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ANALYSIS OF THE METHODS OF 
MEASUREMENT OF THE CYLINDRICAL 
GEAR INVOLUTE

Об’єктом дослідження в даній роботі є процес вимірювання евольвенти циліндричного зубчастого ко-
леса шляхом використання координатно-вимірювальних машин на нових фізичних принципах, обладнанні 
та методах. До теперішнього часу метрологічне забезпечення вимірювання параметрів зубчастих коліс 
спиралося на гаму засобів зубовимірювальної техніки. Всі вони мають обмежений діапазон вимірювання 
параметрів, різну точність і номенклатуру вимірюваних значень. Багато з них морально застаріли, не 
автоматизовані, не мають виходу на комп’ютерні засоби та не забезпечують сучасного рівня точності, 
інформативності та швидкодії. В силу цього, все більше застосовується в практиці метрологічне забезпе-
чення зубчастих коліс та знаходять вимірювання геометричних параметрів їх евольвентних поверхонь на 
координатно-вимірювальних машинах. Істотною перевагою є той факт, що на координатно-вимірювальних 
машинах за одну установку може вимірюватися декілька геометричних параметрів поверхні зубчастого 
колеса. При цьому розроблене математичне забезпечення дозволяє оцінити похибки вимірювання і дати 
їх графічне відображення. У роботі розглянуто еталонну базу в області евольвентометрії, що вимагає її 
створення з урахуванням детального аналізу нових принципів вимірювання, необхідність обґрунтування 
їх точності, розширення діапазону і номенклатури вимірюваних параметрів. А отже, виробництво нових 
модифікацій українських засобів вимірювання, заснованих на нових принципах контролю та контрольно- 
вимірювальних приладах провідних зарубіжних виробників в області евольвентометрії, є перспективним. 
Розглянуто також комплекс робіт зі створення системи забезпечення єдності вимірювання геометричних 
параметрів зубчастих коліс. Це вимагає перегляду, систематизації та розвитку методів і засобів метро-
логічного забезпечення. Запропоновано математичний опис кривої евольвенти зубчастого колеса методом 
триангуляції багатозв’язних областей та опис геометричної моделі евольвенти за допомогою тренда. Надані 
рекомендації щодо застосування методу опису зубчастого циліндричного колеса з евольвентним профілем. 
Запропонований метод дає змогу підвищити точність вимірювання на координатно-вимірювальних машинах.

Ключові слова: евольвентний профіль, зубчасте колесо, оцінка похибки вимірювання, точність вимірю-
вання, координатно-вимірювальна машина.
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1.  Introduction

The existing traditional devices for measuring the para
meters of an involute profile are used as a standard of a real 
material object – the manufactured involute surface, which 
has, although small, but real form errors – a deviation from 
the theoretical involute. In the coordinate measuring machine, 
as the standard of an involute profile, its ideal representation 
is used in the form of a mathematical model with which the 
measured profile of the involute type is compared.

Traditional devices for measuring the parameters of an 
involute profile are created in the process of measuring 
movement in an involute with the help of mechanical 
elements of coordinate measuring machines. At the same 
time, there is an error in the process of movements when 
the main circle is run in at the moment of involute for
mation, and inaccuracies in the shape of the mechanical 
elements of the device is another source of error.

In the coordinate measuring machine, in contrast to 
traditional devices for measuring the parameters of the 
involute profile, it is not necessary to use special mechani
cal elements of the device, and, therefore, there are no 
similar error components.

All complex movements of coordinate measuring ma
chines, necessary for the formation of an involute, are rep
resented in digital form, which allows for the introduction 

of a trajectory. In this case, the tolerance discreteness of 
linear displacements reaches 0.1–0.2 μm, and the rotation 
tolerance discreteness resolution is 0.05 mm.

The presence of modern computer software in coordi
nate measuring machines allows for automatic processing 
of measurement results. And also to increase the informa
tiveness of the results due to the possibility of graphical 
information output and significantly improve the measure
ment accuracy due to the mathematical compensation of 
errors of systematic components. It is also possible to 
reduce random errors due to statistical processing.

All this creates prerequisites for the development and 
introduction of modern precision coordinate methods and 
means of measuring the geometric parameters of an invo
lute profile, as well as their metrological support, on the 
basis of coordinate measuring machines.

Therefore, it is relevant to study the measurement of 
the cylindrical gear’s involute by using coordinate measuring  
machines based on new physical principles, equipment and 
methods.

2.   The object of research   
and its technological audit

The object of research is the process of measuring the 
involute of a cylindrical gear by using coordinate measuring  
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machines based on new physical principles, equipment and  
methods.

Coordinate measuring machines are based on precise 
measuring transducers and computing equipment. They are 
characterized not only by high measurement performance, 
but also by a significant dynamic range [1]. At the same 
time, the effective use of coordinate measuring machines is 
associated with the solution of a number of metrological 
tasks, primarily, with ensuring their certification, testing, 
calibration and calibration.

At the present stage of development of technology, one 
of the key shortcomings, which design and technological 
bureaus work to eliminate, is the precision of production 
and control of the precision wheel.

3.  The aim and objectives of research

The aim of research is development of a method for 
controlling an involute of a cylindrical gear using a coor
dinate measuring machine and a mathematical description 
using the triangulation method.

To achieve this aim it is necessary to perform the fol
lowing objectives:

1. To analyze the gear geometry with involute profile.
2. To perform a mathematical description of the gear 

involute curve by the method of triangulation of multiply 
connected domains.

4.   Research of existing solutions   
of the problem

Today, at the disposal of the industry a huge number 
of complex and expensive dental toilets [2, 3], which are 
equipped with almost all enterprises producing and control
ling gears. Today in Ukraine at industrial enterprises there 
are more than ten thousand tools used to measure equip
ment of the whole range of geometric parameters [4, 5].  
The widespread use of gears in many branches of engineering  
and instrumentmaking poses the task of developing metro
logical support for their production. This is due to the 
requirements of improving the accuracy, quality and com
petitiveness of products where they are used.

Among the main directions of solving the problem 
of measuring cylindrical gears with involute profile can 
be identified [6, 7]. But in these studies, control of the 
gear of the tooth by using coordinate measuring machines 
based on new physical principles, equipment and methods 
is not considered.

The authors of [8, 9] show algorithms and programs for 
the triangulation of a twodimensional region of arbitrary 
shape, however, there is an unresolved question of the 
mathematical description of a gear involute curve by the 
method of triangulation of multiplyconnected domains.

An alternative solution to the problem of a mathe
matical model and an algorithm for analyzing the contact 
stresses of gears is described in [10, 11]. However, these 
papers do not provide for triangulation of multiply con
nected domains.

The profile modification of the gears of cylindrical gear 
involute with regard to the deformation of the gearing is 
considered in [12, 13], which emphasizes the inaccuracy 
of the method for describing the geometric parameters 
of an involute gear. In papers [14, 15], the importance 
of automating the monitoring of parameters of gears is 

emphasized. But automation of the process leads to an 
increase in measurement error.

Thus, the results of literary analysis suggest that the 
development of a method for measuring involute cylindri
cal gears is reasonable and promising.

5.  Methods of research

During the study were used:
– theory of the geometric construction of an involute 
of a circle;
– theory of linear equations of the gearing involute;
– method of triangulation of multiply connected do
mains;
– experimental laboratory tests to obtain statistical 
data, processing and analysis of the results.

6.  Research results

To measure the main profile of the teeth of cylindrical gears 
used in mechanical engineering, the construction of an involute 
profile is primarily carried out. A flat involute of a circle is 
called the trajectory of any point, for example, A (Fig. 1),  
a straight line that rolls without sliding along a circle of 
radius rb ;  such a circle is called evolute, or the main circle, 
and a straight line is a gene rating line.

Fig. 1. Construction of an involute of a circle

The construction of the involute of the circle is shown 
in Fig. 1. Let’s draw a generating line to the main circle, 
touching the point A0. Then let’s roll the generating line 
along the main circle without sliding. To do this, let’s lay 
off a point A0  on a generating line a series of identical 
segments A0 1− ,  1–2, 2–3, and so on. On the main circle, 
let’s single out arcs from this point equal to these segments.

When rolling a straight line in a circle without sliding, 
the point 1  coincides with a point ′1 ,  point 2 – with  
a point ′2 ,  etc. Let’s draw through points ′ ′ ′1 2 3, ,   etc. 
the tangents to the circle and set off the segments equal 
to the straight line segments on the point of contact. Con
necting the points A A A0 1 2, ,   and so on a smooth curve, 
let’s obtain an involute.

Equations of the involute gears are obtained from the 
condition of rolling or forming a generating line along the 
main circle without sliding. To do this, let’s consider some 
arbitrary position of the generating line, which is shown 
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in Fig. 2 and which corresponds to an involute point Y . 
Let the coordinates of the involute point Y  of the gear 
be: ry  – radius vector and θ  – angle of deviation of the 
radius vector ry  from the radius rA  drawn through the 
beginning of the involute A.

Fig. 2. Positions of the generating line

Let’s draw a tangent through the point Y  to the main 
circle of radius rB . The point of contact M  for the involute 
at a point Y  is the center of curvature, and the segment MY   
is its instantaneous radius of curvature. Let’s connect a point  
of contact M  with the center of the main circle O and 
designate the angle between the half lines OM OYand   
as α y . This angle is called the angle of the profile – the 
sharp angle between the tangent to the profile at the cor
responding point Y  and the radiusvector of this point ry . 
Obviously, this angle is equal to the angle MOY , since the 
line OM  and the tangent at the point Y  are parallel to 
each other. From the triangle OMY  let’s have:

r
r

y
b

y

=
cos

.
α

 (1)

Since the involute obtained by rolling a generating line 
relative to the main circle without sliding, then MY MA= . 
Con sidering that MY rb y= tgα  and MA rb y= +( )α θ  let’s obtain:

r rb y b ytg ,α α θ= +( ) (2)

or

tg .α α θy y= +  (3)

Solving this equation for θ,  let’s have:

θ α α= −tg .y y  (4)

Let’s denote tg α αy y−  by invα y  and calculate as follows:

invα α αy y y= −tg .  (5)

The angle invα θy =  is called the involute angle; it denotes 
the angle between the radii drawn through the begin
ning of the involute A  and the point Y .  For a involute  

function, tables are compiled from which the angle α y  can  
determine the function invα y  or vice versa.

Equations (4) and (5) are the equations of the involute 
of a circle in parametric form.

The radius of involute curvature at a point Y ::

ρ αy b y b yMY r r v= = =tg .  (6)

Let’s note that the position of a point Y  on an involute 
can be specified by any angle of angles α y , vy y y= +α αinv , 
α y , or by a radius vector ry  passing through the beginning of  
the involute A and by a radius ρy MY=  drawn through 
the center of curvature M  of the involute at a point Y .

The task of the synthesis of an involute gear is deter
mination of its geometrical parameters, as well as the qua
litative characteristics (coefficient of overlap, relative slip).

To start, select the source data (number of teeth z, 
module m), parameters of the initial contour (tooth head 
height ratio ha , radial clearance coefficient c*,  profile  
angle α ). And then calculate the dimensions of the ele
ments of the gear according to the Table 1 and determine 
the means of measurement.

Table 1

Formulas for the theoretical calculation of the dimensions  
of the gear elements

What it is necessary to find Measuring 
device

Formula
Name Designation 

Gearing pitch p
Pitch gauge 
(Ukraine) 

p m= π

Pitch circle radius r1
Involutemeter 

(Germany)
r

mz
1 2

=

Main circle radius rb1
Involutemeter 

(Germany) r rb1 1= cosα

Vertex circle radius ra1
Involutemeter 

(Germany)
r m

z
ha a1 2

= +






Cavity radius rf 1
Involutemeter 

(Germany)
r m

z
h cf a1 2

= − −






*

Starting circle radius rw1
Involutemeter 

(Germany) r rw1 1=

Tooth height h ШЦ-1 
(Ukraine)

h m h ca= +( )2 *

Thickness of the tooth 
on the pitch circle S1

Gear tooth 
caliper gage 

(Ukraine)
S m1 2

=






π
αtg

After measuring all the geometrical parameters and 
determining the necessary coefficients, we can build up 
the tooth profiles (Fig. 3).

To begin, let’s set aside the center distance OO1 2  with 
the radii r rw w1 2,  of the initial circles, build a circle, touch 
at a point P  (gear pole). Let’s build the main circles with 
radii r rb b1 2,  and draw a tangent to them nn.  From the 
wheel centers, let’s drop the perpendiculars to the tangent 
and get the points N1, N2 – the beginning and end of the 
theoretical line of engagement. Let’s determine the arcs of 
the pitch circles, circles of hollows and peaks. Let’s build the 
involute teeth of the gears on the measured points (Fig. 3).

It should be remembered that the radius of the circle 
of the hollows may be greater, equal or less than the radius 
of the main circle. It depends on the number of teeth of 
the gear and the offset factor.
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Fig. 3. Involute construction

Let’s construct a full profile of a tooth. To do this, 
from the obtained involute curve along the pitch circle, 
let’s single out the thickness of the tooth, which let’s 
split in half. Let’s connect this middle with the center 
of the gear and draw the axis of symmetry, relative to 
which let’s build the second profile tooth curve (Fig. 4).

Fig. 4. Tooth profile construction

Let’s describe the involute curve by the triangulation 
method. In the process of splitting the boundary of the 
region and its triangulation, the function of steps is used, 
adjusting the dimensions of onedimensional and triangular 
finite elements depending on their position in the region. 
The function of steps can be any positive function. In [1] 
one of its options is proposed:

h x y h
h h

x
A

y
B

i

n
i

i

i

N
i

i

Ni i
, ,( ) = +

−

+






+






=
∑0

1

0

1

 (7)

where h0 – the main grid spacing; n – amount of con
centration or rarefaction of the grid; hi – grid spacing at 
the center of the ith concentration; Ai, Bi – dimensions of 
the condensation region; Ni – exponent characterizing the 
concentration gradient:

x x x y yi i i i i= −( ) + −( )cos sin ,α α  (8)

y x x y yi i i i i= −( ) + −( )sin cos ,α α  (9)

where x yi i,( ) – coordinates of the center of the ith concentra
tion; α i – angle of rotation of the axes of the ith concentration.

Let the limit of a multiply connected domain be formed 
by N piecewise smooth closed contours defined in a Car
tesian coordinate system Oxy in a parametric form. Let’s 
consider some piecewisesmooth contour Γ  (contour index 
is omitted) formed by L smooth curves γ n n L, , , , = …1  which 
parametric equations are:

x t y t x t x t t t tn n n( ) ( )( ) ≡ ( ) = ( ) ≤ ≤− +, , ,
 

 (10)

where tn
− ,  tn

+  – limits of the parameter t  change for γ n . 
From the condition of continuity and closure of the Γ con
tour let’s have:

  

x t x t n L x t x tn n n n L
+

+ +
− − −( ) = ( ) = − =1 1 1 1 11 1, , , ( ) ( ).at  (11)

Parameterization (1) must be such that for internal 
circuits the direction of the bypass with the growth of 
the parameter t  is clockwise, for the external contour – 
counterclockwise.

Γ  splitting is carried out sequentially, starting with 
the first smooth curve γ1 1: .

 

x x t= ( )  The first node in Γ 
is 
 

y x t1 1 1= ( )− .  Let’s suppose that the first l −1  curves of 
the contour are already split Γ,  the last node constructed 
on these curves are:

y x t x tn l l l ll − = ( ) = ( )− −
+ −

1 1 1 ,

and split the curve γ l  with the last node:

y x tn k l k
l

l − + = ( )1
,

where tk
l  – the value of the t  for the last node , .t t tk

l
l l∈( )− +

Let’s denote by s t tl k
l ,( )  the length of the part of the 

curve γ l  corresponding to the value t tk
l , :

s t t x t t t t tl k
l

t

t

k
l

l

k
l

, , , ,( ) = ( ) ∈[ ]∫ +�� d  (12)

where 
��x t( ) – the derivative of t  with respect to 



x t( ).
When constructing a new node 



yn kl − + +1 1,  the value of the 
function of steps h x y,( ) in the previous constructed 



yn kl − +1
 is 

calculated and let’s find the solutions tk
l
+1 of the equation:

s t t h y t t tl k
l

n k k
l

ll
, , , .( ) = ( ) ∈[ ]− + +

+

1 1  (13)

In the case of the existence of this equation 
��x tl ( ) .> 0  

According to calculated value tk
l
+1 let’s calculate 



x tl k
l( )+1  and  

find the solution tk
l
+1 of the equation:

s t t h y h txl k
l

n k k
l

ll
, .( ) = ( ) + ( )( ) − + +

1

2 1 1

 

 (14)

Let’s consider the inequality:

d s t t

s t t
d y s t

l k
l

k
l

l k
l

k
l n k l k

l
l

− ( )
( ) ≤ = − ( )+

+
+ +−

,

,
, .

1

1
11

e


 (15)

The left side of inequality (4) is the relative difference 
between the length of the involute arc and the length d 
of the segment corresponding to it, and which characteri
zes the deviation of the arc from the straight segment.

If inequality (4) is satisfied, then the point 


x tl k
l
+( )1  is 

declared a new node and proceeds to the construction 
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of the next node. If inequality (4) is not fulfilled, the 
righthand side of equation (3) is consistently reduced 
by a certain amount (for example, onetenth of the right
hand side) until (4) is satisfied. This situation arises when 
the length d of a onedimensional element, calculated ac
cording to the function of steps, is sufficiently «large» 
for an acceptable approximation by this element of the 
corresponding arc, and therefore, this length is gradually 
reduced to the necessary inequality (4). Then go to the 
construction of the next node 



yn kl − + +1 2.
The end of the procedure for constructing new nodes 

on the lth contour Γ  curve is associated with the absence 
of a solution to equation (2) and is described in [2].

After we have split the limits of the domain of the invo
lute, let’s turn to the direct triangulation of each of its parts.

1. Let’s find the section zmin  of the current grid boun
dary (CGB), which has a minimum length lmin  and nodes 
xmin

1 ,  xmin
2 .  Let’s denote zmin

− ,  zmin
+ ,  respectively, preliminary 

and subsequent sections with respect to zmin .  Let’s choose 
the section zmin

*  from zmin
− ,  zmin

+ ,  the section that forms 
zmin  with the smallest angle bmin .  Let’s denote the nodes 
of the selected pair of sections (this is either zmin

− , zmin , or  
zmin , zmin

+ ) as x x xmin min min
1 2 3, , . If bmin ≤ °80  (otherwise go to 

procedure 4), then:
2. Let’s carry out a check for hitting CGB nodes in 

a triangle ∆ z zmin min, .*( )  If there are no such nodes, then 
go to procedure 3, otherwise, from all the nodes that hit 
in the ∆ z zmin min, *( )  nodes, select the node 



y*  closest to 
zmin ,  and go to procedure 12.

3. Let’s consider a circle with a radius 1 2 3 1x xmin min−  
and its center 



xc ,  


x x xc
min min= +( )1 3 2.  If the CGB nodes 

do not fall into external half of a circle with respect to  
a triangle ∆ z zmin min, ,*( )  then proceed to procedure 13. Other
wise, from all the nodes that fall, let’s choose the node 



xm  
closest to the segment x xmin min

1 3,  and split the quadrila
teral z z xmin min m, ,* ( )  into two triangles in such manner that 
the minimum angle that comes out of the triangles was 
maximum. Let’s declare both obtained triangles as elements, 
remove the third z zmin min, *( )  from the CGB (determine the 
connectedness of the region, add two new sections x xmin

m1 , ,
[ ]   

and proceed to procedure 1.
4. Let’s construct a point:

 

x x hn x x xmin
c

min
c

min min* , ,= + = +( )1

2
1 2  (16)

where 


n – normal to zmin , directed inside the area:

x x n l eemin min min
1 2

33 0 01−( )⋅ = = ( )  

, . ,  (17)

h h x j x l ncp
i

i min
j

min
c

mini= ( ) = = = +
=
∑

1

3
1 2

3

21

3

3
  

τ τ τ, , , ; ..  (18)

On the base of the section zmin ,  let’s construct a rect
angle ϑ , one of the sides of which is zmin ,  and the other 
is directed along the normal and its length is equal to 2h,   
where h is the height in ∆ z xmin , ,*

( )  dropped to zmin .  With  
the help of the control domain ϑ,  let’s establish the cri
teria for the proximity of the constructed new node 



x* 
to the previously constructed nodes and sections. If 



x* in 
a certain sense it is close to nodes or sections, then we 
refuse to build a new node, and from the close nodes to 
build a new element, let’s choose the best one.

Let’s define two sets M0  and M1 :

M n x x x in n min
i

0 1 2= ∈ ≠ ={ }: , , , ,
 

ϑ  (19)

where M0  – set of numbers of CGB nodes, which fell ϑ 
except for the numbers of nodes x xmin min

1 2, .

M n z z zn n min1 0= ≠ ≠{ }∩: , ,δϑ  (20)

where M1 – set of numbers of CGB sections that intersect δϑ,  
with the exception of the minimum section number zmin .

Let’s introduce two additional points 


z1, 


z2 :

 

z x lr ii min
i i= + −( ) =1 1 2∆ , , ,  (21)



r
l

x x l h x l
min

min min min
c

min= −( ) = ( ) −( )1 1

4
2 1 , . ∆  (22)

Let’s determine the angle τ  in the triangle ∆
  

x z z*, ,1 2( ) 
based on 

 

z z1 2,[ ]  and suppose 
 

z zτ = 1 if z zmin min
* ,= −  

 

z zτ = 2 and  
if z zmin min

* = +  (see item 1).
Let’s determine the angle α1  at the vertex 



x*  of the 
triangle ∆

  

z z x1 2, , .*( )  If α1 30≥ °  and b τmin − ≥ °20 ,  then the 
point 



x*  is declared a new node and go to procedure 14. 
If α1 30< °,  then the point 



x*  is redistributed so that the 
new angle α1 30= °,  

 

x zx x nmin
c

min
c

* tan ,= + −( ) °2 75  while, if 
bmin − ° < °75 20 ,  then go to procedure 2.

5. Let’s introduce the whole switch parameter IND  and 
suppose IND = 0.  If M0 0≠  (otherwise, go to procedure 9), 
then from M0  select the number m  at which the correspon
ding node 



xm  is closest to zmin .  To do this, determine the 
distance li  from the points 



x i Mi , ∈ 0  to zmin  and choose:

l min mm i M= →∈ .
0

 (23)

Let’s consider the angle α  at the vertex 


xm  in the 
triangle ∆

  

x z zm , ,1 2( ) ( zi  are defined in 4). If α1 30≥ °  (other 
wise, let’s proceed to procedure 8), then let’s carry out  
a check on the intersection of the segment 



x xm min, 1[ ] with 
the CGG sections having the numbers from the M1  num
bers of the sections adjacent to the nodes 



x xm min, .1  Let’s 
denote for convenience 



xm by 


y*.
6. If there are no ordinary points, then go to either 

procedure 12 (at IND = 0) or procedure 14 (at IND = 1).  
Otherwise, proceed to procedure 7.

7. With the use of intersected section nodes zp ,  let’s 
construct anticlockwise oriented triangles ∆ z xmin k, ,

( )  where 


xk  – nodes of section zp ,  k k k∈{ }1 2, .  When constructing 
triangles, it is necessary to monitor their existence. From these 
triangles (if both exist) let’s choose ∆ z x k k kmin k ii

, , ,
( ) ∈{ } 1 2  

which has a minimum angle more (let’s denote the mini
mum angle in any triangle ∆ z x,

( )  by α z x, .
( )  Denoting the 

selected node 


xki
 by 



y*,  let’s check for the intersection 
of both sides ∆ z ymin , *

( )  with all parts of the CGB except 
for the minimum and sections adjacent to minimum angle 
and to the node 



y*,  and proceed to procedure 6.
8. The nearest node 



xm is very far from zmin (since α1 30< °),  
therefore let’s shift 



x*  to zmin  so that the distance from 
its new position (let’s denote this point by 



y* ) to zmin  be 
l y x l nm min

c
m2 1 2, ;*

 

= +  lm ,  which defined in (5). In the triangle 
∆
  

z z y1 2, , *( ) let’s determine the angle τ  at the vertex 


zτ ;  


zτ  is 
defined in 4. If b τmin − < °20 ,  then go to procedure 2, otherwise 
let’s check for the intersection of one of the sides ∆ z ymin , *

( ) 
with sections with numbers M1  with and go to procedure 6.
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9. If b τmin − < °20 , then go to procedure 2, otherwise from 
all the sections that cross δϑ let’s choose zm1

 and zm2
 the clo

sest ones to zmin .  To do this, let’s consider all the intersection 
points yi

1 of the sections zki
, k Mi ∈ 1, with the side Γ1 of the 

rectangle ϑ,  which passes xi
1  through, and similar points yi

2 for 
Γ2. Then the numbers m1  and m2  are defined as the numbers 
with M1, deliver a minimum of expression y yi

j
min
j− , that is:

min y y m j Ni M i
j

min
j

j p, , .∈ − ⇒ =
0

1
� �����

 (24)

If Γ1  and Γ2  cross the various «closest sections», then 
N p = 2. If one of the sides Γ i  of a section does not intersect 
or Γ1  and Γ2  intersects with the same section, then N p = 1 
and let’s consider only the number m1.

10. Let’s construct oriented triangles ∆( , ),z xmin m
j

i1
 where 

xm
j

i1
 – section nodes. Let’s choose from ∆( , )z xmin m

j
i1

 a triangle 
with a minimum angle that is larger α α( , ) ( , ),z x z xmin m

j
min m

j
i i1

1

1
≥  

and proceed to the next procedure.
11. If α α( , ) ( , ),*z x z xmin m

j
mi i1

1 ≤


 then go to procedure 14; 
otherwise, let’s check the sides of the intersection ∆( , )z xm m

j
i i1

 
with all the CGB sections, with the exception of the sec
tions adjacent to the node xm

j
i1
 and to the section zmin . In 

addition, let’s conduct a check for the entry of CGB sections 
into this triangle with the exception of the node xm

j
i1
 and 

the nodes xmin
1  and xmin

2 . If the intersections and the nodes 
inside the triangle are not, then let’s denote the node xm

j
i1
 

as xm
j

i1
 and proceed to procedure 12. If the intersection is 

or the triangle contains at least one CGB node, then from 
the list of parameter values j,  let’s select a new value j2, 
go to the beginning of procedure 11 by renaming j2 to ji .

12. Let’s declare the triangle ∆ z ymin , *
( )  as an element, 

delete zmin from the CGB, determine the number of con
nectedness of the domain, add two new sections x ymin

1 , ,*
[ ]  



y xmin*, ,2[ ]  and proceed to procedure 1.
13. The triangle ∆ z zmin min, *( ) is declared an element, 

delete z zmin min, *  from the CGB, add one section x xmin min
1 3,[ ] 

and proceed to procedure 1.
14. Let’s declare the triangle ∆ z xmin , *

( ) as an element, 
delete zmin from the CGB, add two new sections x xmin

1 , ,*
[ ]  



x xmin*, ,2[ ]  and proceed to procedure 1.

7.  SWOT analysis of research results

Strengths. The formulas for improving the accuracy cha
racteristics of the stabilization system and increasing its speed 
are derived, which allows to raise the characteristics of the 
equipment to a new level, higher than foreign analogues.

Weaknesses. The weak side is that in order to improve 
performance it is necessary to carry out more accurate calcu
lations and calculate a larger data array, leading to the use 
of a new element base of the coordinate measuring machine.

A negative internal factor is an increase in produc
tion costs.

Opportunities. The proposed method allows to improve 
the measurement accuracy on coordinate measuring machines.

Threats. The absence of precision equipment in the 
machine tool park. An enterprise that wants to master 
this method must purchase highprecision equipment for 
measuring involute gears.

8.  Conclusions

1. The gear geometry with involute profile is analyzed. 
Thus, an involute is constructed to measure the main profile 

of the teeth of cylindrical gears. Namely, it is established 
that the equation of the gear involute is obtained from 
the condition of rolling or forming a straight line along 
the main circle without sliding.

2. A mathematical description of the gear involute curve 
is made by the method of triangulation of multiply con
nected domains. It is established that in the process of 
splitting the boundary of a region and its triangulation, 
the function of steps is used, correcting the dimensions 
of onedimensional and triangular finite elements.
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