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1. Introduction

Intelligent power management systems (Smart grid 
systems) became possible after the electronic com-
ponents designed for an analog-to-digital conversion 
(ADC) of electrical signals reached a level allowing, 
with a minimum error, to reproduce in digital form 
the electrical signals received from the high-voltage 
transformers. Since then, the microelectronic element 
base used in Smart Grid is constantly improved. The 
sampling frequency of signal, microcontroller performance, 
immunity to electromagnetic interferences increase while 
the manufacture cost of such digital equipment decrease. 
However, primary-side (high-voltage) transformers are 
still a weak link in Smart Grid, since any high-precision 
ADCs only convert the signals of the secondary-side 
circuits of high-voltage electrical measuring equipment. 
Moreover, an additional measurement error, as well as a 
decrease in the reliability of Smart Grid, is caused by 
voltage dividers at the inputs of the ADCs. The need 
for voltage dividers is caused by the fact that typical 
high-voltage transformers are usually designed with 
secondary windings rated for nominal output voltages 
of about 100 volts.

An alternative solution in this situation can be 
high-voltage autotransformers, output part of winding 
of these electrical devices can be designed for several 
rated output voltages. As high-voltage autotransformers 
practically were not used in the electric power industry, 
research of their characteristics and operating condi-
tions close to the no-load conditions (that is typical 
when the load is digital electronic device connected to 
their output) were not studied in publications. Also, 
the effect of the load on the high-voltage instrument 
autotransformer transformation ratio is not studied in 
scientific papers. 

The combination of these factors determines the rele-
vance of studying the characteristics of high-voltage au-
totransformers as the primary-side voltage transformers 
in Smart Grid networks.

2. The object of research and its 
technological audit

The object of research is a mathematical model of the 
active part of a high-voltage instrument autotransformer. 
In the context of this research, it is necessary to solve the 
problem of determining the dependence of a high-voltage 
autotransformer transformation ratio on the parameters of 
its active part, on the value of applied voltage, and on 
the load parameters of this autotransformer. At the same 
time, the feature of this research is that the operating 
conditions of a high-voltage autotransformer are close to 
no-load conditions. The considered mathematical model 
is the further development of the previously performed 
research devoted to the detailing of transformer equation 
system [1].

3. The aim and objectives of research

The main aim of the article is to study the potential 
for the gradual replacement of high-voltage transformers in 
Smart Grid networks with high-voltage autotransformers.

The following objectives were set to reach this aim:
1. Create a mathematical model of the active part of a 

high-voltage autotransformer in the form of equation sys-
tem that makes it possible to detail the parameters of the 
winding up to the level of single turn (or groups of turns).

2. Determine the factors affecting the voltage dis-
tribution across the winding turns of the high-voltage 
autotransformer under operating conditions close to the 
no-load conditions.

3. Compare the results of theoretical computations based 
on the developed mathematical model of the high-voltage 
autotransformer with the results of experimental studies.

4. Research of existing solutions of the 
problem 

After the importance of an intelligent power manage-
ment in electric power industry was substantiated, many 
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publications on this topic covered both the importance 
of Smart Grid and the operation features of such sys-
tems [2–4]. Among the positive factors of Smart Grid 
application in the electric power industry are: power flow 
monitoring in the distributed networks [5, 6], commercial 
metering of electricity [7, 8], and power quality control 
[9]. A separate problem in Smart Grid research is the 
question of the accuracy and reliability of the high-voltage 
transformers. This question was studied, for example, in 
[6, 10]. However, these papers did not consider the fun-
damental issue of the possibility of replacing high-voltage 
instrument transformers with high-voltage autotransform-
ers having a few low (about a few volts) rated output 
voltages. The modeling of the active part of high-voltage 
transformers is considered in [11]. In [1], a mathematical 
model of the active part of a transformer (with a load) 
is proposed. This model allows detailing the voltage dis-
tribution across the turns of winding up to the level of 
single turn. Nevertheless, there is no similar consideration 
of modeling the voltage autotransformer with connected 
load in the literature. In [12], the effect of capacitive 
currents flowing through the winding of a high-voltage 
autotransformer on the voltage distribution across the 
winding turns is studied. It is noted that the higher is 
the voltage class, the greater is the influence of these 
currents under conditions close to no-load ones.

The totality of the materials observed points to the 
relevance of the considered problem in the context of the 
possible integration of high-voltage autotransformers into 
Smart Grid networks.

5. Methods of research

To achieve objectives that were set such research method 
was applied: mathematical modeling on a personal com-
puter with a help of software based on the finite element 
method. The main material in this research is the equation 
system of high-voltage autotransformer, detailed to the 
level of single turn (or groups of turns) of its winding. 

6. Research results

Among the reviewed literature the most close problem 
is studied in [1] where the equation system of the trans-
former is offered, allowing to detail voltage distribution 
across the winding of transformer up to the level of single 
turn (or groups of turns). Proposed by authors in [1], 
the system of equations considers the load connected 
to the secondary winding of the voltage transformer, 
characteristics of magnetic system, leakage inductance, 
active resistances, voltage and currents of single turn (or 
groups of turns) of winding. Such system of the equations 
can be transformed into similar system of the equations 
but for the voltage autotransformer. Advantage of the 
equation system, allowing detailing voltage distribution 
across the winding of the high-voltage autotransformer 
is that it allows considering non-uniform distribution 
of a magnetic linkage of magnetic leakage fluxes with 
winding turns. It allows choosing at a design stage an 
appropriate number of autotransformer winding turns 
to get bigger values of high-voltage autotransformer 
transformation ratio. Such transformation ratio values 
take place when digital devices are connected to the 

high-voltage autotransformer outputs. These digital de-
vices do not have additional voltage divider at their 
inputs, thus increasing both accuracy and reliability of 
such combined high-voltage measuring systems.

In [11] effect of turn arrangement of a high-voltage 
transformer on value of the resulted equivalent leakage 
inductance of windings that is used in transformer equiv-
alent circuits at designing was studied. As it shown by 
authors in [11], it is theoretically possible to present the 
secondary winding of the voltage transformer as two turns 
(or groups of turns), convoluted such way that value of 
the resulted equivalent leakage inductance of primary and 
secondary windings would be equal to a certain preset 
value, including zero value.

Similar studies are also important for a high-voltage 
autotransformer for which the output part of its wind-
ing can consist of several turns, and the transformation 
ratio can attain tens of thousands of points. The system 
of equations offered in [1], after its modification for the 
single-phase voltage transformer, which windings have 
connection group 1/1-0, can be described by formulas 
(1)–(6) with a use of complex-valued quantities:
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where W1 – number of turns of transformer primary winding; 
W2 – number of turns of transformer secondary winding; 
n – number of groups of turns, primary winding is 

split up into; 
m – number of groups of turns, secondary winding 

is split up into;
Φ  – main magnetic flux in magnetic core, caused by 

current 1
I  in primary winding and current 2

I  in second-
ary winding;

ω – angular frequency of voltage applied to primary 
winding;

1
U  – preset value of voltage applied to primary winding;

2
U  – secondary winding voltage;

1


iU  – voltage drop across i-group of primary winding 
turns;

2


kU  – voltage drop across k-group of secondary wind-
ing turns;

1iW  – number of turns in i-group of primary winding 
turns (wherein W11+W21+…+Wi1+…+Wn1=W1);

2kW  – number of turns in k-group of secondary winding 
turns (wherein W12+W22+…+Wk2+…+Wm2=W2); 

ri1, rk2 – active resistance of i-turn of primary winding 
and k-turn of secondary winding correspondingly; 
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Li1 – partial leakage inductance corresponding to 
magnetic leakage flux Φi1, linked with i-turn of prima-
ry winding when current flowing through the primary 
winding is 1 A; 

Lk2 – partial leakage inductance corresponding to mag-
netic leakage flux Φk2, linked with k-turn of secondary 
winding when current flowing through the secondary 
winding is 1 A; 

Mi2 – partial mutual leakage inductance corresponding 
to magnetic leakage flux Φi2, linked with i-turn of pri-
mary winding when current flowing through secondary 
winding is 1 A; 

Mk1 – partial mutual leakage inductance corresponding 
to magnetic leakage flux Φk1, linked with k-turn of sec-
ondary winding when current flowing through the primary 
winding is 1 A; 



magR  – complex reluctance of magnetic core to the 
main magnetic flux; 



LZ – preset complex impedance of the load connected 
to the secondary winding of transformer.

Values of Φi1, Φi2, Φk2, Φk1 are obtained by a numerical 
integration that is carried out by means of the personal 
computer using magnetic leakage field distribution, ac-
cording to the recommendations stated in [11]. Complex 
reluctance of magnetic core to the main magnetic flux 
is defined by existing procedures with use of the given 
characteristics of a transformer steel, type and size of 
magnetic core. The same reluctance can be obtained ex-
perimentally (with use of a transformer magnetic core), 
according to valid standards. 

The equations (1)–(6) can be modified and used for 
parameter determination of high-voltage autotransform-
er. For this purpose let us observe the output part of 
high-voltage winding in autotransformer model (let us 
denote it as winding 3). Different low-voltage loading 
with complex impedance LZ  (for example, voltage ana-
lyzers, voltage meters, ADCs) is connected to the output 
of this winding. Let us consider that this winding con-
tains groups of turns denoted as s=1, 2…p. Other (input) 
part of autotransformer high-voltage winding is denoted 
as winding 1 containing groups of turns, in their turn 
denoted as i=p+1, p+2…n (in total n p). Considering the 
concerted directions of current flowing through windings 
1 and 3, instead of (1)–(6) we can write down the fol-
lowing system of equations:
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where 1


iU  – voltage drop across i-group of turns of 
winding 1; 

3


sU  – voltage drop across s-group of turns of winding 3; 
Li1 – partial leakage inductance corresponding to 

magnetic leakage flux Φi1, linked with i-turn of winding 
1 when current flowing through the winding 1 is 1 A; 

Ls3 – partial leakage inductance corresponding to 
magnetic leakage flux Φi3, linked with s-turn of winding 
3 when current flowing through the winding 3 is 1 A; 

Mi3 – partial mutual leakage inductance corresponding 
to magnetic leakage flux Φi3, linked with i-turn of winding 
1 when current flowing through winding 3 is 1 A; 

Ms1 – partial mutual leakage inductance corresponding 
to magnetic leakage flux Φs1, linked with s-turn of wind-
ing 3 when current flowing through winding 1 is 1 A; 

Wi1 – number of turns in i-group of winding 1 turns 
(wherein W(p+1)1+W(p+2)1+…+Wi1+…+Wn1=W1, where W1 – 
total number of turns in winding 1);

Ws3 – number of turns in s-group of winding 3 turns 
(wherein W13+W23+…+Ws3+…+Wp3=W3, where W3 – total 
number of turns in winding 3); 

1,I  3
I  – current flowing through the winding 1 and 

3 correspondingly;
ri1, rs3 – active resistance of i-turn of winding 1 and 

s-turn of winding 3 correspondingly;

3


LI  – load current; 

0
U  – preset value of input voltage applied to series 

connection of high-voltage autotransformer winding 1 and 
3, wherein 0 1 3,= +  U U U  where 1

U  – voltage drop across 
winding 1 and 3

U – voltage drop across winding 3. Parameters 
( 11,Z  13,Z  31,Z  33

Z ) are given by the following expressions:
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s s s
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Other parameters in (7)–(14) are similar to the pa-
rameters in expressions (1)–(6).

System of equation (7)–(14) contains n unknown vari-
ables 1, iU  3,

sU  and also 1,U  3,U  1,I  3,I  3 ,

LI  .Φ  Thus,  
the total number of equations is n+6, hence this system 
is solvable.

Under no-load conditions of high-voltage autotrans-
former (at LZ →∞), the main factors influencing the volt-
age distribution across its winding turns are: vectors 

⋅ω ⋅Φj  and also partial and mutual leakage inductances 
for each group of winding turns. This is a consequence 
of the fact that usually the diameter of the winding 
copper wire is chosen to be overestimated for reasons of 
mechanical strength when convoluting. So, the real part 
of the impedance of the winding turn groups is small 
compared to the above-mentioned influencing factors and 
can be neglected.

In this case, the same no-load current 0
I  is flowing 

through the entire winding of high-voltage autotransformer 
with the number of winding turns W0=W1+W3 (as well as 
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in winding parts 1 and 3). Therefore, equations (9), (10) 
can be transformed into the following forms:

( )1 1 0 1 3 1
1

;
= +

= ⋅ω ⋅Φ⋅ + ⋅ω⋅ ⋅ + ⋅∑ 


n

i i i
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=
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p

s s s
s
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Let’ s define the transformation ratio as the ratio 
of the input and output voltages of high-voltage auto-
transformer:
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According to [11], it can be shown that the expression 

in square brackets in (18) is equal to the sum:
1

,
=

⋅∑
n

ji ji
i

L W  

 where ji – generalized numbering of the aforementioned 
winding groups 3 and 1; Lji·Wji – partial leakage induc-
tances of these winding turn groups when current flowing 
through the entire winding of autotransformer is 1 A.

In this case, expression (17) is transformed into the 
form:

0 0
1

3 0
1

0 0
10

3 0
13

1

.
1

=

=

=

=

⋅ω ⋅Φ⋅ + ⋅ω⋅ ⋅ ⋅
= =

⋅ω⋅Φ⋅ + ⋅ω⋅ ⋅ ⋅

 
⋅ Φ + ⋅ ⋅ ⋅  

=
 

⋅ Φ + ⋅ ⋅ ⋅  

∑

∑

∑

∑













n

ji ji
i

AT p

ji ji
i

n

ji ji
i

p

ji ji
i

j W j I L W
K

j W j I L W

W I L W
W

W I L W
W

 (19)

It follows from (19) that the condition for the ideal 
voltage transformation: 

0

3
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by autotransformer is the following equality:
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where the relative equivalent leakage inductance of the 
autotransformer is:

0

1 13
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= =
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i i
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Ls L W L W

W
   (20)

Using the system of equations (7)–(14) and the meth-
odology described in [11], it was possible to develop a 
high-voltage transformer of voltage class 10 kV with a 
maximum operating voltage of 19 kV and an accuracy 
class of 0.05.

A feature of this high-voltage autotransformer is the 
possibility of obtaining 4 rated output voltages (100/3, 
100 / 3,  100, 300 V) available for its 3 rated input voltages 
(3, 6, 10 kV). Fig. 1 shows the photo of this high-voltage 
autotransformer.

The developed and manufactured 10 kV class high-volt-
age autotransformer is metrologically certified and imple-
mented in the State Enterprise «Ukrmetrteststandard» 
(Kyiv, Ukraine) as a part of the 110 kV class secondary 
high-voltage reference unit that uses 50 Hz as alternating 
current frequency.

The results of experimental studies of high-voltage 
autotransformer, designed and created on the basis of the 
above theoretical propositions, allow to conclude that the 
theoretical positions developed in this study are effective, 
taking into account, as an additional factor, the effect of 
capacitive currents, in accordance with [12].

A wide range of input and output voltages and a high 
accuracy class of a high-voltage autotransformer described 
above allow us to conclude that it is possible to design 
and manufacture other high-voltage autotransformers with 
any range of transformation ratios. According to the above 
research, the best accuracy of voltage transformation can 
be achieved under conditions as close as possible to the 
no-load conditions of high-voltage autotransformer. Since 
digital electronic devices connected to the output of 
high-voltage transformers tend to cause minimal load 
currents, the procedure described in [11], in conjunction 
with the proposed system of autotransformer equations, 
will allow to proceed to the design of high-voltage au-
totransformers intended for use in Smart Grid networks.

7. SWOT analysis of research results

Strengths. The strengths of this research are the pos-
sibility of mathematical modeling of various operating 
conditions of high-voltage autotransformers, determination 
of their parameters and characteristics. This feature allows, 
at the stage of designing expensive high-voltage measuring 

 

Fig. 1. 10 kV class high-voltage autotransformer. View from the side of 3 
kV and 6 kV windings
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electrical equipment to predict its characteristics with 
high accuracy, taking into account the conditions of its 
load in operation.

Weaknesses. The weaknesses of this research are that 
at present, practically there is no normative documenta-
tion regarding the use of high-voltage autotransformers 
as primary voltage transformers in high-voltage measuring 
systems. 

Opportunities. The opportunities for further research 
provided by this study include the ability to determine 
the effect of the magnitude and condition of the load 
on the transformation ratio of high-voltage instrument 
autotransformer. Also, for each specific model of voltage 
autotransformer, this research allows to determine the 
number and location of winding turn groups, allowing 
achieving the best matching between real and normative 
value of transformation ratio.

Threats. The threats to the results of the conducted 
studies are that mathematical model of the active part of 
high-voltage autotransformer is intended for use at the 
designing of high-precision and multi-band primary volt-
age transformers only of autotransformer type, including 
for use in Smart Grid networks, as well as in various 
scientific developments.

8. Conclusions

1. Mathematical model of the active part of a high-volt-
age autotransformer in the form of equation system is 
proposed, making it possible to detail the parameters of 
the winding up to the level of single turn (or groups of 
turns). This system of equation allows considering mag-
nitude and type of autotransformer loading, presence of 
several output parts of its winding.

2. Among the factors influencing the voltage distribu-
tion across winding turns of high-voltage autotransformer 
under conditions close to the no-load conditions are: the 
electromotive forces induced by the main magnetic flux, 
as well as the partial leakage inductance of single turn 
(or groups of turns). At the same time, the paper gives 
recommendations on minimizing the effect of partial leakage 
inductances on the voltage distribution across winding turns.

3. The theoretical calculations carried out using the de-
veloped mathematical model of high-voltage autotransformer 
showed a high degree of matching between theoretical and 
experimental data. All these results allowed designing and 
manufacturing 10 kV high-voltage autotransformer for the 
state metrological center. Theoretical propositions of this 
work, as well as carried out experimental studies of the 
10 kV reference autotransformer, allow us to conclude 
that high-voltage autotransformers can be used in Smart 
Grid networks as primary voltage transformers.
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МАТЕМАТИЧЕСКАЯ МОДЕЛЬ ВЫСОКОВОЛЬТНОГО 
ИЗМЕРИТЕЛЬНОГО АВТОТРАНСФОРМАТОРА, 
ПРЕДНАЗНАЧЕННОГО ДЛЯ ИСПОЛЬЗОВАНИЯ В СЕТЯХ   
SMART GRID

Предложена математическая модель активной части вы-
соковольтного автотрансформатора напряжения. Модель по-
зволяет определять распределение напряжения по виткам и 
группам витков обмотки, учитывая параметры приложенного 
напряжения, характеристики магнитного сердечника, индук-
тивность рассеяния. Модель рассматривается как средство 
для проектирования высоковольтного измерительного элек-
трооборудования сетей Smart Grid.

Ключевые  слова: автотрансформатор, трансформатор на-
пряжения, Smart Grid, математическая модель, индуктивность 
рассеяния.
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