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INVESTIGATION OF ROAD TRAIN
DIVERGENT STABILITY LOSS
WHEN MOVING ALONG A PROGRAM
TRAJECTORY

O6’ckmom docriorcenis € mpancnopmui Keposari 6azamonankosi Koricui cucmemu. Y po3sumox peanizoea-
HOT MONCIUBOCTI KEPOBAHO20 PYXY CiOeNbH020 ABMON0i30a 3a NPOZpamMHOI0 MPAEKMOPIEo 8 danomy doCHioxcei
DO3ZIAHYMO MONCIUBLCMD NOOYO06U GiDYPKAUILIOT MHONCUHU 34 NAPAMETPOM UEUOKOCTT. SHauenIs WEUOKOCMI
00UUCTIOEMBCS 0L KONCHO20 OUCKPEMH020 3Hauenns o0uucienoi peaivioi mpaexkmopii. Tpackmopis mosxce 6ymu
3adana 6 A6HOMY, HEABGHOMY, NAPAMEMPUUHOMY BUZIA0L A6O 3aKOHOM 3Minu padiyca kpususuu. /locuioicenis
Ub020 napamempa € 00HUM 13 HAUNPOOIeMHIUUX MICUb AHALI3Y CMIUKOCMI PYXY aemonoizoa.

SMinu Up020 napamempa npu NeHUX 3HAUCHHAX, 36aHUX OLPYPKAUTTHUMUL, NPUIBOO0SNDL 00 3MIH 8 SKICHIL CIMPYK-
mypi piutens cucmemu OUPEPeHuiarbHUX PIBHSND i, K HACIIO0K, OUBEP2eHMIOT 6MpPamu cmitikocmi agmonoisoa.
s docrioanceins yb020 UL 3acmoco8anuil Memoo npooosicetis 3a napamempom i nepuuii memoo Jlanynosa.

B x00i docnidacenis ompumana muoxcuna oigpyprayitinux snauenv weuoxocmeil. Ile noe’ssano 3 mum, wo
sanpononosanuti nioxio mae pso 0cobAUBOCMET, 30KPEMA, BUKOHANO TMEPYBANA 3a BCIMA NAPAMEMPAMU YNPAG-
JUHIS MPOZPAMHOT MPAEKMOPIl, 1 O KOJCHOZ0 MAK020 3HAYEHHS 3ACTOCOBANO TMePY8anis 3a WeUOKIicmIo 00
docsiznenns it Oiyprayitinozo anauenns.

Ha xoxcniil imepauii suxonyemocs nepesipka KOpewis Xapaxmepucmuunozo pPi8HAHHS HA HASAGHICMb Xoud
6 001020 KOpens 3 No3umueHolo OliCHOI0 YACTNUHOI0, U0 6i0nosidac GiypKauitinoMmy 3HAUEHII0 NAPAMEmPa
weuokocmi pyxy asmonoisoa sa Jlanynosum. 3a60aKu UboMy 3a0€3NEUYEMbCI MONCIUCICID OMPUMANHL UIET
MHONCUHU BUKTIOUHO AHATIMUYHUM MeMOOOM 3a 00NOM02010 KOMN IOMEPHUX 00UUCIeHb, He 80a0UUch 00 BUKO-
pucmanns zpapoanarimuunux memodie. Y docidxcenni szeneposani 6iyprauyitini MHONCUNYU WEUOKOCTEll Ol
DISHUX NPOZPAMHUX MPAEKMOPIU.

Obuucnenns yux Gipyprauitinux MHONCUH MONCE NPAKMUUHO BUKOPUCTOBYBAMUCS AK 0N 00MENCEHH L ULGUO)-
Kocmi pyxy asmonoizda, max i 0is nonepedicenis npo ii nepesuwenis. Y nopiensanmi 3 anaioziviumu 6i0omumu
memodamu ue 3abesneuye maxi nepesazu, SK AU NPUCKOPEHIs N00YO08U Uiel MHONCUNY 1, AK HACTIOOK, ii 6u-
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KOPUCMAHNSL 8 PENCUMT PEATbHOZ0 UACY.

Kmwouosi cnoBa: xapaxmepucmuune pisHsnus, nepuui memood Jsnynosa, memoo npodosxcents 3a napamen-
pom, Oipyprayitina muodxcuna, oueepzenmua 6mpama cmiiKocmi.

1. Introduction

From the point of view of the safety of the movement of
a semi-trailer truck, special attention should be paid to the
analysis of the conditions under which an abrupt change in the
orientation of the semi-trailer is possible (internal and exter-
nal). This is the so-called fold bifurcation, which corresponds
to the divergent loss of stability of the circular stationary
mode with a variation of the longitudinal velocity. The set
of parameters at which such abrupt transitions of stationary
states occur is a critical set or a bifurcation set. Among them,
for the system under consideration, it is possible to distin-
guish both control parameters (movement velocity, steering
wheel angle of rotation) and characteristic parameters (linear
dimensions of the system components, their masses, etc.).

This research addresses the task of building a bifurcation
set of velocities for a synthesized [1] controlled motion
along a given programmed trajectory containing a set of
coordinates of the tractor and trailer, the angle of rotation
of the steering wheels and the folding angle.

Obtaining set of these parameters is relevant because it
allows to organize the management of the road train using
feedback. Planned studies can provide additional control

over the maximum allowable velocity of movement in or-
der to avoid bifurcation effects, thereby contributing to
increased traffic safety.

2. The ohject of research
and its technological audit

The object of research is transport driven multilink
wheel systems. A flat bicycle model of the movement of
the semi-trailer truck [2] is considered. The articulated
crew diagram is shown in Fig. 1, where:

v — longitudinal component of the center of mass of
the tractor;

0 — rotation angle of the controlled module;

a, b — distance from the center of mass of the tractor
to the centers of the front (steered) axis and the rear
axle of the tractor;

¢ — distance from the center of mass of the tractor
to the point of coupling with the second link;

dy — distance from the center of mass of the second
link to the hitch point with the tractor;

Y; — removal forces on the axes, drag coefficients on

the axes (ky; ko ks3);
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m — tractor mass;

u — transverse projection of the velocity vector of the
center of mass of the tractor;

® — angular velocity of the tractor relative to the
vertical axis;

my — mass of the second link;

vy, uy — longitudinal and transverse projections of the
velocity vector of the center of mass of the semi-trailer;

¢ — folding angle (the angle between the longitudinal
axis of the tractor and the semi-trailer).

The subject of research is mathematical models of the dy-
namics of controlled motion of multi-link wheeled transport
systems with the possibility of divergent loss of stability.

Y3

Fig. 1. Constructive scheme of the model of two-link road train

One of the most problematic places in the movement of
road trains is the possibility of divergent loss of stability
when the maximum permissible velocities are exceeded.
The construction of such a set of velocities when moving
along a program trajectory is implemented in this research
with the aim of improving traffic safety.

3. The aim and ohjectives of research

The aim of research is realization of the possibility of
analytically constructing a bifurcation set of velocities when
moving along a controlled program trajectory using the
first Lyapunov method for calculating bifurcation values
together with the method of continuation by parameter.

To achieve this aim, the following objectives are:

1. Numerical integration of a system of differential equa-
tions with a synthesized control law.

2. Construction of a bifurcation set of velocities for
a discrete set of control values using the first Lyapunov
method and the method of continuation over a parameter
by iterating over velocity.

3. Visualization of the set of critical control parame-
ters (bifurcation sets) for various program trajectories and
modeling (visualization) of the system motion.

4. Research of existing solutions
of the prohlem

Among the studies of the problem of loss of diver-
gent stability by road train, let’s note the work on real

bifurcations of two-link systems with rolling [3]. The is-
sues of qualitative analysis of nonlinear models of wheeled
vehicles with the involvement of elements of the theory
of bifurcations are studied in [4]. In [5], an approach
is implemented that allows one to obtain a more com-
plete representation of the bifurcation set of the model of
a semi-trailer truck in an analytical form. It should be
noted also the work on the determination and analysis of
the stability of circular stationary driving modes of the
model of a semi-trailer truck [6, 7]. The analysis of the
movement stability of a semi-trailer truck model from the
point of view of determining its maneuverability is also
considered in [8, 9]. Mathematical modeling of a semi-
trailer truck with a controlled semi-trailer and
analysis of its stability is performed in [10].

The studies mentioned above, as a rule, are
aimed at the further development of the grapho-
analytical approach to analyzing the set of sta-
tionary modes of the non-linear model of a two-
link trailer using the ideas of bifurcation analysis.
However, the problems of divergent loss of stability
of a train when moving along a program trajec-
tory are not considered in these studies and are
proposed for the first time in this paper.

Some studies [11, 12] are purely experimental
in nature and are useful in creating a specialized
robotic installation tractor-semitrailer, which rep-
resents a certain rarity. In connection with the
proposed further experiments with this installa-
tion and its improvement, attention is drawn to
specialized studies on unstable driving conditions
at high velocities [13]. And also on the features of
the synthesis of safe control for AHV (Articulated
Heavy Vehicle) systems [14].

Of particular interest are studies of the stability of
the yaw of a tractor-semitrailer system in constant driving
conditions, analyzed using the theory of bifurcations [15].

Note that recently the theory of bifurcations and the
corresponding analytical methods have been successfully
applied to the study and control of some engineering
systems, such as associated satellite systems, jet engine
compressors, longitudinal flight dynamics and system
power [16, 17]. The technologies of bifurcation analy-
sis described in these studies are also of considerable
interest.

In addition to the divergence loss of stability considered
in this research (fold bifurcation), the Hopf bifurcation
(limit cycle) is also studied in papers [18, 19], which also
occurs during the road train movement.

An analysis of these publications leads to the conclu-
sion in favor of the proposed research methods that allow
for effective computer implementation.

5. Methods of research

In this research, an exclusively analytical approach
is used using the first Lyapunov method [20] and the
parameter continuation method [21, 22], while practically
identical results are obtained for identical models.

To solve these problems, let’s the methods of the dy-
namics of a system of connected bodies, the mathematical
apparatus of the theory of stability, the theory of bifurca-
tions and controls, symbolic transformations and numerical
methods, and heuristic search algorithms.
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6. Research resulis

The model of a two-link road train described above
takes into account the effects of linear lateral withdrawal
forces Y; which, according to Rocard’s axiomatics [23],
are determined by the relations:

Yi:ki'Bi (i:L 27 3))

where §; (i=1, 2, 3) — angles of withdrawal (reduced)
on the axes.

With steady motion on a circle of a given radius, the
following relationship takes place:

Y
0=7,
where v — the longitudinal component of the velocity
of the center of mass of the tractor; R — the radius of
the trajectory of the point on the longitudinal axis of
the tractor, the velocity of which is directed along the
longitudinal axis of the tractor.

The condition of divergent loss of stability (according
to Lyapunov) will be the presence of at least one root
with a positive real part when solving the characteristic
equation of system (1).

Results are obtained for the following numerical values
of the parameters:

- g=981m/s% a=4,217m; b=3,376m; b1=2,93m;

dy=8,075m; ¢=3,376 m;

- m=6417kg; my=41846kg;

k1=100000 N; £3=300000 N; k3=300000 N;

- K1=0,8; K2=0,8; K3=0,8.

The longitudinal forces in the contact patch of the
wheels with the supporting surface are not taken into
account. The lateral slip forces are approximated as an
arctangent.

To solve the problem, the Maple system is used and
a specially developed C# application using the Open-
MapleAPI technology, which allows automating (interac-
tively changing the model parameters) a script implemented
in the internal language of the Maple system.

In the Maple system, let’s write the expressions for
the dynamic equations:

el:=-m*(U+omega*v)+Y1+cos(phi)*Y3-2*m2*sin(phi)*
omega*d1*Phi+m2*sin(phi)*d1*Phi*2+m2*cos(phi)*d1*
Omega-m2*cos(phi)*d1*PP+m2*sin(phi)*d1*omega”2+
Y2-m2*U+m2*c*Omega-m2*omega™*v;

e2:=c*m2*omega*v-b*Y2-J*Omega+
c*m2*cos(phi)*d1*PP-c*m2*sin(phi)*d1*Phi*2-c*m2*
cos(phi)*d1*Omega+a*Y1+c*m2*U-m2*c"2*Omega-c*
cos(phi)*Y3-c*m2*sin(phi)*d1*omega”2+2*c*m2*
sin(phi)*omega*d1*Phi;

e3:=-J2*(Omega-PP)-L1*Y3+d1*cos(phi)*m2*U+
d1*cos(phi)*m2*omega*v-d1*sin(phi)*m2*omega*
u-d172*m2*Omega+d1°2*m2*PP-c*m2*cos(phi)*
d1*Omega+c*m2*sin(phi)*d1*omega”2. )
In these expressions (the system of differential equa-
tions of motion):
— U — the derivative of the lateral component of the
center of mass;

— Omega — the derivative of the angular velocity

(omega) relative to the vertical axis;

— Phi — the rate of change of the angle of rotation

(phi) of the rear link;

— PP - the angular acceleration of the rear link.

Calculating the Jacobian of the system Joo, let’s obtain
the characteristic equation:

chp:=linalg[charpoly](Joo,Jambda);
and its roots:
eigv:=evalf(solve(chp,Jambda)).

The application determines the moment of the appea-
rance of the root with a non-negative real part by varying
the velocity value.

Fig. 2 is general view of the application with the pre-
bifurcation state of the road train (all the roots of the
characteristic equation with a negative real part).

Divergent instability is realized at a velocity of v=
=11.5 m/s — obtained in [5], based on the numerical-
analytical method of continuation with two parameters.

Using the developed application, it is possible to set an
arbitrarily small calculation error; a more accurate value
of 11.5009 m/s is obtained.

The bifurcation velocity value is obtained by the con-
tinuation method with respect to the parameter with a step
of 0.0001 (this is the required accuracy), in Fig. 3 — loss
of divergent stability — the appearance of roots with a po-
sitive real part.

To build a set of bifurcation values, iteration is per-
formed over all control parameters of the program tra-
jectory, and for each such value, the velocity is iterated
until its bifurcation value is reached. To velocity up such
a process, initial (threshold) values of velocities are em-
pirically determined. At each iteration, the roots of the
characteristic equation are checked for the presence of
at least one root with a positive real part, which will
correspond to the bifurcation value of the parameter of
the velocity of movement of the train.

Thus, Fig. 4 shows the generated bifurcation sets of
velocities for various program trajectories. In this case,
the bifurcation set of velocities in m/s is displayed in
red, the control in degrees is green.

In this case, the parabola is set:

— explicit function y(x)=5*x%/216;

— circle y(x)=—(R?*-x?%)"?+R, R=30 m — rotate 90°;

— sinusoid y(x)=3%sin(0.1*x).

Clothoid is set parametrically in the Maple scenario
as (parametrized by Fresnel integrals):

X(t):=200*(int(cos((1/2)*Pi*u*2), u=0..t)),
Y(t):=200*(int(sin((1/2)*Pi*u”2), u=0..t)).

The construction of a bifurcation set makes it pos-
sible to determine the maximum allowable velocity of mo-
vement along a program trajectory without divergent loss
of stability; this is the minimum velocity value in the bi-
furcation set. At subcritical velocity, the motion is stable,
the program and real trajectories (red and blue) coincide
(Fig. 5).

When it is exceeded, bifurcation phenomena are ob-
served (Fig. 6, the real trajectory is shown in blue).
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Fig. 2. Pre-bifurcation state of the system
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Fig. 3. Calculation of the bifurcation velocity value
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Fig. 4. Generated bifurcation sets of velocities for various program trajectories: a — parabola; b — circle; ¢ — sinusoid; d — clothoid

For the initial model, the divergent loss of stability for Fig. 7 illustrates the divergent loss of stability of
this maneuver is realized at a velocity of 11.3 m/s — its a road train when moving through a clothoid at various
minimum value in the bifurcation set. velocities.
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20 40 60 80 100

Fig. 5. «Hearrangement» maneuver with subcritical velocity (v=11.1 m/s)

20 40 60 80 100

Fig. 6. Divergent loss of stability when «rearrangement»
maneuver (v=11.4 m/s)

7.2 14.4 21.6 28.8 36

Fig. 7. Divergent loss of stability when moving along the clothoid

The lower the velocity, the larger part of the clothoid
can be passed without divergent buckling.

In addition to obtaining bifurcation velocities, the ap-
plication allows to vary the control parameter (at a constant
velocity or simultaneously). It is also possible to vary the
characteristic parameters, which, obviously, is important
at the design stage of two-link systems, constructing ap-
propriate bifurcation sets for them.

7. SWOT analysis of research results

Strengths. The strengths of the proposed method in-
clude the fact that the basis of the mathematical model
of the controlled motion of semi-trailer truck is based on
the classical principles of the mechanics of a system of
solids (taking into account the presence of nonholonomic
bonds). The task of synthesizing software-controlled motion
is solved on the basis of strictly grounded approaches of
the theory of automatic control and control of dynamic
systems. The correctness of the obtained results is veri-
fied on the basis of an independent numerical simulation
of the system.

The implementation of the construction of a bifurca-
tion set of velocities by an exclusively analytical method
allows to significantly velocity up the process of such
construction and makes it possible to apply this approach
in real time, informing the driver of the road train about
the inadmissibility of velocity.

Weaknesses. The weak sides should be attributed to
the insufficient accumulation of experimental empirical
material, although the experiments carried out with a spe-
cially developed robotic installation (tractor-semitrailer)
show good agreement with the theory. The developed in-
stallation at the moment has a number of design flaws
(limited control, wheel slip), which requires its technical
improvement.

Opportunities. Opportunities for further research are
the technical improvement of the experimental setup de-
veloped and the further study of driver’s maneuvers with
the construction of bifurcation sets for them.

Threats. When introducing the results of this research,
it is necessary to develop a technical device with func-
tions that help improve the safety and efficiency of driving
a vehicle by obtaining values from a bifurcation set of
velocities in real time. For each alert, the device can play
a beep or display information on the display.

1. A numerical integration of a system of differential
equations with a synthesized control law in the system of
symbolic Maple calculations is performed. Such integra-
tion is performed on each discrete controlled trajectory in
a specially designed application. The results of numerical
integration are visualized in the form of data of phase
portraits and solutions of the characteristic equation of
the system.

2. The bifurcation velocity set is constructed for a dis-
crete set of control values using the first Lyapunov method
and the parameter continuation method by iterating over
velocity. The method of continuation by parameter is also
applied to the control and the characteristic parameters of
the model, which makes it possible to obtain bifurcation
sets depending on changes in these parameters. These re-
sults can be used at the design stage of multilink systems,
determining their optimal linear dimensions.

3. Visualization of a set of critical parameters of velo-
city and control for various software trajectories (typical
driver maneuvers) and modeling of the system movement
in the Unity 3D environment and using the developed
robotic installation are implemented. This visualization
allows to explore the movement of a road train at the
time of bifurcation and develop recommendations for the
management of a road train to get out of this situation.
In the absence of slippage and surface irregularities, the
experimental results of the installation correspond to the
theoretical ones.
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