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An overview of research activity on nonlinear dynamics of delayed feedback microwave oscillators in Saratov 
State University during the ten years passed since the first NRT Workshop is presented. The paper covers 
a broad range of problems. First, general picture of nonlinear dynamics in delayed feedback oscillators is 
described. Recent advance in generation of robust hyperbolic chaos in a klystron-type microwave oscillator is 
discussed. The problem of controlling chaos in delayed feedback oscillators, as well as forced synchronization 
of such oscillator by external harmonic driving is considered.
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1. introdUction

Development of sources of high-power noise-
like microwave radiation with a relatively wide band 
is important for noise radar technology, chaos-based 
communication systems, microwave plasma heating, 
and a number of other applications [1-3]. The most 
common schematic of a source of chaotic microwave 
radiation is a ring-loop oscillator consisting of a pow-
er amplifier which output power is partly fed to input 
through an external delayed feedback transmission 
line. The first chaotic generator of such kind had been 
developed as far back as in 1960-ies by V.Ya. Kislov 
et al. using a wide-band traveling wave tube (see e.g. 
[4]). Note that delayed feedback systems are of great 
importance not only in electronics but also in nonlin-
ear optics, biophysics, geophysics, etc.

In this paper, we summarize the results of re-
search on nonlinear dynamics of delayed feedback 
microwave oscillators in Saratov State University 
during the ten years passed since the first NRT Work-
shop. The paper is organized as follows. In Sec. 2, 
general picture of nonlinear dynamics in delayed 
feedback oscillators is reviewed. Sec. 3 presents a new 
idea for generation of robust hyperbolic chaos in mi-
crowave band by a system of two coupled klystrons. In 
Sec. 4 application of controlling chaos technique for 
suppression of spurious self-modulation oscillations 
using an additional feedback loop is considered. Fi-
nally, forced synchronization of a delayed-feedback 
oscillator driven by an external harmonic signal is 
studied in Sec. 5.

2. Model oF a delaYed-Feedback  
oscillator

Consider a model of a ring-loop oscillator con-
sisting of a nonlinear power amplifier, a bandpass fil-
ter and a feedback leg which contains a delay line, a 
variable attenuator and a phase shifter which provide 
control of the amplitude and the phase of the feed-
back signal (Fig. 1).

Since the filter is assumed to have narrow band-
width it is convenient to use the slowly varying ampli-
tude approximation. In this approximation dynamics 
of the oscillator obeys the following equation [5]:

da
dt

a e F ai+ = ( )γ α ψ
τ .                        (1)

Here a  is the slow complex amplitude, γ  is the 
parameter of losses, α  is the parameter of excita-
tion proportional to the gain factor of the amplifier, 
F a( )  is nonlinear transfer function of the amplifier, 
a a tτ τ= −( ) . Henceforth the delay time is accepted 
equal to unit that always can be achieved by renor-
malization of the variables. 

Fig. 1.  Scheme of the delayed feedback oscillator

Consider oscillator with cubic nonlinearity, 

F a( )  = −( )1
2

a a . Seeking for single-frequency so-
lutions of (1), a a i t= ( )0 exp ω , we obtain the follow-
ing equation for the eigenfrequencies:

 ω γ ωτ ψ= − −( )tg .                           (2)

Here ω  is the detuning from the central fre-
quency of the system passband ω0 . Eq. (2) has infi-
nite number of complex roots, i.e. the time-delayed 
system with infinite-dimensional phase space has an 
infinite number of eigenmodes. 
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It is convenient to solve Eq. (2) graphically. If the 
roots are numbered as shown in Fig. 2a one can show 
that all the solutions can be divided into two classes. 
For the roots ωn  with even numbers n k= 2  the am-
plitude of oscillations satisfies the equation

 a k
0

2
2

2
2

1= −
+γ ω

α
.                      (3)

These solutions exist when the parameter α  ex-

ceeds the self-excitation threshold α α γ ω> = +st k
2

2
2 .  

The solutions with odd numbers n k= +2 1  exist at 
any values of parameters, however they are always 
unstable. Nevertheless, they play an important role 
because self-modulation is caused by their excitation 
on the background of the fundamental mode with 
high amplitude [5]. Further we refer to them as self-
modulation modes.

The self-excitation threshold is 2π -periodic in 
ψ  and has a form of discrete domains called “oscil-
lation zones” (Fig. 2b). In the centers of the zones, at 
ψ π= 2 k , ω2 0k =  and threshold value of α  is mini-
mal. Near the boundaries of two adjacent zones, at 
ψ π= +( )2 1k , there is a region of bistability and oscil-
lation hysteresis, where either of the two eigenmodes 
can survive as a result of a mode competition process, 
depending on the initial conditions. In Fig. 2b, these 
domains are bounded by dashed lines. 

When the parameter α  increases well above 
αst  the single-frequency regime becomes unstable 
and self-modulation arises. Lowest self-modulation 
threshold αsm  is attained in the centre of a generation 
zone [5]. Further increase of α  above the self-modu-
lation threshold result in transition to chaos through a 
sequence of period doubling bifurcations [5].

Fig. 2.  (a) Graphical solution for eigenfrequencies. (b) 
Phase diagram on ψ α−  plane: 1 — single-frequency 

oscillation; 2 — self-modu lation; 3 — chaos

Delayed-feedback oscillators show the great va-
riety of different chaotic regimes which are easy to 
control either by feedback parameters or by an exter-
nal driving signal. Therefore, recently klystron [6] and 
traveling wave tube [7] oscillators driven by external 
signal have been considered as promising sources of 
chaotic radiation for chaotic-based communication 
systems at microwave frequencies. 

3. klYstron-tYpe MicroWaVe  
Generator oF robUst HYperbolic 

cHaos

The hyperbolic chaos is known as the strongest 
type of the chaotic behavior when the strange attrac-
tor does not contain any stable periodic orbits and 
only comprises trajectories of saddle type [8]. These 
attractors possess the property of structural stabil-
ity that implies insensitivity of the system dynamics 
and the attractor structure to variations of parameters 
and functions describing the system. Recently an ap-
proach for design of radio frequency oscillator with 
hyperbolic attractor has been proposed [9]. The oper-
ation principle of such system is alternating excitation 
of two coupled oscillators so that the transformation 
of the signal phase is described by chaotic Bernoulli 
map, which is a classical example of system with hy-
perbolic attractor [8]. Evidently, such generators are 
of practical interest for communication and radar sys-
tems using chaotic signals.

In [10, 11] we extended this principle to the mi-
crowave band using two coupled klystrons. Scheme of 
the oscillator is presented on Fig. 3. The input cavity 
of the first klystron is tuned to the frequency of ω ,  
while the output one is tuned to frequency of 2ω . 
Thus, the first klystron doubles the frequency of the 
input signal. The output signal of the first klystron 
is fed to the input cavity of the second klystron via a 
wide-band dispersionless transmission line containing 
a phase shifter and an attenuator, which allow the sig-
nal phase and amplitude to be adjusted. In the second 
klystron, this signal is mixed with a reference signal, 
which represents a periodic sequence of pulses with 
carrier frequency of 3ω . Thus, in the second klystron 
there is a mixing of the signals of the second and third 
harmonics. In the output cavity of the second klystron 
a signal on a difference frequency of ω  is separated 
and fed to the input cavity of the first klystron, thus 
closing the feedback circuit.

The dynamics of the oscillator is described by the 
following system of dimensionless delay-differential 
equations (DDEs) [10, 11]
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Here F tj
kω ( )  are dimensionless slowly varying com-

plex amplitudes of the signals in corresponding cavi-

ties, ϕ ω ω
j
k

j
kF= ( )arg , the subscripts j =1 2,  henceforth 

indicate the number of klystrons, the superscripts ω , 
2ω  denote the resonance frequencies of the cavities; 
τ  is the normalized delay parameter; θ0  is the un-
perturbed electron transit angle in the drift space; pa-
rameter δ ω ω= 22Q Q  defines the ratio of Q-factors of 
the cavities operating at frequencies ω  and 2ω ; pa-
rameters ρ j  and ψ j  are attenuations and phase shifts 
in the coupling transmission lines, respectively; j n  is 
nth order Bessel function of the 1st kind. The excita-
tion parameters α j  which can be treated as the nor-
malized dc electron beam currents most significantly 
influence the oscillator dynamics. The equations (4) 
are derived in a similar way as for other klystron-type 
delayed feedback oscillators (see e.g. [12]).

Fig. 3.  Scheme of the proposed chaos generator based  
on coupled drift klystrons. 1 — electron guns,  

2 — electron beams, 3 — collectors,  
4 — variable attenuators, 5 — phase shifters

The reference signal at the third harmonic fre-
quency is supplied from an external driving source in 
the form of a sequence of pulses with constant ampli-
tude F0  and a repetition period equal to the time of 
signal passage via the feedback circuit, 2τ .

Assuming that the oscillation build-up in the 
cavities is fast in comparison with delay time one can 
neglect the derivatives in (4) and consider the varia-
bles in discrete moments of time t nn = 2 τ . As a result, 
after some mathematical transformations DDEs (4) 
are reduced to the 2-D iterative map

F e rj F en
i

n
in n

+
−( )+ ≈ ( )1 2

21 2ϕ ϕ∆ ,                (5)

where r j F= ( )−4 1 2 1 2
2

1 0α α ρ ρ δ , ∆ = − +ψ ψ θ2 1 0  
[10,11]. From (5) one can see that the dynamics of 
the phase obeys the Bernoulli map ϕ ϕn n+ = −1 2∆  that 
demonstrates the hyperbolic chaotic dynamics with a 
positive Lyapunov exponent of Λ = ln 2 .

Numerical simulation of the DDEs (4) con-
firms that the generator is capable to produce robust 

hyperbolic chaotic oscillation. The values of param-
eters approximately correspond to the parameters of 
the millimeter band oscillators described in [12]. In 
Fig. 4, the plot of largest Lyapunov exponent of the 
hyperbolic attractor vs. the excitation parameter α1  
is shown. For comparison with the results for the 
map (5), we calculated the Lyapunov exponent for 
the stroboscopic Poincare map ( t n= 2 τ ). The largest 
Lyapunov exponent is almost independent from the 
parameter and approximately equal to ln 2  that indi-
cates structural stability of the chaotic attractor.

Fig. 4.  Largest Lyapunov exponent of the hyperbolic  
attractor vs. α1  at α2 15 0= .

Fig. 5 shows the typical waveform of the ampli-
tude in the input cavity of the first klystron in the re-
gime of hyperbolic chaos. One can see that the signal 
has the form of pulse sequence with nearly constant 
amplitude. However, the phase of the signal varies ir-
regularly from pulse to pulse [9] providing robust cha-
otic signal. This is confirmed by Fig. 6 where typical 
examples of iterative diagram for the phase of subse-
quent pulses and projection of the attractor onto the 
Re ImF F1 1

ω ω−  plane are presented. For this plots we 
take the values of the variables at the moments of time 

when the amplitude F1
ω  reaches its local maximum. 

The attractor has a topology of the Smale–Williams 
solenoid, which is typical for the systems with hyper-
bolic chaos. The angular coordinate of the attractor 
obeys the Bernoulli map.

Fig. 5.  Waveform of the field amplitude in the input cavity 
of the first klystron in the regime of hyperbolic chaos

Despite of the hypothesized hyperbolic nature of 
the chaotic attractor, the considered scheme of the 
generator is of interest itself, since it reveals an op-
portunity to obtain robust structurally stable chaos at 
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microwave frequencies. This property is very impor-
tant for possible applications in chaos-based commu-
nication and radar systems.

Fig. 6.  The iterative diagram for the phase  
of the oscillations (a) and the projection of the phase  

portrait on Re ImF F1 1
ω ω−  plane (b)

4. sUppressinG selF-ModUlation  
and controllinG cHaos in delaYed 

Feedback oscillators

As is mentioned in Sec. 2, self-modulation insta-
bility is typical for the oscillators with time delayed 
feedback. This instability results in generation of 
multiple frequencies or even spread spectrum chaotic 
signal. Thus the instability restricts the maximal out-
put power and efficiency of an oscillator in the single-
frequency regime. 

In [13-15] a method for suppression of the self-
modulation was proposed. This method expands the 
well-known idea of time-delayed feedback chaos con-
trol [16] on delayed feedback oscillators. It is based 
on adding an additional control feedback with the 
parameters chosen so that after passing through the 
two feedback legs the fundamental waves appear in 
the same phase, while the self-modulation sidebands 
appear in anti-phase, and thus, suppress each other.

Consider the general scheme of a ring-loop os-
cillator which consists of an amplifier and a delayed 
feedback path. To stabilize single frequency genera-
tion regimes we split the feedback leg into two paths 
as shown in Fig. 7. Let parameter k  define relative 
power level of the signals passing through the two 
feedback legs. Assume that we are able to adjust the 
delay times τ1 2,  and phase shifts ψ1 2, . Considering 
propagation of a modulated signal with fundamental 
frequency ω  and modulation frequency Ω  one can 
show [13-15] that for suppression of the sidebands the 
parameters should satisfy the following relations:

 ψ ψ ω τ τ π1 2 1 2 2− − −( ) = n ,                 (6)

 Ω τ τ π π1 2 2−( ) = +m .                      (7)

Fig. 7.  Scheme of an oscillator with double 
 delayed feedback loop

We demonstrate successful application of the 
method on two examples. We performed numerical 
simulations for a generalized model of a delayed-
feedback oscillator (1) [13], as well as for klystron [15] 
and TWT [14] oscillators. For example, the Eq. (1) 
for the case of two feedback loops should be modified 
as follows

 

da
dt

a

k e F a ke F ai i

+ =

= −( ) ( ) + ( ) 

γ

α ψ
τ

ψ
τ1 1 2

1 2 .
          (8)

Numerical results show that the application of the 
additional control feedback allows suppression of self 
modulation including chaotic spread spectrum oscil-
lation. Fig. 8 shows a typical example of steady-state 
output signal amplitude Fout  vs. the excitation param-
eter α  for a two-cavity klystron oscillator. The circles 
denote stable steady states while the squares denote 
unstable steady states that are stabilized by applying the 
control feedback. One can see that the self-modula-
tion threshold increases from α = 24 06.  to α = 44 01. .  
Suppose that we keep the amount of feedback con-
stant and increase α  by increase of the beam current. 

In the steady-state regime output power P Fout~
2

. 
So from Fig. 8 one can estimate that the beam cur-
rent at which the single frequency regime is stable can 
be increased in approximately in 1.83 times, and this 
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result in 1.5 increase of the output power. However, 
the electronic efficiency η ~ F j Fout out1 ( )  decreases 
approximately in 1.25 times.

By adjusting the phase of the controlling feed-
back to ψ ψ π2 1≈ +  the power can be increased by a 
factor of 3 or more [15].

Fig. 8.  Typical example of output signal amplitude vs. 
 α  for the two-cavity klystron oscillator

Similar results were obtained for the TWT oscilla-
tor. Basic equations and details of nonstationary simu-
lations are described in [14]. Fig. 9 shows a typical plot 
of output power and electronic efficiency vs. normal-
ized length l CN= 2π  where C  is the Pierce gain pa-
rameter and N  is the phase length of the tube [17]. 

Fig. 9.  Normalized TWT efficiency (1) and output power 
(2) vs. normalized length l CN= 2π . Self-modulation  

in a system without control arise at l = 3 1.

Power and efficiency are normalized to the values at 
l = 3 1. , that is the self-modulation threshold in the 
oscillator without the control. Again we suppose that 
the amount of feedback is kept constant while the 
beam current, and thus, l increases. Nearly twice 
increase of the threshold beam current and output 

power is observed, with simultaneous decrease of the 
efficiency. Similar to the klystron oscillator, maximal 
efficiency is reached near the self-modulation thresh-
old in the oscillator without the control. However, in 
the TWT oscillator it is possible to stabilize not only 
fundamental mode, but also higher-order modes 
which interact with the beam more efficiently. In that 
case, efficiency enhancement becomes possible [14]. 

5. Forced sYncHroniZation  
oF a delaYed Feedback oscillator

Investigation of forced synchronization of a de-
layed feedback oscillator by an external harmonic driv-
ing is important in connection with recent projects of 
using non-autonomous klystron and TWT oscillators 
in chaos-based communication systems [6, 7]. Ow-
ing to multimode nature of delayed-feedback systems 
one can expect that processes of synchronization will 
have a number of special features in comparison with 
systems with low number of degrees of freedom. The 
picture of forced synchronization of a general model 
of the delayed-feedback oscillator (1) was thoroughly 
investigated in [18].

Consider oscillator (1) with cubic nonlinearity 
driven by an external harmonic signal

 
da
dt

a e a a Fei i t+ = −( ) +γ α ψ
τ τ

ω1
2

.           (9)

Let us start from the case ψ = 0  that corresponds 
to the centre of a generation zone that is optimal condi-
tions for self-excitation, and choose the other parame-
ters γ = 0 3.  and α = 0 9. . Such a value of α  exceeds the 
generation threshold αst = 0 3.  but lies below the self-
modulation threshold αsm =1 33. , so the free-running 
system exhibits stable single-frequency oscillations.

Solutions of (9) a i t0 exp ω( )  correspond to the 
forced synchronization mode. We studied the stabil-
ity of these solutions analytically and numerically. In 
Fig. 10a the picture of frequency responses (resonant 
curves) ρ ω( )  where ρ = a0

2
 is presented. The bot-

tom part of the Fig. 10a is similar to a classical picture 
of resonance curves for synchronization of a system 
with one degree of freedom [19]. However in the do-
main of high amplitudes there exist significant dif-
ferences. First of all, one should notice the domains 
of phase locking at frequencies of self-modulation 
modes. Second, the resonance curves become unsta-
ble in the domain of high amplitudes. This instabil-
ity is caused by excitation of sidebands with frequen-
cies of self-modulation modes. Despite there is no 
self-modulation in the free-running oscillator for the 
chosen values of parameters, excitation of self-modu-
lation modes is possible when intensive external driv-
ing is applied. We name this regime as drive-induced 
self-modulation. Fig. 10b shows a corresponding syn-
chronization tongue on the ω-F plane. Lines of sad-
dle-node (SN) and Andronov–Hopf (AH) bifurca-
tions are shown. These lines contact with each other 
in Bogdanov–Takens (BT) points marked by circles. 
Domain of stable synchronous operation is shown in 
white color, unstable domains are shaded.

Ryskin n.m. et al. nonlinear dynamics of delayed feedback microwave oscillators 
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Notice that in the free-running oscillator self-
modulation is caused by excitation of two sidebands 
which are equidistant from the fundamental frequen-
cy (modes with numbers n = ±1  in Fig. 2a). Accord-
ingly, the boundary of drive-induced self-modulation 
in Fig. 10 consists of two intertwined curves which 
correspond to excitation of mode with either n =1  or 
n = −1 .

It is well known that SN bifurcation corresponds 
to phase-locking of the free-running oscillator [19]. 
Note that there exist two kinds of SN bifurcations, 
one corresponding to phase-locking of the funda-
mental mode near ω = 0  (SN1) and the others near 
ω π≈ ±0 55.  (SN2) corresponding to the self-modu-
lation modes (see Sec. 1) which are always unstable. 
There also exist domains of phase-locking of higher-
order self-modulation modes not shown in Fig. 10. 
Similarly, there are two kinds of AH bifurcations: one 
(AH1) corresponds to synchronization via suppression 
of natural dynamics, while the other (AH2) one corre-
sponds to drive-induced self-modulation. Therefore, 
there are two kinds of BT points marked by light and 
dark circles respectively.

Fig. 10.  (a) The picture of resonance curves in the center 
of generation zone, ψ = 0 , γ = 0 3. , α = 0 9. ; (b) Syn-
chronizations tongue on ω − F  plane. SN — saddle-

node bifurcations; AH — Andronov–Hopf bifurcations. 
Bogdanov–Takens points are shown by circles

We also investigated transformation of resonant 
curves and synchronization tongues with the ap-
proaching to the self-modulation threshold. With the 
increase of α , the phase-locking domains formed 
at the fundamental and two self-modulation modes 
merge, breaking the domain of stability into three 
separated parts. Accordingly, the synchronization 

tongue also breaks into three partly overlapping parts 
that corresponds to bistability. While parameter α  
approaches to the self-modulation threshold the cen-
tral part of synchronization tongue decreases in size. 
Finally, when α α> =sm 1 33. , the central domain of 
synchronization vanishes (Fig. 11). Now the tongue 
consists of two separate parts and the synchronization 
tongue does not touch the F = 0  axis, i.e. synchroni-
zation threshold appears. This occurs since the free-
running oscillator generates quasiperiodic self-modu-
lated oscillation with two independent frequencies.

Fig. 11.  The picture of resonance curves (a) and  
synchronizations tongue (b) above the self-modulation 

threshold: ψ = 0 , γ = 0 3. , α =1 45.

The analytical results presented above were veri-
fied by direct numerical simulation of the Eq. (9). 
Simulation of the process of transition to synchronous 
regime with increasing of the driving force detected 
the very complicated picture of dynamical regimes. 
When the driving frequency is close to the natural 
frequency of the oscillator, synchronization via phase 
locking occurs similar to system with one degree of 
freedom. However, the mode-locking process is ac-
companied by periodic excitation and decay of self-
modulation modes [18].

When the driving frequency shifts off the natural 
frequency, synchronization occurs via suppression of 
the natural frequency. In that case, period-doubling 
cascade and transition to chaos precedes transition to 
the synchronous mode. Such a behavior can be ex-
plained as follows. The free-running system operates 
close to the self-modulation threshold, i.e. with the 
increase of the excitation parameter α  the sequence 
of period doublings is observed. External driving in-
creases the amplitude of oscillation thus stimulating 
the sequence of bifurcations observed in the free-run-
ning system. 

Random noise signaL geneRaTion
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When the driving frequency is close to the fre-
quency of a secondary eigenmode hard transition to 
the synchronous regime is observed. The hard transi-
tion is accompanied by hysteresis and a narrow band 
of bistability appears near the boundary of the domain 
of synchronization.

The mechanisms described above are illustrat-
ed in Fig. 12 where the phase diagram on the ω − F  
plane is presented. The lines of different bifurcations 
which form the boundary of a synchronization tongue 
(similar to Figs. 10,11) are also shown. Domain of 
synchronization is shown by white, domain of bist-
ability is hatched. Domains of period doublings (T2) 
and chaotic dynamics (C) are also shown. One can 
see that the domain of chaotic dynamics is located 
close to the self-modulation frequency ( ω π≈ 0 6. ). 
Inside this domain there exist a lot of narrow windows 
of periodic motion which are not shown in Fig. 12.

Fig. 12.  Phase diagram on ω − F   
plane at ψ = 0 , γ =1 0. , α = 2 5.

6. conclUsion

In this paper, we presented an overview of re-
search activity on nonlinear dynamics of delayed 
feedback microwave oscillators in Saratov State Uni-
versity. The delayed feedback oscillators are distribut-
ed systems with infinite number of degrees of freedom 
and demonstrate a very complicated behavior includ-
ing multiple transitions between regular and chaotic 
regimes. By that reason, they have good prospects as 
sources of chaotic microwave radiation for communi-
cation and radar systems.

In particular, the ring-loop oscillator consist-
ing of two coupled klystrons with resonators tuned 
to fundamental and second harmonic frequencies is 
proposed. This oscillator is capable to generate struc-
turally stable hyperbolic chaos at microwave frequen-
cies. Structural stability means insensitivity of the sys-
tem dynamics and the attractor structure to variations 
of parameters of the system.

The method to suppress self-modulation insta-
bility based on an additional delayed feedback circuit 
is proposed. It allows substantial increase in the beam 
current that corresponds to the stability of the station-
ary single-frequency generation and nearly threefold 
increase in the generation power.

The picture of forced synchronization in delayed 
feedback systems is investigated. In the domain of the 
small amplitudes the picture of synchronization is 

similar to the classical one of the oscillator with one 
degree of freedom. However, with growth of ampli-
tude there are a lot of differences caused by excitation 
of different self-modulation modes.
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