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JOCJILIZKEHHSA OIIIHOK JOBKUHU ITAPAJIEJIBHOI'O
YIIOPAIAKYBAHHSA BEPIIUH ' PADY

OTpuMaHO mNOKpallleHy ONHKY 3HH3Y 4YacOBUX BHTPAT /JIf 33Ja4i MOUIYKY
NapajejJbHOT0 YHOPSAAKYBAHHSI BepmmH rpady 3  MiHIMAJIBLHOK  J0BKMHOIO,
3alpONOHOBAHO OLIHKY 3BepXy, OOIPYHTOBAaHO 3B'fI30K 3aaaui i3 oO6epHeHoro. Ha ocHoBi
00YHCII0OBAJILHOTO €KCIEePUMEHTY JOCTIIKeHO BIUIMB TOYHOCTI OWIHKHM HA IIBHAKICTH
3HAXOJKEHHSI TOYHOT0 PO3B’A3KY METO/0M TIijJIOK Ta MeX.

KiawuoBi cioBa: JaucCKpeTHa oONTHMIi3alisi, Teopis PoO3KJIAAIB, ONTHMAJbHI
YHOPSAKYBAHHS, METO/I TJIOK Ta M€K, OLiHIOBAHHS MapaMeTPiB yNOPSAKYBAHHS.

IMonyyena yaydilleHHasi OLEHKAa CHHU3Y BpPeMEHHBIX 3aTpar /i 3aJa4d TOHCKA
napajiiejbHOr0 YNOpsJ0YeHHsl BepuIMH rpada, HMeWIero MHHUMAJIbHYKW UIHMHY,
NnpeaioKeHa OlleHKa CBepxy, 000CHOBaHAa CBs3b 3ajauu ¢ oOpatHoii. IlocpeacTBom
BBIYHCJIUTEILHOT0 IKCIIEPUMEHTA MCCJIeA0BAHO BJIHMsSIHHE TOYHOCTH OIeHKH HAa CKOPOCTh
HAXO0KIeHUsI TOUYHOTO pellleHUs MeTO/I0M BeTBeil U I'PaHuIl.

KiawuoBi cioBa: JaucKpeTHa oONTHMI3alisi, Teopis PoO3KJIAAIB, ONTHMAJbHI
YHOPSAKYBAHHS, METO/I T'JIOK Ta M€K, OLiHIOBAHHS MMapaMeTPiB yNOPSAKYBaHHS.

A number of practical tasks require minimizing the human and material resources that
are involved in tasks or time expenditures. A special place in this class of problems is occu-
pied by theoretical problems that have a broad practical application, which belong to a
class of discrete optimization problems. When minimizing time expenditures in such prob-
lems the question of determining the optimal sequencing of execution of a finite set of
works (tasks, operations, projects, etc.) is raised. This sequencing can be linear, circular or
parallel. The latter is considered by the authors.

This article is devoted to the analysis of one of the problems of discrete optimization,
which belongs to the class of problems of the scheduling theory, and, taking into account its
specificity, can be considered as an optimization graph problem. Specifically, in terms of
the theory of graphs, the problem of finding a parallel sequencing of vertices of a given
graph of minimum length, in which at each place there is no more than a given fixed num-
ber of vertices, is under consideration. Since this problem is NP-hard, its exact solution can
be found by using one of the methods that implements state search scheme. The authors
investigated the impact of the accuracy of the estimation of the length of optimal sequenc-
ing on the rate of finding the solution by using one of the most common methods, namely
the branch and bound method.

As a result, an improved lower-bound estimate of time expenditures was obtained and
an upper-bound estimate was proposed. The latter was used to justify the relationship of
the problem under consideration with the inverse one. Also, on the basis of the computa-
tional experiment results were obtained that refuted the a priori consideration about the
impact of the accuracy of the estimation on the rate of finding the exact solution by using
the branch and bound method.

© Typuuna B.A., Kapasaes K.JI., 2018

186



ISSN 2074-5893 [lumanns npukiaoHoi Mamemamuxy i MamemamuyHo2o mooentoeanns. Bunyck 18

Keywords: discrete optimization, scheduling theory, optimal ordering, the branch and
bound method, estimating ordering parameters.

Beryn. IIpu po3B’si3aHH1 ONTUMI3ALIMHUX 3a71a4 PO3PI3HSIOTH JIBa BUIIAJIKH: a00
HEOOX1/THO 3HAWTH JIMIIE ONTUMAJIBLHUI PO3B’A30K, 00 1 pO3B’A30K, 1 ONTUMAJIbHE
3Ha4YeHHs UTbOBOI (yHKUii. B 3amagax, mo po3rmsgaroTecs y AaHiil poOoTi,
3HaXOJ[)KCHHSI ONITUMAIBHOTO PO3B’SI3KY € TOJIOBHOIO 337au€t0, OCKIJIbKY 3HAUYEHHS
I60BOT (YHKINT MpPU IIbOMY 3HAXOAMUTHCA e€JIeMeHTapHO. [Ipu momyky mboro
PO3B’SI3KY OLlIHKA 3HaYEHHS LUIbOBOI (DYHKIIIT MOKE IEBHUM YHHOM BIUIMBATH Ha
caM TOIIyK po3B’si3ky. Came Takuil BIUTMB 1 JOCHIDKYEThCS B JaHid poOOTI,
30KpeMa y BUMNAAKY, KOJIU PO3B’SI30K IIYKAETHCS 3a CXEMOIO CIPSIMOBAHOTO
nepedopy.

IMocranoBka 3agauvi. PosrmsiHeMo oAHY 3 BIIOMHUX 3aJlad yINOPSIKYBaHHS
BEepIIMH opieHTOBaHOrO Tpady. Hexail 3amaHa ckiHUeHa MHOXHWHA pPOOIT, Ha
MOPSAAOK BUKOHAHHS SIKMX HaKIAMalOThCA TEXHOJIOTTYHI oOMexxeHHs [6,7]. B
OPUMYIIEHHI, M0 BCl poOOTH MaloTh OJHAKOBUN Yac BUKOHAHHS, HEOOXITHO
BU3HAYUTH MIHIMaJbHUHN Yac, 3a AKUH, 0€3 MOPYIICHHS TEXHOJOTTYHUX OOMEKEHb,
BCl pOOOTH MOXYTh OyTH BHUKOHAaHI1 33JJaHOI0 KIJIBKICTIO BMKOHaBIIB. IIpupomno
3a7]aTH TEXHOJIOTIYHI OOMEXKEHHs Opi€HTOBHMM anukiidvauM rpapom G(V,U),

‘V‘ =n, 1¢ V — MHOXXHMHa BEPIIHH, eJIEMEHTaM SKOi MOCTaBJIEHI Y BIJAMOBIIHICTh

pobotu. Tomi sayru BIANOBINAIOTH TEXHOJOTIYHUM oOOMexeHHsM. OpHa 3
ONTHUMI3alIMHUX 3a/Ja4, [0 BHHHMKAE€ y LbOMY BHNAAKy — 1€ M00yJI0Ba
ONTUMAJIBHOTO TMAapajelIbHOr0 YHOPSAKYBaHHS, MiJ SKUM pO3YyMIIOTh Take
pPO3MILIEHHSI BEpIIMH oprpady Mo MICLSIX, PO3TANIOBAHUX Y JIIHIIO, IPU SKOMY
BUKOHYIOThCSI HACTYIIHI YMOBHU:

1) Ha KOXXHOMY MiCIll CTOiTh HE OUIbIIE 3a/laHOi KIUIBKOCTI BEPILIUH, SIKY
MO3HAYMMO uepe3 /i ;

2) sxio mapa BepiunH (i, j)€ U , To BepInHa | PO3MIILyIOThCS JiBilTe 3a j ;

3) KUIbKICTh HETIOPOXKHIX MICLB (IKYy MM Ha3UBAEMO JOBXHHOIO YIOPSIAKYBaHHS
1 IO3HA4YaeMO [ ), Ha IKOMY PO3MILIYIOThCS BC1 BEPIIMHU oprpady MiHiMalbHa.

B 3aranbHOMYy BHMIaaky, TOOTO st OOBUIbHUX TpadiB G 1 WUpUHU h, IS
3HAXO/’KEHHSI TOYHOTO PO3B’SA3KY 3aCTOCOBYIOTH CXEMH CIIPSIMOBAHOTO epedopy,
30kpema MeTo/1 ritok Ta Mex [8-10]. Ilpu peanizaliii cxem OO METOAY OJHUM 13
BOKJIMBUX MHUTaHb € MUTAHHS, K OLIHUTH 3HAYCHHS ITHOBOT (PYHKIIIT SK HA BCiH
JOTYCTAMIM MHOKHHI, TaK 1 Ha BIAMOBIAHUX TiAMHOXHHAX [1,2,4]. 3ynmuHuMocs
Ha JEAKUX MMIIX04aX J0 TaKUX OLIHOK.

OuinkM, 1O BHMKOPHUCTOBYIOTH CHeHmiaJbHI ynopsiakyBaHHs. llpu
OLIIHIOBaHHI JOBKMHU YHOPSAIKYBaHHS YacTO BHKOPUCTOBYIOTH JIBa CHEI[laIbHUX

yHOpSAAKYBaHHS BepminH oprpadgiB § ta § [5]. B nux ymopsakyBaHHSX KOXKHA
BepirHa oprpady 3aiimae BiANOBIAHO KpaliHE JiBe (YIOPSAKYBaHHS S ) Ta KpailHE

npaBe (§) gomycTuMe Miclie B YHNOPSAKYBaHHI, JOBXHHA SIKOTO JOPIBHIOE
JTOBXHHI KPUTHYHOTO NUIAXYy y Tpadi. Tomi 6a30BOIO OIIHKOK OyJAeMO BBaXKaTH
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Z*Zmax(l,{%—‘]. [Ipu Oinbin jgerampHOMY aHali3l rpady OyJIo OTpPUMAHO

YTOUHEHY  OIlIHKY [*>max (l,[% Zf:k ‘g[l —i+ 1]‘—‘ +k— lj, k=1,..1 [3].

Po3riissHeMo TOBETIHKY YTOYHEHOI OIIHKH JUIS JIOBXKWUHH YIOPSIIKYBAaHHS, B SIKiH
S 3amiHumo Ha S, TOOTO

1
[ = max(g,{lz\g[; —i+ 1]} +k— l}k =1,...,L.
k hiZ%

[lopiBHSIHHS yTOYHEHOI Ta 3MIHEHOi OLIHOK MPOBOAWTUMEMO Tpu h=3 aus
rpadis 3 puc. 1-3.
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[Tounemo 3 rpady Ha puc. 1. OueBuaHO, 0 HOTO ONTUMAILHE YIOPSIKYBAaHHS
Mae Burg @ S*= {1;2;3;4;5;6}= S=S, To0to mykaHa pgoBXHMHA [*=6.
BukopuctoBytoun yTo4HEHY OIIHKY OTPUMAEMO:

+5}:&

1) s S A :maxﬂé—Hé—‘ +1;{{‘ + Z;P—‘ +3;[2—‘ +4; 1
3113 3 3 3 3

2) st S [, :maxﬂg—Hé—‘+l;[ﬂ—‘+2;P—‘+3;{z—‘+4; l +5}:6.
3113 3 3 3 3

baunmo, mo y ubomy Bunanky [, =1, =1*.

Posrnsmemo Temep rtpadbm 3 puc. 2. Bumaaku A-D  BiApi3HSAIOTHCS
pO3TallyBaHHSAM BepUIMH 7-16 Ta BEPIIMHON, 3 AKOI WAYTh AYTM 0 KOXHOI 3
3a3HaueHUX BepHMH. [loMiTHMO, 110, HE3BaXAOYM HA 3MiHY CTPYKTYpH,
yIOPSAKYBaHHS S I ycix rpadiB Oyae oJHaKOBHM, BOHO Oyje BiIPI3HATHCH BiJl
BUMAAKY Tpady 3 puc.l TuM, IO HA OCTaHHHLOMY Micli OyayTh TaKOX
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3HAaXOAUTUCH BepHmIMHU 7-16. A orTxe, [, Ui BCIX BHUINAJIKIB Oyae OJHAKOBUM 1
nopiBHIOBaTuME: [, =6. [, Ta [* nusd pi3HUX BUNAAKIB OyIyTh PI3HHUMH, TOMY
PO3TISTHEMO Jalli KOXKHHUM BHITaJOK OKPEMO.

Bunagoxk A. OnTumalbHUM YHOPSAKYBaHHAM Tpady € HampukiIag Take

12345
S*=:7,9,11,13,15,6;, omke [*=6. YnopsakyBanHs S Oyne BIAPI3HATUCH Bif
81012 14 16
YIOPSAKYBaHHS y BUMAAKy rpady 3 puc. 1 TuMm, 110 Ha mepmioMy Micii OyayTh
3HaXOIUTHUCH BepunHu 1 Ta 7-16, Tomi [, =9.

Bunanok B. Otpumaemo .[*=6 . Ha BiamiHy Bix Bumaaky A, BepmiuHu 7-16
OyAyTh 3HAXOMUTHCHh Y S Ha APYTid MO3uIii, Toal 1yt [, oTpumaemo: [, =8.

Bunmanok C. YV oMy Bumanky [*=7. S, aHamoriuno no BumanakiB A i B, Oyxe
MICTUTH BepuIMHU 7-16 Ha TpeTbomy Micul. s [, Mmaemo: [, =8.

Bunanok D. JloBkrHa onTUMAalIbHOTO YNOPSAKYBaHHS [*=8,y S BepmwuHu 7-
16 cTosTh Ha yerBepTii mo3uuii. {ns [, otpumaemo: [, =7.

['padu 3 puc. 3, ananoriyHo a0 rpadiB 3 pHUC. 2, BIIPI3HIIOTHCS JIHIIE
po3TallyBaHHSAM BepmIMH 7-16 Ta BEpIIMHOIO, A0 SKOI WIyTh AYrHM 3 YCIX
3a3HayeHuXx BepmMH. Ha BiamiHy Big rpadiB 3 puc. 2, mid uux rpadis
yHopsAaKyBaHHS S OyJe OJHAKOBUM 1 BIAPI3HATUMETHCA BiJ BUIAAKY rpady 3
puc. 1 Tum, o mictutTuMe BepiinHU 7-16 Ha nepmomy micui. Toai [, nist Takux
rpadiB npuiiMae craie 3HauyeHHS: [, =9. Sk 1 ansa rpagiB 3 puc. 2, [ ta [*
MaTUMYTh P13HI 3HAUEHHS, TOMY JOCHIJIMMO KOXKHUI rpad) oKpemo.

Bunanok A. JloBkrHa ONTUMaIbHOTO YNOPSAKYBaHHA [*=6. YHopsakyBaHHS
S Oyne BIIPI3HATHUCH B YIOPSIAKYBaHHS 11 rpady 3 puc. 1 TuM, 1110 BepUIuHU 7-
16 y HbOMY CTOATH Ha OCTAHHBOMY MicCIIl, TOMY [, =6.

Bunanok B. ¥V upomy Bumanky [*=6. VY S BepIIMHUA 7-16 3HAXOIATHCS Ha
nepeaocTaHHii (1’ saTiil) no3uii, a [, = 6.

Bunanok C. Maemo [*=7. B ynopsinkyBaHH1 S BEepIIMHU 7-16 3HAXOOATHCS Ha
YeTBEPTOMY MICII1, aHAIOrYHO 10 BUNaaAkiB A ta B. Tomi [, =7.

Bunanok D. Otpumaemo [*=8. AHaj0Ti4HO 10 TOTIEPEIHIX BUITAJIKIB, Y ITLOMY
BepIIMHU 7-16 OyIyTh 3HaAXOUTUCH Y S Ha TpeTiit mo3uuiii /, =8§.

Bunanoxk E. Jlns mworo rpady [*=8. Amnanoriuyxo, y S BepuIMHU 7-16
po3TanioBaHi Ha Apyrii no3uiii, /, =8

3 aHanizy MOBEAIHKHM 3HaueHb /, Ta [, nns rpadis 3 puc. 1-3 moxxHa 3poOUTH
TaKl BUCHOBKH:

1) otiKy y Mou(ikoBaHOMY BHUTJISIII HE MOXXHA BUKOPUCTOBYBAaTH OKPEMO aHi
JUISL OL[IHIOBAHHS JIOBXXMHHM ONTHUMAJIBHOTO YIMOPSIKYBaHHS 3HHU3Y, aHl 3BEpXY,

OCKUIBKH K TPOJEMOHCTPOBAHO sl rpadiB 3 puc. 2, BOHA MOXKe OyTH SK
O1IBIIOI0, TAK 1 MEHIIIOKO 32 ONITUMAJIbHE 3HAUCHHS.
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2) yTOYHEHA OIlIHKA HE 3aBXKI1 Ma€ HEOOXITHY BIACTUBICTh afanTarlii miJ 3MiHy
CTpYKTypu rpady, SK 1€ MOKHa rmobayutu s rpadiB 3 puc. 2. lle, oueBuaHoO,
BIIOBUIBHIOE TONIYK PO3B’SI3KY METOAOM TIJOK Ta MEX, IO TOBOPUTH IPO
MOKJIMBICTh Ta HEOOXITHICTh 11 TOKpAIEHHS.

3) MO’)KHAa TPUITYCTUTH, IO sl OutbmiocTi rpadiB xoya O OJHAa 3 OIIHOK
3MIHUTBCS TIPH Til 4M 1HITH MoaudiKalii MHOXXUHU AyT Tpady.

[le wHamToBXye Ha JyMKYy, IO MOXJIMBO TMOTPIOHO SKOCh 00 €AHATH
YHOPSIIKYBaHHS S Ta S y omHil omiHII.

YTo4uHEeHHSs1 OWiHOK /JIsl IOBKUHU YHOPSIAKYBaHHS. PO3rIsTHEMO yTOUHEHY
owiHKy 3uu3y. I1ix rpadom (mosuaunmo ioro G(V,U) ), po3ropayTuM 10 rpady
G(V,U), 6ynemo po3yMitu rpad, y SKOMY 3MiHEHa Opi€HTAIIisl BCiX JIYT.
PO3rOpHYTE YIOPSAKYBAHHS 10 YIOPSAKYBAHHS S MO3HAYATHMEMO S (ISt HUX
BUKOHYETbCA S []: S [l —i+1] ne [ — 1OoBKHMHA yIOPSAKYBAHHS S ).

TBepmxkennsa 1. Sxmo S pomycrume YHOPSIKYBAHHA 1A rpapy G 1npu
3aaHOMy /1, TO S — JOIyYCTHME yIOPSAKYBaHHS ;i G IIpH ToMy X /.

Josenennsi. Bin cynporuBnoro. Hexaihi S — gomyctume mnsa G, a S He €
JOMYCTUMUM IS G. Toni 3HaliAeThCA ayra (c,d )e U Taka, Mo d 3HAXOAUTHCS Y

S panimie, aHiX BEpILIMHA C, aje TOJ1 'y S BeplIMHa d 3HAXOIUTHCA Mi3HIIIE, HIXK

BEpIIMHA ¢, IO HEMOXKIHBO, ockineku (d,c)eU 3a BusHauemmsm G Ta S —

JOIMYCTUME yHOpANKYBaHHS. OTKe, OTpUMalM MPOTUPIYYS, IO BHUILUIMBAE 3
HEMPAaBUJIBHOTO MIPUITYILICHHS. W

Hacainok 1. fxmo S * — onTuMmanbHe ynopsakyBaHHsS s G, Toi S*

ONTUMAaJIbHE YIOPSIKYBaHHS I rpady G pU 3a1aHOMY /1 .
JoBenenns. Bin CYNPOTUBHOTO. Hexaii § * — ontumanbHe YIOPS/IKYBaHH JU1A

G npu 3agaHomy h, mpote S * He € OITHUMAIBHIM IS rpady G . Toxnii ICHY€ Take
YHOPSIAKYBaHHS S', mo l(S )<l(S *) Toni 3 TBepmxenHs 1 BurumBae, mo S’ —
JOIyCTUME UL G i 1(S")<I(S*), 3maumt S* He € omrmMambEEM. OTXKe,
OTpUMAJIY IPOTUPIYYSL, IO BUILJIMBAE 3 HEMPABUIILHOTO MIPUITYIIICHHS. W

Hacainok 2. JIoBXXMHM ONTUMAaJIbHUX YHNOPSAKYBaHb i rpagiB G ta G
CIIBNAJAIOTh MPH 3aJaHOMY /1 .
JoBenennsi. BunimuBae 6e3nocepeiHbo 3 HACTIAKY 1. m

Teepaxenns 2. [ = maxk(l,{% Zi_kﬁ[i]—l +k— 1}k =1,...,] € OILIHKOIO 3HHU3Y

JUTSI IOBKMHU ONTUMAJIBHOTO yHOpsAIKyBaHHs [ * st rpady G Ta 3aaHoro /.
HoBenennsi. Posrnsmemo rpad G. 3 o3HadeHHs Tpady G BHIUIMBAE, IO
BepIIMHAM 0e3 BXimHuX Ayr 3 G BiAMOBIZAOTh BepIIMHA 6e3 BUXiAHUX Apyr y G
i maBmaku, Tomi S s Tpady G criBmagae 3 posropuytuMm S 1is rpady G.
Po3risiHeMo OWIHKY 3HHM3Y ISl JIOBKMHU ONTHUMAJIBHOTO YHOPSIKYBAHHS JUJIS
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rpady G: [* > max [,{%Zizk‘g[l—i+1]—l+k—l ,k=1,..,1. Tomi, oCKUIbKH S

mist G cmiBnamae i3 S, ne ynopsakyBaHHs S BigmoBimae rpady G, i
ﬁ [[ —i+ 1] =S [i], OTPUMAEMO JUIA rpady G:

[*>max l,{%z;k‘ﬂi]‘—%k—l ,k=1,...,l. Ame, Toml 3a HacmakoM 2, I¢

crpaBeyuBoO 1 41 rpady G . m

TBepaxenns 3. [ = max l,maxkqé Zf:k ‘E[{ —i+ 1]‘—‘ +k — 1),

max kg%Zi:k@ [z]‘—‘ +k— IJ ,k=1,..,0 — omHKa 3HM3Yy U1 JOBXKUHH

ONTUMAJIBHOTO YHOPAAKYBaHHS [ * st rpady G Ta 3aaHOTO /1.

JloBeneHnsi. BumimBae 3 TOro, mo KOXKEH 3 apryMEeHTIB 30BHIIIHBOTO
MaKCUMYyMY € OI[IHKOIO 3HM3Y, Ta BJIACTUBOCTI MAKCUMYMY: SIKIIO c>a 1 ¢ = b, TO
¢ 2 max(a,b). m

[lepeitnemo 10 OIIHKH 3BEpXy. BUKOPUCTOBYIOUH, HANIPUKIIAM, YHIOPSIKYBaHHS
S moOymyemo HOBe ymopsakyBaHHsS S’ 3a HACTYITHUM TpaBWIOM: SIKIIO S[i]
MICTUTh HE OUIbIIIe /i BEPIIUH, TO 3aJIUIIAEMO ii 0€3 3MiH, 1HAKILIEe PO3IIMMO 11 Ha
ﬂ§[i]‘ /h—| MHOXXHH, Y KOXHIH 3 skux Oyne He Ouiblie h BepmmH. OTpumaHe

YIOPSIKYBaHHS € JTOMYCTUMHM, OCKIJTBKM OTPUMaHe 3 S, a OT)KEe BiAHOMIECHHS

MOPSAKY HE MOPYIIYETHCS, 1 HA KOXKHIM MO3UIIii CTOITh HEe Olbie ~ BepuuH. Toxi
Horo goBxkuHA OyJle HE MEHIIIOK aHk JIOBXKMHA ONTUMAJIbHOTO, OCKIJIBKH BOHO €
gonycTUMUM. OTXKe, MOKEMO BUKOPHUCTATH ii K OIIHKY 3BEpXY JJISI JOBXKUHU

ONTUMAJIBHOTO YIOPSAJIKYBaHHS, TOOTO: [* < Zleﬂﬁ [i]| / h—| .

Hecknagno mobaunTy, 1m0 aHaIoTi9Hi MipKyBaHHS MOKHA 3aCTOCYBaTh 1710 S, 1
10 OyAb-SIKOTO 1HIIOTO YMOPSIAKYBaHHS, Y SKOMY HE MOPYUIYETbCS BIAHOLIEHHS

nopsaaky. Toal MOXKHA JAEM0 YTOYHWUTH OIIIHKY 3BEpXy, BHUKOPHUCTOBYIOUU S :

pe<min( 3 [[stil/n ] X0 [ [still/a]).

Mo’kHa PUIYCTUTH, IO YUM MEHIIE BEPIINH 3HAXOAUTHCS Ha KOKHOMY MicCIIi
B YNOPSIKYBaHHI, JO SKOIO MOKHA 3acCTOCYBaTH HaBEJEHI MIpPKYBaHHS, THUM
Onmk4ye oTpuMaHa oIfiHka Oyzae o icTuHHOTro 3HadeHHs. [locraBumo meTy cepen
yCIX TaKUX YHNOPSAIKYBaHb 13 3aJlaHOI0 JOBXKHUHOIO [ 3HANTH Take, y SIKOro Ha
KOXKHOMY MicIli Oyzme MiHiMalbHa KiTBbKICTh BepinnH. Po3e’s30k 3amaui S(G,l,h)
AKpa3 1 OyJe UM LIyKaHUM YIOPSAKYBaHHSAM. Y SKOCTI [ MOXHA BUKOPHUCTATH
Oyab-SKy OIIIHKY 3HHM3Y IIJISl JOBKWHU ONTUMAIBLHOTO YIMOPSAKYBaHHS. 3p03yMiJio,
[0 YUM TOYHIIIOK OyJe OliHKa 3HHU3y, TUM MeHIe Oyae h™*, a oTke OliHKa
3Bepxy Oyme TouHimor. Omxke, OIiHKAa 3BepXy HaOyBa€  BUIIISAY:
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[*< Z;HS >k[i]‘ / h-|, e S * — onTumalibHe ymopsakyBaHHs s 3agadi S(G,lh),

ne [ <I[*.

[TomiTIMO, 110 OCTaHHE CITIBBIIHOIIEGHHS HE JIMIIE TOKa3y€e 3B'S30K MIXK
OIIHKaMH 3BEPXY Ta 3HU3Y VISl JTOBXKWHH ONTHUMAIBHOTO YIOPSIKYBaHHS, a IIe ¢
3B'SI30K MK iX TouHicTIO. OKpiM I[bOTO, BOHO TOKa3ye MACSKUN 3B'A30K MIXK
sagavamu S(G,l',h) Ta S(G,h',]) npu neskux [' Ta h', a y nesKux BHIAJIKax 1
MK X QITOPUTMIYHMMH CKJIQJHOCTAMHU. Tak, Hampukiaa, SKIIO ONTUMajbHE
ynopsiakyBanHs it rpady G € mijabHUM, TO OIliHKA [* > (n/ h—| € TOYHOIO, a TO/II,
sxmo B3ty [ =[n/h| y 3anaui S(G,l,h), To oTpuMaEeMo OLIHKY 3Bepxy [* <[n/h],
OCKUIbKM IIUIbHE YIOPSAAKYBaHHS ICHYe. A TOJl 3ajJadi TOIIYKY HIIJIBHUX
yHopsaKyBaHb 1ig 3a1a4d S(G,I’,h) ta S(G,h',]) MalOTh OJHAKOBY aJITOPUTMIYHY
CKJIQHICTE.

IopiBHsiIbHMI aHAJI3 OHIHOK. [IpoaHanizyeMo MOBEIIHKY BiIOMUX OLIIHOK
3HHU3Y JTIOBKWHU yIOPSIKYBaHHS

I > max ZE—‘ , I*>max,, g,HZﬁ_k\E[l —i+ 1]} +k—1]k=1,..,l
Ta 3alPONOHOBAHOI OIIHKU

[* > max| [, max {12§:k‘§[l—i+1]—‘+k—l ,max {12§2k|§[i]|—‘+k—1

1<k<i\ | h 1<k<i\ | h

Hes3Baxkarouu Ha pi3HY «TOYHICTH» OI[IHOK, B OJIHMX BHUIAJKaX BOHU MOXYTb
JaBaTl OAMH 1 TOM caMHUM pe3yNbTaT, a y JEAKMX YTOYHEHI OLIIHKA MOXYTb
3MEHIIUTHA KUIBKICTh OIepallii, HeOOXIMHUX IS 3HAXO/KCHHS ONTHMAaIbHOIO
YHOPSAKYBaHHS.

MoskHa MPUITYCTUTH, [0 YAM TOYHIIIOK € OIlIHKA, TUM MEHIIE 3HaT00UThCS
pO3rajgyKeHb aOM 3HANTH ONTHUMAaILHUMA PO3B’SI30K.

[lepeBipuMo 10  TiMOTE3y, MPOBIBIIM  HACTYIHUM  OOYMUCITIOBAIBHHUI
eKCIIEPUMEHT 3a JONOMOIOl po3pobiieHol mporpamu. bynemo reHepyBaTH
BUITAJIKOBUI JOBUTbHUN Tpad abo rpad, 1€ yci BEpUIMHU 3HAXOASATHCS Ha
KpUTHYHUX [UISXaX, 13 3aJaHOK KUIbKICTIO BepmwmH. Jlns mnomyky #oro
ONTUMAJIFHOTO YHOPSAKYBAaHHS 3aCTOCYEMO alTOPUTM TiJIOK Ta MEX 3 Pi3HUMHU
OLIIHKaMU 3HMU3Y JUIsl JOBXKHUHHU. | MOPIBHAEMO KIUJIBKICTh BEPIIMH Y OTPUMAHOMY
nepeBi BapiaHTiB. IIpoBenemo mnomapHe mopiBHsAHHA. Po3risnaemo rpadu 3
KiIbKicTIO BepiiuH Big 10 no 100, npuyomy po3ainumo e npoMikok Ha 4: [10,
20], [21, 40], [41, 60] Ta [61, 100]. Hdns KOXHOTO MPOMIXKKY IIUpPHUHA
YHOPSAKYBaHHS OOUPAEThCS JOBUIBHO, ajleé HE IMEPEBHUIIYE IMOJOBUHU BEPXHBOI
rpaHi KUIBKOCTI BEPIIUH Yy MPOMIKKY. [ KOKHOTO MPOMIXKKY MPOBEIEHO TIO
10000 excnepuMeHTiB. BuKOHaHHS alrOpUTMY 3YIMUHSETHCSA, SKIIO KUIBKICTDH
BepIIMH y JepeBi nepeBunnye y 30 pas3iB BEpXHIO MEXY KIUJIBKOCTI BEpIIMH Y
IPOMDKKY B MEPIIMX TPbOX BHUMaakax Ta y 10 pa3iB AJii OCTAHHBOTO BUMNAJAKY
(3MEHIIEHHs TOB’SI3aHO 3 THM, LIO0 Take OOMEKEHHS NMOMITHO HE BIUIMBAa€E Ha
BIJICOTOK rpadiB, I SKUX 32 WX YMOB HE BCTHUTA€EMO OTPUMATH OINTHUMAJbHE
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VIOPSAIKYBAaHHS, TPOTE MIy)KEe BIUIMBA€ HAa Yac BUKOHAHHA mMporpamu). Yci
nonepeaHi yMOBH IT1JICYMOBaH1 y BUTJIsA1 Tabui 1.

PesynbraTu ycix TOpiBHSIHL HaBeieHl y TaOiuil 2. PesyiapTaTé MICTATH
KUTBKICTh TECTOBUX BHUITQJIKIB, B IKMX aJITOPUTM MPU BUKOPHUCTAHHI MIEPIIOT OLIHKU
3aBepIIMBCs IMBHjIIE (MOTpeOyBaB MEHIINE BEPIIMH Yy JepeBl BapiaHTIB alu
OTpUMATH OINTHMAaJbHE YIOPSIKYBAaHHS), B SKHX 3aBEPIIUBCS MIBUIIIC, IPH
BUKOPHCTAaHHI JpPYyroi OIIHKH, Ta B SIKUX aJTOpUTM NOTpPeOyBaB OJHAKOBOI
KUIBKOCT1 po3rairykeHb. OKpiM I[bOT0, pe3yabTaTH MICTATh YaCTKy BUIAJIKIB, JJIs
SKUX QITOPUTM HE BCTHT 3aBEPIIMTHCH 34 3aJlaHy MaKCHUMaJbHY KUIbKICTh

pO3TaITyKEHb.

Tabnuys 1

3HayeHHA napaMeTpiB, 10 BUKOPUCTOBYBAJHUCH IPH TeCTyBaHHi

n h | KibKicTh TECTIB KinbKicTh BepIINH Yy JepeBi
[10, 20] [2, 10] 10000 600
[21, 40] [2, 20] 10000 1200
[41, 60] [2, 30] 10000 1800
[61,100] |[2,50] 10000 1000

Tabnuys 2

Pe3yJ’leaTI/I TECCTYBAHHSA AJIS yCiX map OIIiHOK

ITepemorma ominka

€]

Hiuusa

[Tepemormna oirinka (2)

YacTka HE3aBEPIIHUX

bazosa(1) ominka Ta yrouHeHa(2) o1fiHka (BUIAIKOBI)
0 9683 317 0,0217
2 9661 337 0,0703
1 9718 281 0,0947
0 9888 112 0,1033
bazosa(l) orinka ta yrouneHa(2) orinka (KpUTHYHI)
0 9551 449 0,0325
1 9619 380 0,0918
0 9731 269 0,1349
0 9876 124 0,1293
bazora(1l) orinka Ta 3anmponoHoBaHa(2) oiiHKa (BUIAIKOBI)
2 9565 433 0,0227
4 9558 438 0,0701
2 9639 359 0,0875
0 9842 158 0,1002
bazosa(l) orinka ta 3anponoHoBaHa(2) ouiHKa (KPUTHYHI)
0 9410 590 0,0256
2 9426 572 0,0903
2 9576 422 0,1282
1 9852 147 0,1167
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[TponoBkeHHs TaOIUIT

YTounena(l) oriHka Ta 3anpornoHoBaHa(2) oriHKa (BUITaIKOBI)
0 9922 78 0,0239
0 9893 107 0,0614
0 9892 108 0,0904
0 9949 51 0,1005
Yrtounena(1) ominka Ta 3anpornoHoBaHa(2) o1iHKa (KpUTHYHI)
0 9743 257 0,0254
3 9780 217 0,0907
3 9867 130 0,1274
0 9975 25 0,1252

3 pe3ynbTaTiB TECTYBAaHHS MOKHA IOMITUTH HACTYITHE:

1) y nepeBaxkHiii O611b110CTI BUMAIKiB (94%) A1t BCIX Map OIIHOK METOJY T1JIOK
Ta MEX 3Hago0usacst 0JJHaKOBa KUIBKICTh PO3TalyX eHb, TOOTO CYyTO CTAaTUCTHYHO
MOKPAILEHHS Y SKOCTI OLIHIOBaHHS € HE3HAYHUM.

2)31 30UIBIICHHSIM KUIBKOCTI BEpIIMH rpady KUIbKICTh BHUIAAKIB, y SKHX
TOYHIII OLIIHKK MepeMararTh, 3MeHIIyeTbesl. g rpadiB, A€ KUIBKICTh BEPIIUH
3MiHIO€ThCA Y TPOMIKKY [60;100], KITbKICTh TAKMX BUIIAJKIB HE MepeBUILYE 2%.

3) icHy1OTh Tpadu, 1 SKUX ONTUMAIbHE YIOPSAKYBaHHS MOKHA OTPUMATH 3a
MEHIIY KUIBKICTh KpOKIB, SKIIO BHUKOPUCTOBYBAaTM MEHII TOYHY OI[IHKY.
Hanpuknan, nis rpady 3 puc. 4 MOXHa OTpUMAaTH ONTUMAIbHE YHOPSAKYBaHHS
npu h=35 y 3 pa3u mBUALIE, SKIIO 3aMIiCTh YTOUHEHOI OL[IHKA BUKOPHUCTOBYBATH
6a3oBy (879 mmpotu 290).

Moskemo 3poOUTH HACTYITHI BUCHOBKH IOJIO PE3YJIbTaTiB TECTyBaHHS: 0a30Ba
OLIIHKa MaibKe 3aBXJAHM HE MOCTYNAEThCS OlIbII TOYHUM, a 1HOJI U MepeBepIIye ix;
AKICTh OIIIHOK crajae 13 30UIbLIEHHSM 4YHCIa BEpIIMH rpady, a orTke 1 3
YCKJIQHEHHSIM iX CTPYKTYpH, TOMY BHUKOPHUCTAHHS MPOCTIIMIMX OILIHOK €
JOIIBHIIINAM, OCKUIBKH iX 3HaXOMKCHHS IMOTPeOye MEHIIOro Yucja OIeparrii;
ICHYIOTb Taki rpadu, siKi cynepedarb NPUHLHUIY «TOYHIIIE — Kpalle», [0 TOBOPUTH
Mpo Te, IO, MOXJMBO, HaBITh JisI aOCOJIOTHO TOYHOI OILIHKHA 3HAWIyThCS
MPUKIIAIH, IS SKUX METO/ T1JIOK Ta MEX 3HAXOAUTh ONTUMAIbHE YIOPSIKYBAHHS
MOBUIBHIIIE, aHIK MPU BUKOPUCTAHHI TIPIIUX OLIHOK.

Takuii edexT mNoB's3aHMil 13 TUM, IO OOHUPAIOTHCS BEPIIMHU 1 BiANOBIJIHI
YIOPAJIKYBaHHS, K1 CIIOYaTKy MaJl MEHIII OLIHKK Yepe3 HETOUHICTh OI[IHKH, aJie
Ha IUIAXY A0 ONTUMAJIbHOTO YHOPSAKYBaHHS MOTPEOyBalM MEHIIE PO3rallyKeHb.
3 OCTaHHBOTO BUIUIMBAE, 1110, MOXJIMBO, Kpalle PO3IJIsIaTH HE MPOCTO OLIHKU
3HU3Y, a JeSKI METPHUKH, K1 He 000B’SI3KOBO € OIIIHKAMU JIOBKMHU ONTUMAJILHOTO
YOOPSAKYBaHHS, MPOTE IS SKUX BUKOHYETHCS, IO Kpalll (omucaHi BUIIE)
YHOPSAKYBaHHS MatOTh MEHII1 3HAYEHHSI METPHUKHU.
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Puc. 4. Illpuxaan rpady, A1 Axoro 6a3oBa OniHKAa 3HAXOAUTH ONTUMAJIbHE
YHOPSIAKYBAHHSA WIBH/IIE AHI’K YTOYHEHA

BucnoBku. OTpumaHi pe3yiabTaTH J03BOJIAIOTH 3POOMTH BHUCHOBOK, IO HE
3aBXK/I1 OLTBII TOYHA OI[IHKA JOBKUHU YIOPSAKYBaHHS MPUBOAUTH J0 3MEHIIICHHS
KUIBKOCT1 BEPILIKH Y JIEPEB1 BapiaHTIB, IO LTIOCTPYE POOOTY METOJTY T'JIOK Ta MEX.
ToMy HEBUPINIEHHMM NUTAaHHSM 3QJMIIAETHCA anpiOpHE OTPUMAHHA TOYHOTO
3HAYEHHS ONTUMAJIBHOI JIOBXKUHU YIOPSIKYBAHHS.
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