = + ,  

1 1( ) ( ( ),..., ( )) : ( ) 0 1ɦ.в. ɞɥɹ , 1,..., ,N ix x x x x i N    = = =   =   

1
( ) 1ɦ.в. ɞɥɹ };

N

i
i

x x
=
 =     ( )1 ,..., N  = ... N

N

  = . 

 

 

Ɍɭɬ 

( ) ( )
1

( ( ), ) ( ( ,  ) )
N

i i i

i

I c x a x x dx    
=

 = + . 
 

Ɉɩɬɢɦɚɥɶɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ B ɦɚє ɧɚɫɬɭɩɧɢɣ ɜɢɝɥɹɞ ɞɥɹ 1,...,i N=  ɬɚ 
ɦɚɣɠɟ ɜɫɿɯ x  [1]: 

* *
* *

* *

1,  ɹɤɳɨ ( , ) ( , ) ,

( )  ɦ.в. ɞɥɹ , 1,..., ,  ɬɨɞі ,
0  в іɧɲɢх вɢɩаɞɤах,

ii i j j j

i i

c x a c x a

x i j x j N x

   



 + +  + +
=   = 



 

 

  

ɜ ɹɤɨɫɬɿ *1 *,...,  N  , * *
1 ,...,  N   ɨɛɢɪɚєɬɶɫɹ ɨɩɬɢɦɚɥɶɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ 

( )1
1,..., 1

( ) min ( , ) min min [ ( , ) ] max
N N

N

i i i i i
i N i

G G c x a x dx b
 

      
=  =

 
= == + + − → 


  (28) 

ɡɚ ɭɦɨɜ 
0, 1,..., ,i i p N  = +  (29) 

ɞɟ 

1
1,..., 1

( , ) min [ ( , ) ] ( ) .
N

i i i i i
i N i

G c x a x dx b     
= =

= + + −   (30) 

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɨʀ ɡɚɞɚɱɿ (28) - (30) ɡ ɧɟɞɢɮɟɪɟɧɰɿɣɨɜɧɨɸ 
ɮɭɧɤɰɿєɸ (30) ɡɚɫɬɨɫɭєɦɨ ɟɜɪɢɫɬɢɱɧɢɣ ɚɥɝɨɪɢɬɦ ɩɫɟɜɞɨɝɪɚɞɿєɧɬɿɜ ɡ 
ɪɨɡɬɹɝɭɜɚɧɧɹɦ ɩɪɨɫɬɨɪɭ ɜ ɧɚɩɪɹɦɭ ɪɿɡɧɢɰɿ ɞɜɨɯ ɩɨɫɥɿɞɨɜɧɢɯ ɝɪɚɞɿєɧɬɿɜ, 
ɛɥɢɡɶɤɢɣ ɞɨ r-ɚɥɝɨɪɢɬɦɭ ɇ.Ɂ. ɒɨɪɚ [5].  

Ⱦɥɹ ɰɶɨɝɨ ɜɿɞ ɡɚɞɚɱɿ (28),(29) ɩɟɪɟɣɞɟɦɨ ɞɨ ɡɚɞɚɱɿ ɛɟɡɭɦɨɜɧɨʀ ɦɚɤɫɢɦɿɡɚɰɿʀ 
ɩɨ   ɡɚ ɞɨɩɨɦɨɝɨɸ ɜɜɟɞɟɧɧɹ ɜ ɰɿɥɶɨɜɭ ɮɭɧɤɰɿɸ (30) ɧɟɝɥɚɞɤɨʀ ɲɬɪɚɮɧɨʀ 
ɮɭɧɤɰɿʀ ɦɧɨɠɢɧɢ  0, 1,...,i i p N  = + . Ɂɧɚɣɬɢ  
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max min ( , )
N

N

P
 

 
 

,  

1

1

( , ) ( , ) max(0, )
N

i

i p

P G S    
= +

= − − , 
 

ɞɟ S  − ɞɨɫɢɬɶ ɜɟɥɢɤɟ ɞɨɞɚɬɧɟ ɱɢɫɥɨ (ɡɧɚɱɧɨ ɛɿɥɶɲɟ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɡ 
ɦɧɨɠɧɢɤɿɜ Ʌɚɝɪɚɧɠɚ ɞɥɹ ɮɭɧɤɰɿʀ (30)). 

ȼɢɡɧɚɱɢɦɨ i-ɬɭ, 1,...,i N= , ɤɨɦɩɨɧɟɧɬɭ 2N-ɜɢɦɿɪɧɨɝɨ ɜɟɤɬɨɪɚ 
ɭɡɚɝɚɥɶɧɟɧɨɝɨ ɩɫɟɜɞɨɝɪɚɞɿєɧɬɚ  

( ) ( )1 1( , ) ( , ), ( , ) ( , ),..., ( , ), ( , ),..., ( , )N N
P P P P P P Pg g g g g g g

               = − = − −  

ɮɭɧɤɰɿʀ ( , )P    ɜ ɬɨɱɰɿ ( )1 1( , ) ,..., , ,...,N N     =  ɬɚɤɢɦ ɱɢɧɨɦ: 

( )

( ) ( ) , 1,..., ,

( , )
( ) ( ) max 0,sign( ) , 1,..., ,

i

i i

P

i i i

x x dx b i p

g
x x dx b S i p N


 

 
  





 − =
= 

− + − = +





 (31) 

( , ) ( ) ( , ) ( ) , 1,..., ,i i
c iPg x g x x dx i N

     


= =  
(32) 

ɞɟ ( , )i
Pg x
  − i-ɚ ɤɨɦɩɨɧɟɧɬɚ N-ɜɢɦɿɪɧɨɝɨ ɜɟɤɬɨɪɚ ɭɡɚɝɚɥɶɧɟɧɨɝɨ ɝɪɚɞɿєɧɬɚ 

( , )Pg x
   ɮɭɧɤɰɿʀ ( , )ic x   ɜ ɬɨɱɰɿ ( )1,..., ,...,i N   =  ɩɪɢ ɮɿɤɫɢɜɚɧɨɦɭ ɯ, ɹɤɚ 

ɦɚє ɜɢɞ 
(1)

( )

( , )

( , ) ...............

( , )

i

i

n
i

c

c

c

g x

g x

g x












 
 
 =
 
 
 

. 

 

ɍ ɮɨɪɦɭɥɚɯ (31), (32) ( )i x , 1,...,i N= , ɜɢɡɧɚɱɚєɬɶɫɹ ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ: 

( )
( ) ( )1, ɩɪɢ , , ,

ɩ. в. ɞɥɹ , 1,..., ,
0 в іɧɲɢх вɢɩаɞɤах.

i i i j j j

i

c x a c x a

x i j x j N

   



 + +  + +

=   =



 (33) 

Ɉɩɢɲɟɦɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ (5)-(7). 

Ⱥɥɝɨɪɢɬɦ. 
Ɉɛɥɚɫɬɶ  ɭɤɥɚɞɚєɦɨ ɜ n-ɜɢɦɿɪɧɢɣ ɩɚɪɚɥɟɥɟɩɿɩɟɞ ɉ, ɫɬɨɪɨɧɢ ɹɤɨɝɨ 

ɩɚɪɚɥɟɥɶɧɿ ɜɿɫɹɦ ɞɟɤɚɪɬɨɜɨʀ ɫɢɫɬɟɦɢ ɤɨɨɪɞɢɧɚɬ, ɜɜɚɠɚєɦɨ ( ) 0x =  ɞɥɹ 
\x  . ɉɚɪɚɥɟɥɟɩɿɩɟɞ ɉ ɩɨɤɪɢɜɚєɦɨ ɩɪɹɦɨɤɭɬɧɨʀ ɫɿɬɤɨɸ ɿ ɡɚɞɚєɦɨ 

ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ (0) (0)( , ) ( , )   = . Ɉɛɱɢɫɥɸєɦɨ ɡɧɚɱɟɧɧɹ (0) ( )x  ɭ 
ɜɭɡɥɚɯ ɫɿɬɤɢ ɡɚ ɮɨɪɦɭɥɚɦɢ (33) ɩɪɢ (0) (0),   = =  ɬɚ , 1,...,ia i N= , ɹɤɿ 
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ɨɛɱɢɫɥɟɧɿ ɡɚ ɮɨɪɦɭɥɚɦɢ (24)-(27), ɞɟ ɜ ɹɤɨɫɬɿ a  ɜɡɹɬɿ ɜɿɞɩɨɜɿɞɧɿ , 1,...,ia i N= . 

Ɉɛɱɢɫɥɸєɦɨ ɡɧɚɱɟɧɧɹ 
(0) (0)( , )Pg

   , (0) (0)( , )Pg
    ɭ ɜɭɡɥɚɯ ɫɿɬɤɢ ɡɚ 

ɮɨɪɦɭɥɚɦɢ (31) ɬɚ (32) ɩɪɢ (0)( ) ( )x x = , (0) (0),   = = , ɬɚ , 1,...,ia i N= , 

ɹɤɿ ɨɛɱɢɫɥɟɧɿ ɡɚ ɮɨɪɦɭɥɚɦɢ (24)-(27), ɜɢɛɢɪɚєɦɨ ɩɨɱɚɬɤɨɜɢɣ ɩɪɨɛɧɢɣ ɤɪɨɤ 

0 0h   r-ɚɥɝɨɪɢɬɦɭ ɬɚ ɡɧɚɯɨɞɢɦɨ 

( )( )(1) (0) (0) (0)
0 ,Ph g

   =  − ,  

( )(1) (0) (0) (0)
0 ,Ph g

   = − ,  

ɞɟ P  − ɨɩɟɪɚɬɨɪ ɩɪɨɟɤɬɭɜɚɧɧɹ ɧɚ ɉ. 
ɉɟɪɟɯɨɞɢɦɨ ɞɨ ɞɪɭɝɨɝɨ ɤɪɨɤɭ. 
ɇɟɯɚɣ ɜ ɪɟɡɭɥɶɬɚɬɿ ɨɛɱɢɫɥɟɧɶ ɩɿɫɥɹ k , 1,2,...k = , ɤɪɨɤɿɜ ɚɥɝɨɪɢɬɦɭ ɨɬɪɢɦɚɧɿ 

ɩɟɜɧɿ ɡɧɚɱɟɧɧɹ ( ) ( ),k k  , ( 1) ( )k
x − , ɭ ɜɭɡɥɚɯ ɫɿɬɤɢ.  

Ɉɩɢɲɟɦɨ ( 1k + )-ɣ ɤɪɨɤ. 

1. Ɉɛɱɢɫɥɸєɦɨ ɡɧɚɱɟɧɧɹ ( ) ( )k
x  ɭ ɜɭɡɥɚɯ ɫɿɬɤɢ ɡɚ ɮɨɪɦɭɥɚɦɢ (33) ɩɪɢ 

( ) ( ),k k   = =  ɬɚ , 1,...,ia i N= , ɹɤɿ ɨɛɱɢɫɥɟɧɿ ɡɚ ɮɨɪɦɭɥɚɦɢ (24)-(27). 

2. Ɉɛɱɢɫɥɸєɦɨ ɡɧɚɱɟɧɧɹ ( )( ) ( ),k k
Pg    ɡɚ ɮɨɪɦɭɥɚɦɢ (31), (32) ɩɪɢ 

( ) ( ),k k   = = , ( )( ) ( )k
x x =  ɬɚ , 1,...,ia i N= , ɹɤɿ ɨɛɱɢɫɥɟɧɿ ɡɚ ɮɨɪɦɭɥɚɦɢ 

(24)-(27). 

3. ɉɪɨɜɨɞɢɦɨ ( 1k + )-ɣ ɤɪɨɤ ɚɥɝɨɪɢɬɦɭ ɭɡɚɝɚɥɶɧɟɧɢɯ ɩɫɟɜɞɨɝɪɚɞɿєɧɬɿɜ ɡ 
ɪɨɡɬɹɝɭɜɚɧɧɹɦ ɩɪɨɫɬɨɪɭ, ɛɥɢɡɶɤɨɝɨ ɞɨ r-ɚɥɝɨɪɢɬɦɭ 5, ɤɨɪɨɬɤɚ ɫɯɟɦɚ ɹɤɨɝɨ 
ɦɚє ɜɢɝɥɹɞ  

( )( 1) ( )
1

k k
k k Ph B g

  +
 +=  − ,  

( 1) ( )
1

k k
k Pk

h B g
  +
+= − ,  

ɞɟ 1 1
,k k

B B


+ +  − ɨɩɟɪɚɬɨɪɢ ɜɿɞɨɛɪɚɠɟɧɧɹ ɩɟɪɟɬɜɨɪɟɧɨɝɨ ɩɪɨɫɬɨɪɭ ɜ ɨɫɧɨɜɧɢɣ 

ɩɪɨɫɬɿɪ nE , ɩɪɢɱɟɦɭ 0 NB I
 = , 

0 NB I
 =  ( NI  − ɨɞɢɧɢɱɧɚ ɦɚɬɪɢɰɹ); 

* ( ) ( )
1 ( , )k k

P k Pg B g  += ; kh  – ɤɪɨɤɨɜɢɣ ɦɧɨɠɧɢɤ, ɜɢɛɿɪ ɹɤɨɝɨ ɡɞɿɣɫɧɸєɬɶɫɹ ɡ 
ɭɦɨɜɢ ɦɿɧɿɦɭɦɭ ɪɿɡɧɢɰɿ 

( 1) ( ) ( ) ( 1)
1 1( , ) ( , )k k k k

G G   − − −    

ɭ ɧɚɩɪɹɦɭ ɚɧɬɢɩɫɟɜɞɨɝɪɚɞɿєɧɬɚ ( , )g  −  ɭ ɩɟɪɟɬɜɨɪɟɧɨɦɭ ɩɪɨɫɬɨɪɿ. 
4. əɤɳɨ ɭɦɨɜɚ 

( ) ( )( 1) ( 1) ( ) ( ), , , 0k k k k     + + −   , (34) 

ɧɟ ɜɢɤɨɧɭєɬɶɫɹ, ɩɟɪɟɯɨɞɢɦɨ ɞɨ ( 2k + )-ɝɨ ɤɪɨɤɭ ɚɥɝɨɪɢɬɦɭ, ɹɤɳɨ 
ɜɢɤɨɧɭєɬɶɫɹ - ɬɨ ɞɨ ɩ. 5. 

5. ȼɜɚɠɚєɦɨ ( ) * ( )
* ,l l   = = , ( )

*( ) ( )l
x x = , ɞɟ l  − ɧɨɦɟɪ ɿɬɟɪɚɰɿʀ, ɧɚ 



 ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 18 

 

 98 

ɹɤɿɣ ɜɢɤɨɧɚɥɚɫɹ ɭɦɨɜɚ (34). 

6. Ɉɛɱɢɫɥɸєɦɨ ɨɩɬɢɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɰɿɥɶɨɜɨɝɨ ɮɭɧɤɰɿɨɧɚɥɭ ɡɚ ɮɨɪɦɭɥɨɸ 

(30) ɩɪɢ *
*,   = =  ɬɚ , 1,...,ia i N= , ɹɤɿ ɨɛɱɢɫɥɟɧɿ ɡɚ ɮɨɪɦɭɥɚɦɢ (24)-(27), 

ɣ, ɞɥɹ ɤɨɧɬɪɨɥɸ ɩɪɚɜɢɥɶɧɨɫɬɿ ɪɨɡɪɚɯɭɧɤɿɜ, ɡɚ ɮɨɪɦɭɥɨɸ 

( )  * * * *
1

( ), ( , ) ( ) ( )
N

i i i
i

I c x a x x dx    
=

 = + . 
(35) 

Ⱥɥɝɨɪɢɬɦ ɨɩɢɫɚɧɢɣ. 

ȼɢɫɧɨɜɤɢ. ɍ ɪɨɛɨɬɿ ɪɨɡɪɨɛɥɟɧɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɩɟɪɟɪɜɧɨʀ ɥɿɧɿɣɧɨʀ 
ɨɞɧɨɩɪɨɞɭɤɬɨɜɨʀ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ   ɡ n-ɜɢɦɿɪɧɨɝɨ 
ɟɜɤɥɿɞɨɜɨɝɨ ɩɪɨɫɬɨɪɭ ȿn ɧɚ ɩɿɞɦɧɨɠɢɧɢ 1,..., N   ɡ ɜɿɞɲɭɤɭɜɚɧɧɹɦ ɤɨɨɪɞɢɧɚɬ 
ɰɟɧɬɪɿɜ (ɡ ɪɨɡɬɚɲɭɜɚɧɧɹɦ ɰɟɧɬɪɿɜ) 1,...,  N   ɰɢɯ ɩɿɞɦɧɨɠɢɧ ɩɪɢ ɨɛɦɟɠɟɧɧɹɯ 

ɭ ɮɨɪɦɿ ɪɿɜɧɨɫɬɟɣ ɬɚ ɧɟɪɿɜɧɨɫɬɟɣ, ɰɿɥɶɨɜɢɣ ɮɭɧɤɰɿɨɧɚɥ ɹɤɨʀ ɦɚє ɧɟɱɿɬɤɿ 
ɩɚɪɚɦɟɬɪɢ. Ⱥɥɝɨɪɢɬɦ ɡɚɫɧɨɜɚɧɢɣ ɧɚ ɡɚɫɬɨɫɭɜɚɧɧɿ ɧɟɣɪɨɧɟɱɿɬɤɢɯ ɬɟɯɧɨɥɨɝɿɣ 
ɬɚ r-ɚɥɝɨɪɢɬɦɭ ɇ.Ɂ.ɒɨɪɚ. Ɋɨɡɪɨɛɥɟɧɢɣ ɚɥɝɨɪɢɬɦ ɞɨɡɜɨɥɹє ɪɨɡɜ’ɹɡɭɜɚɬɢ 
ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ ɜ ɭɦɨɜɚɯ ɧɟɜɢɡɧɚɱɟɧɨɫɬɿ, ɡɨɤɪɟɦɚ, 
ɡɚɞɚɱɿ, ɜ ɹɤɢɯ ɪɹɞ ɩɚɪɚɦɟɬɪɿɜ є ɧɟɱɿɬɤɢɦɢ, ɧɟɬɨɱɧɢɦɢ, ɚɛɨ є ɧɟɞɨɫɬɨɜɿɪɧɢɦ 
ɦɚɬɟɦɚɬɢɱɧɢɣ ɨɩɢɫ ɞɟɹɤɢɯ ɡɚɥɟɠɧɨɫɬɟɣ ɜ ɦɨɞɟɥɿ. 
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