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'" "#"  ��.")"5!� '"�!��12 +�'"��+/ "%>!7�"2 6!:" 7�-++ , . !6.")"5!�++
" '"7, �'" 6�!,��4 .",! (�"�'0 "��",��+4 �,"%"6�� "' ��+)+2. �)4 ."�' "!�+4
 !8!�+4 $�6��+ +�.")0$",��� '!(�+/� +�'!# �)0�1( . !"% �$",��+2 �!��!)4 �
."�)!6�&3+7 ,1�+�)!�+!7 �!�"%�',!��1( +�'!# �)",. �%)��'0 . +7!�!�+4
 !8!�+4 – .")��!�+! � +�.")0$",��+!7 . +�-+.� ��.! ."$+-++  !8!�+2 $�6��
"% ". !6!)!�++ ��. 45!��"–6!:" 7+ ",���"#" �"�'"4�+4 # ��'",1( "��",�-
�+2 + #" �1( ,1 �%"'"/ . + +( 7" "$�"7 .��!�++, +�/���',!��"7 $�7" �5+,�-
�++, ��%�(��++, +�>!/'+ ",��++ + '.6. 

	$%&��'� ($!��: ��. 45!��"-6!:" 7+ ",���"! �"�'"4�+!, 6!:" 7�-+4, 
. +�-+. ��.! ."$+-++, #" ��4 ,1 �%"'/�. 

�
��*����-��-�����
��� �

� �)�����
��*,  

��������) �	��� ��
����
���

��	��� ������� ��'5���6 ��-���
/)6

�. �. ��0�12!, �. �. ��3!��$
���< «��-�"��)0�+2 #� �+�+2 ���,! �+'!'» 
. "�.. 
. 
� /��, 19, 7. ���. ".!' ",�0/, 49000, �/ �*��. 
E-mail: al.shashenko@gmail.com, shap-ww@mail.ru 
�. �. �!�2$ 142
��-�"��)0�+2 ���,! �+'!' «�0,�,�0/� .")�'!(��/�» 
,�). �'!.��� ���6! +, 12, 7. �0,�,, 79013, �/ �*��. 

. �. ��3!��$
� +6��. ",�0/� �/�6!7�4 %�6�,�+-',� '� � (�'!/'� +
,�). �! �+8!,�0/"#", 24�, 7. ���. ".!' ",�0/, 49000, �/ �*��. 

� +,!6!�" '"��! ���)�'+��!  �8!��4 :��6�7!�'�)0�"* $�6��� . " ��. �5!-
�"–6!:" 7",��+2 �'�� . �5�"#" .�,. "�'" �, ,�! !6+�� 4/"#"  "$'�8",��! '"-
�/",! 65! !)" "%';7�"* 6!:" 7�-�*, $ � �(�,���47 '"#", 3" 6!��� .",! (�4
"��",+ ,�)0�� ,�6 $��+)0. �)4 ."%�6",+  �8!��4 $�6��� ,+/" +�'��� '!(��/� ��-
'!# �)0�+( .! !'," !�0 �!��!)4 $ ."6�)08+7 "%�+�)!��47 �!,)���+( ��'!# �-
)�,. �%)��'0 $��'"��,���4  �8!��4 - "' +7���4 $ ,+/" +�'���47 . +�-+.�
��.! ."$+-�*  �8!�0 $�6�� . " ,+$���!��4 ��. �5!�"–6!:" 7",��"#" �'���
D ��'",+( "��", � #� �+�+( ,+ "%"/ . + *( 7" "$�"7� $6+7����, 8'���"7� $�-
7" "5�,����, ��%�(����, ��';/'�,���� � '.6.  

	$%&!�, ($!��: ��. �5!�"-6!:" 7",��+2 �'��, 6!:" 7�-�4, . +�-+. ��.!-
 ."$+-�*, #� �+�� ,+ "%/�.

�
���������� �����=. � +�5!�! �"2 . �/'+/! ���'" . +("6+'�4 �'�-
)/+,�'0�4 � . "%)!7"2 ". !6!)!�+4 ��� # ��'",1( "��",��+2, ,��' + /"'" 1(
��("6+'�4 +�'"��+/ "%>!7�"2 6!:" 7�-++ [1–6]. 

� + ". !6!)!�++ ��. 45!��"–6!:" 7+ ",���"#" �"�'"4�+4 (���) # ��'"-
,1( "��",��+2 8+ "/" . +7!�4!'�4 ."6("6, "��",���12 �� +�.")0$",��++ '.�. 
:��6�7!�'�)0�1(  !8!�+2 + . +�-+.� ��.! ."$+-++. 

��'0 9'"#" ."6("6� $�/)&��!'�4 , '"7, �'" ,����)! ". !6!)4!'�4 ��� "��"-

,��+4, "%��)",)!��"! �!/"'" 17 '"�!��17 +�'"��+/"7 ,"$7�3!�+4 � $�'!7 – c 
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+�.")0$",��+!7 . +�-+.� ��.! ."$+-++ – ". !6!)!�+! ��� 6)4 )&%"2 )+�!2-

�"2, .)"�/"2 + "%>!7�"2 ��# �$/+. � ���'"43!! , !74 6)4 9'"2 -!)+ +�.")0$�-

&'�4 :��6�7!�'�)0�1!  !8!�+4 �. ����+�!�/�, 
. @)�7���, �. 
+�6)+��,  

�. �!�4 + '.6. [7–9]. 

�"�'��",/� $�6��+ +��)!6",��+2. � !6."�1)/+ + 6".�3!�+4. 

1. ���' + )+�!2�"#" �. �#"#" +$"' ".�"#" .")�. "�' ���',� ��("6+'�4 �.-

 �#�4 '"�!���4 "%)��'0 � �. �#+7+ (� �/'! +�'+/�7+
1

G +
1

λ . 

2. �$,!�'�1 6!:" 7�-+"��1! �,"2�',� # ��'","#" "��",��+4 ('.!. !#" 7"-

6�)0 6!:" 7�-++ � + /"9::+-+!�' �����"�� ν +)+ '�/ ��$1,�!71! /"��'��'1
��7! λ + G ). 

3. �$,!�'�1 /"" 6+��'1 +�'"��+/� 6�,)!�+4 (6)4 ". !6!)!��"�'+ .")"5+7
, -+)+�6 +�!�/"2 �+�'!7! /"" 6+��' � -!�' �)0�"2 �+77!' +!2 #)�%+��  ��."-

)"5!�+4 +�'"��+/� ξ=z +  �6+�� 0=r ;  +�. 1). 

4. �$,!�'�� "%��)",)!���4 :�$",17 .! !("6"7 (��. +7! , $�7! $��+!7 ."-

 ","2 5+6/"�'+) "'�"�+'!)0��4 "%>!7��4 6!:" 7�-+4 "��",��+4
0

ε . 

5. �� ,! (�!2 # ��+-! .")�. "�' ���',� "'��'�',�&' �" 7�)0�1! + /���'!-

)0�1! ��. 45!�+4. 

6. � + �!"# ��+�!��"7 ,"$ ��'��++ #)�%+�1 +  �6+�)0�"2 /"" 6+��'1 ��-

. 45!�+4 + 6!:" 7�-++ �' !74'�4 / ��)&. 

� !%�!'�4 ". !6!)+'0 ,"$�+/8+! , "��",��++ ,  !$�)0'�'! 6!2�',+4 +�'"�-

�+/� 6�,)!�+4 ��. 45!�+4 + 6!:" 7�-++ ('.!. !#" ���). 

�!)0  �%"'1 – .")��+'0 '"��"! ���)+'+�!�/"!  !8!�+! $�6��+ "% ". !6!)!-

�++ ��� �. �#"#" �!,!�"7"#" .")�. "�' ���',�, ,��' + /"'" "#" ,�)!6�',+!
"%>!7�"2 6!:" 7�-++ ,"$�+/ �!/"'" 12 +�'"��+/ 6�,)!�+4. 


������� � ��<������= �����������	. ����7"' +7 # ��'","!
"��",��+!, , /"'" "7 , '"�/! 6!2�',�!' "%��)",)!��12 $�7! $��+!7 ." ","2
5+6/"�'+ +�'"��+/ 6�,)!�+4 ( +�. 1). 

��,)!�+!, "%��)",)!��"! :�$",17 .! !("6"7 ." ","2 5+6/"�'+  �,�": 

( ) ( ) ( ) ( )ξδ
π

δ
λε −⋅

⋅⋅
⋅⋅+⋅⋅= z

r

r
GzrP

21
2

1
3

0
, .                  (1) 

�+���"/ 1 – 
 ". !6!)!�+& ��� "��",��+4
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<6!�0 ( )zrP ,  – 6�,)!�+! ,  ���7�' +,�!7"2 '"�/!; 
0

ε  – "%>!7��4 6!:" 7�-

-+4 "��",��+4, "%��)",)!���4 $�7! $��+!7 ." ","2 5+6/"�'+ (+7!!'  �$7! -

�"�'0
3
�� �
� �  ); 

11
G
λ  – �. �#+! /"��'��'1 ��7! $�7! $8!2 "%)��'+ "��",��+4; 

z
r  – /"" 6+��'1; ξ  – #)�%+��, �� /"'" "2  ��.")"5!� +�'"��+/ 6�,)!�+4; 

( )xδ  – 6!)0'� – :��/-+4 �+ �/� [12]. 

�)4 ". !6!)!�+4 ��� "��",��+4 +�.")0$�!7 +$,!�'��& �+�'!7� � �,�!�+2
,+6�: 

( )
r

P

z
G

r

e
G

∂

∂

∂

ω∂

∂

∂
λ =⋅⋅+⋅⋅+ 22 ; ( ) ( )

z

P

r

r

r

G

z

e
G

∂

∂

∂

ω∂

∂

∂
λ =

⋅
⋅

⋅
−⋅⋅+

2
2 ; 

;
3 kkv

c
t

P

t
P σ

β

∂

∂
⋅−∆⋅=

∂

∂
PezGzz −⋅+⋅⋅= λεσ 2 ; 

PerGrr −⋅+⋅⋅= λεσ 2 ; 
PeG −⋅+⋅⋅= λθεθθσ 2

; rzGrz γτ ⋅= ; 

;
r

U
r

∂

∂
=ε ;

z

W
z

∂

∂
=ε ;

r

U
=εθ �

�

�
�
	




∂

∂
−

∂

∂
⋅=ω

r

W

z

U

2

1

; r

W

z

U
rz

∂

∂
+

∂

∂
=γ

; 

θε+ε+ε= zre
; 

( ) PeGrrzzkk ⋅−⋅⋅+⋅=++= 323 λθθσσσσ
.  (2) 

<6!�0 U + W  – .! !7!3!�+4 �""',!'�',!��" , ��. �,)!�++ /"" 6+��'�1(
"�!2 r0 + z0 ; ω – , �3!�+!; r + z  – /"" 6+��'1; λ + G  – /"��'��'1 ��7! "��"-

,��+4; vc  – /"9::+-+!�' . "�' ���',!��"2 /"��")+6�-++; 
2

221
2

2

zrrr ∂

∂
∂
∂

∂

∂
++=∆  – 

".! �'" ��.)��� , -+)+�6 +�!�/"2 �+�'!7! /"" 6+��' . + ��!'! "�!,"2 �+7-

7!' ++; zzσ , rrσ + θθσ  – �" 7�)0�1! ��. 45!�+4; rzτ  – '" 5!, /���'!)0�"!; 

kkσ
 – 8� ","2 '!�$" ��. 45!�+2; P  – 6�,)!�+!; zzε , rrε + θθε  – �" 7�)0�1!

6!:" 7�-++; rzγ  – '" 5!, /���'!)0��4 [12]. 

� ��!'"7 '"#", �'" ." ","! 6�,)!�+! +$,!�'�" $� ��!!, �7. (1), + �! $�,+�+'
"' , !7!�+, +$ (2) +7!!7: 

( )
r

P

z
G

r

e
G

∂

∂

∂

ω∂

∂

∂
λ =⋅⋅+⋅⋅+ 22 ; ( ) ( )

z

P

r

r

r

G

z

e
G

∂

∂

∂

ω∂

∂

∂
λ =

⋅
⋅

⋅
−⋅⋅+

2
2 ; 

PezGzz −⋅+⋅⋅= λεσ 2 ; PerGrr −⋅+⋅⋅= λεσ 2 ; 

PeG −⋅+⋅⋅= λθεθθσ 2
; rzGrz γτ ⋅= ; 

;
r

U
r

∂

∂
=ε ;

z

W
z

∂

∂
=ε ;

r

U
=εθ

�
�

�
�
	




∂

∂
−

∂

∂
⋅=ω

r

W

z

U

2

1

; r

W

z

U
rz

∂

∂
+

∂

∂
=γ

; θε+ε+ε= zre
; 

( ) PeGrrzzkk ⋅−⋅⋅+⋅=++= 323 λθθσσσσ
.  (3) 
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<6!�0
z

P

∂

∂ +
r

P

∂

∂  – . "!/-++ 6�,)!�+4 �� /"" 6+��'�1! "�+. 

�"#)���" [11] "%3!!  !8!�+! �+�'!71 � �,�!�+2 (3) +7!!' ,+6: 

;F
zr

�
r

U
∂∂

∂
−

∂

∂
=

2
F

z
F

G

G
�

z
W

2

22

∂

∂
−∆⋅

+λ

⋅+λ
+

∂

∂
=

; 

;F 02 =∆ ( ) �GP ∆⋅⋅+= 2λ ,     (4) 

#6! F + �  - ."6)!5�3+! ". !6!)!�+& �!+$,!�'�1! :��/-++ /"" 6+��' r + z . 

�)4 ."�' "!�+4 ���'�"#"  !8!�+4 �+�'!71 � �,�!�+2 (3) / �!2 �)!6�!' . +�"!-
6+�+'0 # ��+��1! ��)",+4. �"�/")0/� �� ,! (�!2 # ��+-! "��",��+4 "'��'�',�&'
,�!8�+! ��# �$/+, � �� %!�/"�!��"�'+ ��+)+4 + 6!:" 7�-++ �' !74'�4 / ��)&, # �-
�+��1! ��)",+4 +7!&' ,+6: 

( ) ( )

( ) ( ) ( ) ( )
.

.0,,;0,,

;0,0;0,0

��

�



�

=∞=∞=∞=∞

==

zWrWzUrU

rr zzzz τσ

  (5) 

�!8!�+! (4) +3!7 , ,+6!: 

( ) ( ) αααα dzFrJF ⋅⋅⋅⋅= �
∞

,*

0

0       +      ( ) ( ) αααα dz�rJ� ⋅⋅⋅⋅= �
∞

,*

0

0 ,  (6) 

#6! ( )rJ ⋅α0
 – :��/-+4 �!��!)4 .! ,"#"  "6� � ��)!,17 +�6!/�"7, � ( )zF ,* α +

( )z� ,* α  – ."6)!5�3+! ". !6!)!�+& :��/-++ .� �7!' � α + /"" 6+��'1 z   [12]. �
7�'!7�'+�!�/"2 '"�/+ $ !�+4  �,!��',� (6) 4,)4&'�4 " +#+��)"7 :��/-+2

( )zrF , + ( )zr� , , ��'��",)!��17 � +�.")0$",��+!7 +( +$"% �5!�+2 , �71�)! ���/!)4
( )zF ,* α + ( )z� ,* α ." .� �7!' � α  [12]. 

��)!! . !6�'�,+7 (1) , :" 7! (6). �)4 9'"#" ,����)! � +�.")0$",��+!7 . !-
"% �$",��+4 ���/!)4 ��26!7 +$"% �5!�+! (1) ." .! !7!��"2 «α », � $�'!7 � +�-

.")0$",��+!7 .")��!��"#" '�/+7 "% �$"7 +$"% �5!�+4 ��26!7 !#" " +#+��). 

�7!!7

( ) ( ) ( ) ( )�
∞

⋅⋅⋅⋅−⋅
⋅

⋅⋅+⋅⋅=
0

02

1

1
2

1
3

0
, αααξδ

π
λε drJzGzrP .    (7) 

� ��!'"7 (1), (4), (6), (7) + # ��+��1( ��)",+2 (5) :��/-++ @ + F  �,�1: 

( ) ( ) ( )
( )

( )
( )

( )
( )

( ) [ ]
[ ]

( )

( )

0

0

0

0

4

2 1

4 2 1

2

3 20 1 1

z
z

z

z

k

ek
� r ,z J r U z e d ;

ak e

z GJ rk
F r ,z e d ;

ak G z

a G;

k G .

∞ α⋅ ξ−
α⋅ ξ−

α⋅ −ξ+

∞
−α⋅ ξ+

�� �� �−� � �� �= ⋅ α ⋅ ⋅ ξ − ⋅ − ⋅ α� 
 �⋅ ⋅ π � �� �−� �� � �
�
�⋅ α ⋅ − ⋅ +� �α ⋅ � � 
= ⋅ ⋅ ⋅ ⋅ α� 

�⋅ π ⋅ ⋅ λ + α + ⋅ α ⋅ + ⋅ λ� �� � �
�= λ + ⋅
�
�= ε ⋅ ⋅ λ + ⋅ �

�

�

.(8) 



���������� 	 �
�����
�������� ����������� ��������
��	������� �����
�� ����� ������


�������  !�� �"!�! #"$%! �#�&�� '!(�")"#�* #� �+�"#" ,+ "%�+-',�. �+.��/ 2/2014(14). 

29 

�)4 ". !6!)!�+4 ��� "��",��+4 �)!6�!' � +�.")0$",��+!7 :��/-+2 (8) +
.! ,1( 6,�(  �,!��', (4) ��2'+ .! !7!3!�+4 "��",��+4 U + W + 6�)!!, � +�-
.")0$",��+!7 :" 7�) (3) – +�/"71! ��. 45!�+4 + .! !7!3!�+4. 

��)!! +�.")0$�!7 .")��!��"!  ��!! :��6�7!�'�)0�"!  !8!�+! 6)4 ". !6!-

)!�+4 7" "$�"#" .��!�+4 "��",��+4, , /"'" "7  ��.")"5!� U  - "% �$�12 /")-

)!/'" '!.)","#" ���"�� ( +�. 2) [5]. 

�"6�'�,+, :��/-++ (8) ," ,'" "! � �,�!�+! (4) + ,1�+�)+, �!�"%�',!��1!
+�'!# �)1, ��26!7 :��6�7!�'�)0�"!  !8!�+! 6)4 '"�!��"#" +�'"��+/� , ,+6!: 

( )

( ) ( )

( ) ( ) ( )

( )

( ) ( )

( )

3

3 3
2 22 22 2

224 2

2
5

2 2 2

2 3 20 1 1

z G z

G z r z r
k

W r ,z ;
a z r zk

G z r

a G ; k G .k

�+ ξ ⋅ λ + ⋅� �− ξ
+ − �� �

�� �� � � �λ + ⋅ + ξ + − ξ + �� �� � � �� � � � �� �
= ⋅ � 
 �� �⋅ π ⋅ ⋅ + ⋅ + ξ� � 
� �� �⋅� � �

� � �
� �� �λ + ⋅ + ξ + �� �� �� � �

�
= λ + ⋅ = ε ⋅ ⋅ λ + ⋅ � . (9) 

�=���=. � -!)"7, +$)"5!��1! , ���'"43!2 �'�'0! 7�'! +�)1 +��)!6",�-
�+2 ."$,")+)+ �6!)�'0 '�/+! ,1,"61. 

1. � ���)+'+�!�/"2 :" 7! .")��!�" $�7/��'"!  !8!�+! :��6�7!�'�)0�"2
$�6��+ " ��. 45!��"–6!:" 7+ ",���"7 �"�'"4�++ �. �#"#" .")�. "�' ���',�, 

,��' + /"'" "#"  ��.")"5!� '"�!��12 +�'"��+/ 6�,)!�+4. 

2. �%)��'0 . +7!�!�+4 .")��!��1(  !$�)0'�'", –  !8!�+4 $�6�� "% ". !6!-
)!�++ ��� # ��'",1( "��",��+2 + #" �1( ,1 �%"'"/ . + +( +�>!/'+ ",��++, 

7" "$�"7 .��!�++ # ��'�, .��!�++ #" �1( ." "6, ��� 7�' +-1 , . "-!��!  "-

�'� / +�'�))", +$ ',! 6"2 :�$1 + ,""%3! ,�!( $�6��, , /"'" 1( ,��' + .")�. "-

�' ���',� 6!2�',�!' +�'"��+/ 6�,)!�+4, /"'" 12 7"5!' %1'0 . !6�'�,)!� , ,+6!: 

( )
( ) ( )ξδ
π

δ
−⋅

⋅⋅
⋅= z

r

r
�zrP

20
, ,                            (10) 

#6!
0
�  – /"9::+-+!�' . "." -+"��)0�"�'+. 

� $�/)&�!�+! "'7!'+7, �'" .")��!��"! :��6�7!�'�)0�"!  !8!�+! ."$,")+'
 ��8+ +'0 /)��� $�6�� "% ". !6!)!�++ ��� # ��'",1( "��",��+2 $�6���7+, , /"-

'" 1( . +�+�"2 ,"$�+/�",!�+4 ��. 45!�+2 + 6!:" 7�-+2 4,)4&'�4 . "'!/�&3+!
, �+( :+$+�!�/+! . "-!��1, "%��)",)!��1! :�$",17+ .! !("6�7+ ." ","2 5+6-

/"�'+, .! !("6"7 #" �1( ." "6 +$ '!/��!#" , ',! 6"! �"�'"4�+!, ,1�"/"��." �"!
+�0!/'+ ",��+! # ��'� � �+$/+7 /"9::+-+!�'"7 :+)0' �-++ + '.6. 
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STRESS - STRAIN STATE OF A HALF-SPACE 
 WITH A POINT SOURCE OF VOLUMETRIC 

 STRAIN LOCATED INSIDE OF IT 
O. Shashenko, V. Shapoval 
State Higher Educational Institution «National Mining University» 
prosp. Karl Marx, 19, Dnipropetrovsk, 49005, Ukraine. 
E-mail: al.shashenko@gmail.com, shap-ww@mail.ru 
B. Morklaynik 
Lviv Polytecnic 
vul. Stepan Bandera, 12, Lviv, 79013, Ukraine. 
A. Shapoval 
Prydniprovs’ka State Academy of Civil Engineering and Architecture 
vul. Chernishevskogo, 24a, Dnipropetrovsk, 49000, Ukraine. 
The paper presents an exact analytical solution of the fundamental problem of the 

stress - strain state of the elastic half-space, within which a point source of volumetric 
strain is located with the assumption that the ground surface is free from stresses. The 
integral Bessel transformation technique is used to build the solution of the problem 
with subsequent calculation of improper integrals. The scope of the results application 
is obtaining of solutions of determining the stress - strain state of bases and under-
ground mine workings in their frost heaving, artificial freezing, swelling, injection, 
etc., using the principle of superposition. 

Key words: stress-strain state, deformation, the principle of superposition, excavation. 
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