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The analytical models of stochastic radiometric ultra-wideband signals at the outputs of directional and omnidirec-
tional multi-antenna arrays are developed. Such arrays are typical for radiometric complexes, which provide high 
resolution on angular coordinates. Examples of simplification of multi-dimensional signals in the case of using a   
single antenna (directional or omnidirectional) are shown. The statistical characteristics of developed models are in-
vestigated. Heuristic algorithms of signal processing for radiometric imaging which follow from analysis of these 
characteristics are studied. Examples of constructing likelihood functionals are given which are necessary to solve the 
problems of synthesis of the optimal algorithms. 
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INTRODUCTION 

The knowledge of analytical models of radiometric 
signals plays a key role in the synthesis of algorithms of 
signal processing for solving problems of Earth remote 
sensing, radio astronomy, radiolocation [1-4], etc. 

These signals depend on many factors such as    
electrical parameters and physical conditions of observa-
tion objects, antenna system and predetection sections of 
receiver. The important stage in the creation of analytical 
relationships between the parameters and characteristics 
precedes the solution of many radiometry problems. This 
result forms the adequate analytical models of signals, 
analysis of which in the following are isolated the main 
processing operation. 

It is known [5] that radiothermal radiation is the ran-
dom process with Gaussian distribution and zero mean. 
Therefore, only the analytic expression is not enough for 
complete task of model. It is necessary to investigate the 
statistical characteristics of these models.  

In the article, we develop the analytical models of 
stochastic radiothermal signals and investigate their sta-
tistical characteristics. Herewith the models must be ap-
plied to all radiometric complexes, systems and devices 
[5-10]. 

1. DEVELOPMENT OF ANALYTICAL 
MODELS OF STOCHASTIC 

RADIOTHERMAL SIGNALS FOR 
RADIOMETRIC MULTI-ANTENNA 

COMPLEXES 
The models of radiometric signals at the outputs of 

antenna systems with the directional or omnidirectional 
antennas are considered. 

THE GENERAL ANALYTICAL MODEL OF 
STOCHASTIC RADIOTHERMAL SIGNALS FOR 
DIRECTIONAL ANTENNAS IN THE ARRAY 

Radiometric signals are ultra wideband (UWB) ran-
dom processes whose spectra substantially continuous all 
over radio frequency band. We will form a model of ra-
diometric signal, which own emissivity of each element 
(within the limits range of angels d


and frequency df ) 

is characterized by function [5] 

  ( , ) exp 2 ,A f j ft dfd  
   (1) 

where ( , )A f 
  is the spectral-angular density of the 

complex amplitude, df  is the infinitesimal frequency 

band, d


 is the infinitesimal range of vector of direction 
cosines. The real and imaginary parts of spectral density 

( , )A f 
  at the fixed frequency is often seen in technical 

applications as the real and imaginary coherent image of 
observation object. 

It is assumed that there is the multi-antenna radio-
metric complex (RMC) (Fig. 1) with directional antennas 
in array. The antenna iA  ( 1..i M ) is limited by area 

iD   and is connected to the thi  predetection section of the 

receiver, frequency characteristic ( 2 )K j f  of which 
satisfies the conditions of UWB. Predetection section 
limits bandwidth of frequency signal ( )Ais t  (see Fig. 1) 

at the thi  antenna output and adds noise ( )in t  in the ob-

servation. Position of the thi  antenna phase center is 
characterized by vector ia , within initial point with coor-

dinates (0,0) . Radius vector i ir D 
  characterizes the 

position of an arbitrary elementary area within the region 

iD  . 

 
Fig. 1. Multi-antenna radiometric complex 
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Radiometric signals ( ) ( ( ))i delay is t s t t a 


 have 

common part of the time delay 0 0t R c  ( 0R  is the dis-
tance from radiation point to the phase center of antenna 
array) and differ only by the time delay of propagation 
from thi  antenna phase center to the phase center of an-
tenna array 

    0 0delay i delay i it a t t a R c a c    
   .  

The distance 0R  is usually unknown and the radia-
tion sources are located in the Fraunhofer region. There-
fore, they can be excluded from consideration, leaving 
only the time ( )delay i it a a c 

  , and we will write sig-

nals in the form 

     .i i delay i i is t s t t a s t a c        
 

  

Then the signal at the output of predetection section 
can be written as follows: 
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0( ) ) ,ia c d df     

  

(2) 
where ( , )i iI f r a 

   is the amplitude-phase distribution 

(APhD) of the thi  antenna, 

   12
1 ,fC fc F f d 


 

  , 

1
0 0( , ) ( , ) exp( 2 ( ) )

i

i i i i i
D

F f I f r j f r c dr


        

      

 
is the thi  antenna pattern. 
Any models on the right side of (2) can be used to 

solve synthesis problems and analysis of the RMC.  
SIMPLIFICATION WITH USING OF 

OMNIDIRECTIONAL ANTENNAS IN THE 
ARRAY 

Omnidirectional antenna [11] is a class of antenna 
which radiates radio wave power uniformly in all direc-
tions in one plane, with the radiated power decreasing 
with elevation angle above or below the plane, dropping 
to zero on the antenna’s axis. 

While using omnidirectional antennas, we assume 
that  

 0( , ) ( ) ( )i i iI f r I f r  
   ,  

where ( )ir  is the Dirac delta function. 

Then received signal (2) at the output of receiver 
predetection section of each omnidirectional antenna 
takes the form: 

 
  0

1
0

1 ( 2 ) ( , ) ( )
2

exp 2 ( ( ) ) .

i f

i

s t C K j f A f I f

j f t a c d df

 

 



 

     

   

   

 

  
 (3) 

SIMPLIFICATION WITH USING OF AN 
ANTENNA 

Now, let us consider the case of using only one an-
tenna (directional or omnidirectional antenna). In this 
case, the phase center of the RMC coincides with the 
phase center of the antenna, that means 0ia 

 . 
Put 0ia 

  in the expressions (2), we obtain the   
received signal while using a directional antenna 

  0
1 ( 2 ) ( , ) ( , )
2 fs t C K j f A f F f d df

 

 
       

      

(4) 
and the received signal while using an omnidirectional 
antenna 

       0
1 ( 2 ) ( , ) ( ) .
2 fs t C K j f A f I f d df

 

 
     

    (5) 

The expressions (2)−(5) describe the analytical 
models of radiometric signals which can be used for 
analysis and synthesis of radiometric devices, systems 
and complexes for various purposes. Probabilistic charac-
teristics give full description of these processes. They 
will be discussed in the following paragraph.  

2. RESEACH OF STATISTICAL 
CHARACTERISTIC OF SIGNALS 

We will consider statistical characteristics of radio-
metric signals (models are given earlier). 

It is known [5] that radiometric signal is the random 
zero mean Gaussian process   0is t  , where   is the 

sign of statistical average. According to this, the full de-
scription of random process contains its correlation func-
tion. 

We will write signals at the output of M  antenna ar-
ray as a vector (look at (2)) 

      1

M
i i

s t s t





. (6) 

The matrix of correlation functions of signals (6) can 
be written in the form 

 

     1 2 1 2

11 12 1

21 22 2

1 2

, ( , )

,

T
s

s s s M

s s s M

sM sM sMM

R t t B f s t s t

R R R
R R R

R R R

  




  




   


 (7) 

where sijR  ( , 1..i j M ) is the cross-correlation function 

between signals on the outputs of channels i  and j , 
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1 2 1 2
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 (8) 

Here     22
0 0, ,eff fA f C F f     

     is the effective 

area of antenna, ( , )B f 


 is the spectral-angular power 
density (is the radiometric image). 

For models of signals (3)−(5), correlation function 
(8) takes the following forms: 
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(11) 

From the analysis of correlation functions (8) − (11) 
follows that the information about the radiometric image 

( , )B  


 can be identified using directional and omnidirec-
tional antenna system, as well as when using a single 
directional antenna. While using the single omnidi-
rectional antenna, the information about angular radio 
brightness is excluded by averaging over all of angular 

coordinates, i.e. ( , )B f d



  

 
. 

Signals (2)−(5) and their statistical characteristics 
(7)−(11) can be used for analysis of existing devices, sys-
tems and complexes and for calculating perspective algo-
rithms of signal processing. 

3. CONSTRUCTION OF LIKELIHOOD 
FUNCTION 

Statistical theory of synthesis of radiometric systems 
is used while developing the optimal algorithm of signal 
processing. To do this, it is usually necessary to concre-
tize the Likelihood function. We will construct several 
types of Likelihood function, which are needed to solve 
problems of statistical synthesis of radiometric complexes 
and devices [5−9]. 

We shall restrict our consideration to the additive 
model of observation 

         1 1
( ) ,

MM
i i ii i

u t u t s t n t
 

  
  (12) 

where ( )in t  is the internal noise of the thi  channel of 
receiver.  

Depending upon the restrictions imposed on the sig-
nals and internal noises in (12), we will consider several 
types of Likelihood function. Below, the estimate pa-
rameters will be denoted as the vector 


. In the particu-

lar case   can be the radiometric imaging ( , )B f 


 or 

( , )B f df 


. 
Initially, we write the Likelihood function for M  

channels of RMC in general form [5] 

1 1 2 2 1 2
0 0

( ) |

1( )exp ( ) ( , , ) ( ) ,
2

T T
T

p u t

k u t W t t u t dt dt



 

   
 

  
 

 



    (13) 

where 1 2( , , )W t t 


 is the inverse correlation matrix, 
which is determined by equation 

 1 2 2 3 2 1 3
0

( , , ) ( , , ) ( )
T

R t t W t t dt I t t   
 

, (14) 

 1 2 1 2 1 2( , , ) ( , , ) ( , )s nR t t R t t R t t  
 

, (15) 

( )k 


 is the coefficient, which depends on the parameter 




 in the case of evaluation of energy parameters.  
Depending upon the type of correlation matrix (15) 

we distinguish the following characteristic cases. 
NOISES ARE CORRELATED BETWEEN 

CHANNELS ALSO IN TIME 
The expression (15) will have the form 

 

   1 2 1 2 1 2

11 12 1

21 22 2

1 2

11 1 2 1

2 1 22 2

1 2

( , , ) , , ,

,

s n
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sM sM sMM
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R t t R t t R t t

R R R
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 (16) 

where 1 2

1 2

( ) ( )n t n t


 
 is the correlation coefficient of 

noises between ( )in t  and ( )jn t , 2 ( )i in t  . 

Function 2 3( , , )W t t 


 is solved by solving (14) and 
substituting into it (16). 

NOISE ARE CORRELATED BETWEEN 
CHANNELS BUT NOT IN TIME 

In this case 0 1 2

1 2

( )
2

nN t t


 


  the equation (16) 

takes the form 

   1 2 1 2 1 2

11 12 1

21 22 2 0
1 2

1 2
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(17) 
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NOISES ARE NOT CORRELATED BETWEEN 
CHANNELS ALSO IN TIME 

In this case 

1 2( ) ( ) 0i jn t n t  , 1 2 0 1 2( ) ( ) 0,5 (t t )i i nn t n t N   , 

then 
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1 2
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 (18) 

USING A SINGLE ANTENNA 
While using a single antenna, Likelihood function 

(13) takes the form 

  1 2
0 0

0
( ) | ( ) exp ( ) N ( ) .

T

s np u t k N u t dt  
         


  

(19) 
USING SPECIAL CONTINUAL 

REGISTERING MEDIUM 
It is evident that the continual processing in the    

majority of the existing antenna radio-band (if we not use 
the special continual registering medium) is practically 
impossible. The exception is the holographic processing 
of radiations in the optical range, where it is possible to 
create continual registering medium and processing me-
dium as the photographic films, lenses, crystals, special 
fluids and others. 

In the future we will use continual aperture, which is 
the presupposing possibility of registering and processing 
fields at each point. Also this is the presupposing possi-
bility of the transition to the final stage of synthesis algo-
rithms to real discrete aperture of antenna array. 

 
Fig. 2. The geometry of problem 

 
The simplest observation equation in this case has 

the form: 

 
     , , , ,

, (0, ),
u t r s t r n t r

r D t T

   

  
 (20) 

where ( , , )r x y z     is the coordinate of the point in the 
registering medium. 

For the noises which are correlated in time and spa-
tial coordinates r  

1 1 1 2 1 2
0 0

2 2 1 2 1 2

( , ) |

1 ( , r ) ( , , r , r , )
( ) exp .2

( , r )

T T

D D

p u t r

u t W t t
k

u t dt dt dr dr




  

   
 

      
    

   




  (21) 

Here 1 2 1 2( , , r , r , )W t t  


is the continual function. 
For the limited number of points in the space, the 

vector equation of observation can be written: 

         1 1
, ( , ) , , .

MM
i i ii i

u t r u t r s t r n t r
 

     
  (22) 

The Likelihood function is written as follow: 

1 1 2 2 1 2
0 0

( ) |

1( )exp ( ) ( , , ) ( ) ,
2

T T
T

p u t

k u t W t t u t dt dt



 

   
 

  
 

 



   (23) 

where inverse matrix 1 2( , , )W t t 


 can be found from the 
following equation 

 1 2 2 3 2 1 3
0

( , , ) ( , , ) ( ).
T

R t t W t t dt I t t   
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Here 

1 2 1 2 1 2

11 12 1

21 22 2

1 2

0 1 2

( , , ) ( , , ) ( , )

1 0 0
0 1 0

0,5 ( ).

0 0 1

s n

s s s M

s s s M

sM sM sMM

n

R t t R t t R t t
R R R
R R R

R R R

N t t

 



  




 



 

 

   




   


 

 
CONCLUSIONS 

The analytical models of stochastic radiothermal 
signals for directional antennas and omnidirectional an-
tennas are developed. The statistical characteristics of 
signals are derived.  

The observation equations which are given and 
Likelihood function are constructed. Classification of the 
possibility of internal noises in all channels have been 
implemented to facilitate calculations of correlation func-
tions and Likelihood function. 
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тання однієї антени (направленої або слабконаправленої). 
Досліджено статистичні характеристики моделей. 

Наведено приклади конструювання функціоналів   
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