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INVESTIGATION OF ONE LINEAR
NON-SMOOTH TWO-PARAMETER
DISCRETE OPTIMAL CONTROL PROBLEM

06’exkmom docnidacenns € ninitina 3a0ava ONMUMAILHOZ0 YRPAGLIHIL, ONUCYBANA OUCKPEMHUMU deonapame-
MPUUHUMU CUCTNEMAMU NPU NPUNYWEHHT, U0 KePOBAHUT NPOUEC € CMYNTHUACTIUM.

Poboma cnpamosana na eusedenis HeoOXiONUX YM0O8 ONMUMALLHOCTE Nepui020 NOPAOKY 6 Pasi Hezaadxoi
pynxuii skocmi. A maxoic na 6cmanoBieHts HeoOXIOHUX YMOE ONMUMALLHOCTIE OPY2020 NOPAOKY 6 cxiduacmux
sadauax Kepyeanms OUCKPEMHUMU 0BONAPAMEMPUYHUMY cucmemamu. B po6omi docridacyemvcsa oona niniiina
dsonapamempuuna OUCKpemua 3a0aud ONMuUMAaibHO20 YNPasiints 3 Heelaokum kpumepiem sxocmi. Obuucieno
cneyianvnuii npupicm gyuxyionary sxocmi. Posensnymo eunadku 3a ymoeu onyxaoi 6esniui. Jano nousmms
0c00UB020 Ynpasainus 6 docaioncysanii 3adaui. Bcmanosueno psao neobxionux ymoe onmumaibHoCmi nepuLozo
i Opy2020 nopsadxie. A maxoxc ompumani HeoOXioni ymosu ONMUMATLHOCIE 0PY2020 NOPAOKY 6 MePMIHAX NO-
Xionux 3a nanpamxamu. Y pasi rinitinozo xpumepiio axocmi 3a 00noMm02010 Gopmyau 30LAbULeHI AHALOZIUHUMU
Miprysannamu dosedena 1neobdxiona i docmamus ymosa onmumanrviocmi. Ilpu npunywenni, wo 6esniv onyxia,
BUSHAUEHO CREUIANLHUT NPUPICM KPUMEPTIo SKOCMi 00NYCMUM0z0 Ynpasiinms.

B x00i docniorceniis 6UKOPUCTNOBYBANUC MEMOOU 6APIAUITH020 OOUUCIEHIHA | ONMUMALLHO20 YNPACIIHILS, MO~
pii pisnuyesux pisisio. Ompumano pesyiomam 0is ONMUMAILHOCTE 0COOUB020, NEPULOZO NOPSLOKY YNPABILiHHI,
6 pasi onyxaocmi 6esniui. Poszisanymo eunadox, Koau QyHKUIOHAL, wWo MIHIMISYEmbes, € Linitinum. B yvbomy eu-
naoxky ompumana neobxiona i docmamms ymosa Ois ONMUMALLHOCIT OONYCMUMO20 YNPAGLIHHI.

3asdsaxu ompumanum pesyavmamam 0ocrioNAceH s 3a6E3NEUYEMbC MONCIUBICTID OMPUMAIH HEOOXIOHUX YMOB
ONMUMATLHOCTE NEPULOZ0 NOPAOKY 6 MEPMILAX NOXIOHUX 30 HANPAMKAMU 8 CIMYNIHUACMIT 3a0aui ONMUMALHOZ0
Kepyeanis OUCKPemHUMU OBONAPAMEMPUUHUMU CUCTIEMAMU. A MAKOJIC He0BXIONT YMOBU ONMUMATLHOCTI OPY2020

Nasiyyati M.

nops0Ky 6 pasi OnyKIOCMi 2a1y3i Ynpasuinius i HeoOXioni YMosu ONMUMAILHOCTME 0COONUBUX YNPAGLIHD.
Ompumani ¢ pobomi meopemuuni pe3yavmamiu npeocmasisiomy cofoio inmepec 6 meopii ONMUMALLIHOZ0 YNPAG-
JUHHS CIYNIHYACTUMY CUCTEMAMU | MOJCYMb OYymu 6UKOPUCANT npu Nodarvuitl po3pobuyi meopii HeobXionux
YMO8 ONMUMATLHOCME 01Ls cXiduacmux 3a80anb Ynpagiinus.
Kmouesi cnosa: 3adaua onmumanvHozo Kepysanus OUCKPEMHUMU CUCTEMAMU, He0OXIOHA YMOBA ONMUMATL-

Hocmi, 0cobaUse YNPasinis, Hezlaokuti pyYnKUiona.
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1. Introduction

Discrete dynamic models of controlled systems represent
an important class of mathematical models both theoreti-
cally and in practice, which makes it possible to cover
a very wide range of real objects. Among optimal control
problems, an important place is occupied by optimal con-
trol problems described by discrete multidimensional and,
in particular, two-parameter systems. Many real processes
are described by multiparameter, and, in particular, two-
parameter systems [1-3].

Discrete two-parameter systems are sometimes also called
discrete 2-D systems [4—6]. Starting from the 70s of the
XX century, various aspects of optimal control problems
for discrete two-parameter systems have been intensively
studied [7-9].

A number of image processing models in the state space
are described by difference equations, which are a difference
analogue of a system of second-order hyperbolic equations
with Goursat — Darboux boundary conditions [10]. Such
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models are called Fornasini-Marquezini systems [11, 12].
Similar models are also used in the probabilistic description
of images [13]. A number of optimal control problems for
discrete two-parameter systems were studied, for example,
in [14]. Therefore, the study of various discrete optimal
control problems is relevant.

Thus, the object of research is the linear optimal control
problem described by discrete two-parameter systems under
the assumption that the controlled process is stepwise.
The considered difference system of equations is a discrete
analogue of a linear hyperbolic equation with Goursat
boundary conditions. Moreover, it is considered that the
minimized, terminal type, functional is non-smooth. And
the aim of research is finding sufficient and necessary
conditions under various conditions of optimality.

2. Methods of research

Let’s consider the minimum functional of the terminal
functional:
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5()= 32 (6. ) )

under restrictions:
u;(t,x)eU,cR", (t,x)eD,, i=12, (2)

(
zi(t+1, x+1)= A (t,2)z (¢,0)+ B (t,20) z; (t +1,x) +

+C,(t,x) 2 (6, x + 1)+ fi(6, 2,0 (2,x)), i=1,2, (3)
21(t0,x) oc(x),x X0, %0 +1,..., X,

2 (t,20) =B (¢), t =to, b0 +1,.,t1, a(a0) =By (t0),

2 (t,0)=G(x)z (t,,x), x = 29,20 +1,.., X

2, (6,20)=PBa(2), t =t1,8,+1,....L5,

B2 (11) =G (x0) i (61, x0), (4)

where <I>,-(2,~), i=1, 2 — the specified scalar functions having
derivatives in directions up to the second order inclusive;
A(t,x), B(t,x), Ci(t,x), i=1,2 — given, (n;xn;), i=1, 2-di-
mensional matrix functions, respectively; f; (t,x,ui), i=12-
given, n;, i=1, 2-dimensional vector functions continuous
in the totality of variables; G(x) — given discrete matrix
function; a(x), B;(¢), B.(¢) — given discrete vector func-
tions of the corresponding dimensions; U;, i=1,2 — given
nonempty and bounded sets; u;(¢,x), i=1,2 — r-dimen-
sional discrete vector functions; @, (¢), i=1, 2 — given scalar
functions having derivatives in any direction up to and
including second order; R" — 7-dimensional linear real
space; R" — ri-dimensional rectangle; ¢y, t;, t,, x,, X — given
parameters.

Let’s note that the functions CDi(zi), i=1,2 are not re-
quired to fulfill the Lipschitz condition.

A pair u(t,x)= (u1 (t,x),u (t,x)) with the above properties
is called an admissible control, and z(t,x) = (21 (t,x),zz (t,x)) -
an admissible state.

Here let’s obtain the necessary optimality conditions
for the first and second orders in terms of directional de-
rivatives [15, 16]. In the case of a linear quality criterion,
a necessary and sufficient optimality condition is proved.

3. Research results and discussion

3.1. Increment formula and necessary optimality conditions.
Let (u(t,x), z(t,x)) is a fixed valid process. Let’s denote by
(ﬁ(t,x)=u(t,x)+Au(t,x), E(t,x)zz(t,x)+Az(t,x8) an arbi-
trary process. Then it is clear that the state z(¢,x) incre-
ment Az(¢,x) will be the solution to the following problem:

Az (t+1, x+1)= A (¢,x) Az (t,2) +

R(t,x;t—1s-1)=R(¢,x; 1,5) A (1,5)+

+B,(t=1s)R(t,2;t=1,5)+Ci(t,s— )R (¢, x; 1,s-1), (7)

with boundary conditions:

Ri(t,x;1—1Lx—1)=Ri(¢,2; 1,2 -1)C; (1,0 1),
R(t,x;t—1,s—1)=R (¢, x;t-1,5)B,(t-1s),
Ri(t,x;t—i,x—l):Ei. (8)

Then the solution of the boundary value problem (5),
(6) by analogy [14] can be represented as:

-1 x-1

= 2 2 R(t,x; T,s)Am(m)ﬂ [t.s], ®)

T=L) $=X¢
=1 x-1

=3 D R(t,2:1,5)A g o[ T8 ]+

T=l1 $=X¢

+Ry (¢, x5t — Lo —1) 2, (¢, ) +

ot [ Ry(t x5t —1,s-1)—
+

Rt t-ts) et |2 a0
In view of (9) from (10) let’s have:
Az, (t,x)= iil@z 625 08)A g fo[Ts]+
+§ i Ry(t,2;t,—1,x =1)G(x) R (¢4, x; ‘c,s)Am(w)f1 [t.s]+

=ty s=Xp

x—1
+z [Rz(t,x; t—1s=1)-R,(t,x;t,-1,5)A, (t—1,s)]G(s)><

$=Xx(

{Xi&mmM%wﬂw@

1=ty B=x0
Assuming:
Q(t,x;1,5)= R, (t,x; t, — 1, x = 1)G(x) R, (t4,x; T,5) +

ot [ Ry(t, x4, -1,p—1)—
— R2 ([,x, t1 —1,B)A2 (t1

+

}G(B)& (t1,B; 7,5), (11)

B=s+1

-1s)

the above representation is written as:

-1 x—1

=2 2 Qtx51,5) A o fi T5]+

1=ty s=X0
+ Bi(t,x)Azi(t+1,x)+Ci (t,x)Azi(t,x+1)+ 1 o
R t’ ; ’ AT T, ’ . 12

+[ﬁ(t,x,z?,-(t,x))—ﬁ(t,x,ui(t,x))], i=1,2, (5) +§§; ) (6,25 1,5) A, 9./ [1.5] (12)

Az (ty,x)=0, x =2, x9+1..,X From this it is clear that:

Az (t,20)=0, t=ty, ty+1,..t;, L ox

AZQ(tl’x) G(X)AZ1(t1’x)’x:x0vx0+1y-~-,Xy th ;121( R1 thX tx u1r3.)f[ ]

Azy(t,20)=0, t=t,, t;+1,...t. (6) -t X1

Azy (6, X)= Y Q6. X; £,2) Ay o it x ]+

By R,»(t,x; T,s), i=1, 2 let’s denote (ni ><n,»), i=1, 2 matrix ot o
function, which is the solution of the matrix difference +3 3 Ry (6, X5 1.5) Ao o[15] (13)
system: =ty s=x0
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Let’s assume the sets:
/,-(l‘,x,Ul-)z{oc,- eR" o, =fi(t,x,0,), v, eU}, i=1,2, (14)

convex for all (¢,x).
The special increment of permissible control u(¢,x)=
:(u1 (¢,7), uQ(t,x))' is determined by the formula:

Auy (t,2;8) =0, (t,2;8) —w (¢,x), (¢,x)e Dy, (15)
Au, (t,x;e) =0, (t,x) eD,,
where €€[0,1] is an arbitrary number, and, v (¢,2;¢)eU,,
(t,x)eD1 is an arbitrary admissible control such that:
Am(l.x;s)ﬁ(t’x)=8sz1([,x)ﬁ[t7x]’ (16)
(This is possible due to the convexity of the set (14)).
Let’s denote by Az(t,x; 8)=(Az1(t,x; 8),A22 (t,x; 8)) the
special state increment z(¢,x)= (21 (¢,),2, (t,x)) correspond-
ing to the control increment (15).
From the representations (13) it is clear that:

-1 X1
Az (t,X; €) 822& 0,X; 62) A oSG
=ty x=x9
-1 X1
tz’XS SZZQtQ,XtX nfrf[ ]
t=ty x=x9
Assuming that:
-1 X1
01): z 2 R1 (th’ t’x)Azr|(L,x)ﬁ [L‘,x],
=ty x=x09
-1 X1
Z)Z ZZQIZ’th) z;Lrﬁ[tx]
t=ty x=x0

Let’s calculate the special increment of the quality
functional taking into account the expressions for (o),
i=1,2:

AS, (u(t,x))= S (u(t,x)+ Au(t,x; €)= S (u(t,x)) =
oot

X)+ely(v))-®, (2 (6, X)) ]+
X)+ely(o1))- 0y (2 (4, X))]-

[ (a(

[z

+

Hence, taking into account the works, for example, [15, 16]:

e 2%, (2, (1, X))

2; (o)

From the expansion (17) it immediately follows that:

(
aq’(m ),

+o(e?). (17)

Further, by analogy with (15):

{Am (t,51)=0, (t,x)e D, (19)
Auy (£, ;1)

=0, (t,251) — s (£,%), (¢,x) € Dy,

where ue[O,l] is an arbitrary number, and vz(t,x; E)EUZ,
(t,x)eD, is an arbitrary number is such that:

Az‘z(t,x;p)]{'l[t!x]:MAvg(r,x)fQ[t?x]! (20)
where vz(t,x)eU, (t,x)eD2 is an arbitrary admissible con-

trol corresponding to the control v,(¢,x;p).
Let’s denote by Az(t,x;},t)z(Az1(t,x;u),A22 (t,x;u)) the

special state increment z(¢,x)= 21(L',x),zz(l',x)). From the
representations (9), (12) it is clear that:
Az (¢, x;0)=0, (t,x)eDyu(t,X),
-t 2t 1)
Azy(t,) =1 Y Ry(t,251,8) Aoy o[ 18]
1=l $=X¢

Assuming that:
ty—1 X1
02) = Z 2 RZ (tz,X, TyS)Anz(r.s)fZ [T,S],

T=l) $=X)

and calculate the special increment of the quality criterion:

)) = S(u(t,x)+ Au(t,x; u)) - S(u(t,x)) =

X)+AZ2 (th; H))—q’z(zz (tZ,X))Z

X)"r].lfg (Uz))_(DQ (22 (tZVX))=

_0D,(2(1, X)) +Eaz¢2(22 (X))

- 9, (Uz) 2 903 (vz)

AS, (u (t,x
=0, (22

(th
=0, (22 (tz,
B

+o(u?). (22)

For sufficiently small, it follows from expansion (22)
that along the optimal process (u(t,x),z(t,x)):

0D, (22 (tQ,X))
a5 (02)

Let’s state the result:

Theorem 1. If the sets (14) are convex, then for the
optimality of the admissible control u(t,x) = (u1 (t,x),u2 (t,x))
in problem (6)—(9) it is necessary that relations (18), (23)
hold for all 01(t,x)eU1, (t,x)eD1 and v, (t,x)eU2, (t,x)eDQ,
respectively.

Let’s give the concept of special control in the problem
under consideration.

Definition 1. Let’s call an admissible control u(¢,x)=
=(u1(t,x),u2(t,x)) a special first-order control in prob-
lem (1)—(5) if, for all v, (¢,x)eU,, (¢,x)e D, and v, (¢, x) €U,
(t,x)eDz, the relations are performed:

>0. (23)

2 90, (z(t,, X))
9t (v)

When conditions (24) are satisfied, it follows from
expansions (17), (22), respectively, that:

0Dy (2(62, X))
=0, TR =0.

(24)

- 90, (2(0,X)) 2 0,2 (4, )
>0. _— 2> 2
; 9i(2y) 0 (18) 9% (v) 0 (25)
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0Py (2:(£2,X)) 0

3 (0,) (26)

Theorem 2. For optimality of a special, first-order con-
trol u (¢, x)=(u (t,2),us (t,x)) in problem (1)—(4) in the case
of convexity of set (14), it is necessary that inequalities
(25), (26) hold for all o, (¢,x) €U, (¢,x)e D, and v, (¢,x) €U,,
(¢,x)e D,, respectively.

Inequalities (25), (26) are necessary conditions for se-
cond-order optimality in terms of directional derivatives.

3.2. A necessary and sufficient optimality condition. Let’s
suppose that in problem (5), (6) the minimized functional
is linear, i. e.:

2
S(u)= zg,»’zi (¢, X),
i=1

(27)

where i=1, 2 are given, n;, i=1, 2-dimensional, respectively,
constant vectors.

In this case, the increment of the quality criterion (27)
is written in the form:

Zgl

tl,X

Taking into account the representations (9)—(12), from
here let’s have:

=1 X1
AS (u)= 2 2 gIR (t1,X,t,x)Aa‘(m)f1 [¢,x]+
=ty x=xy
-1 X1
+z Z g; Q(tz,X,t,x)Amtyx)ﬂ [t,x]+
=ty x=x¢
-1 X1
+Z Z gé R2 (tQ,X; t)x)Aﬁg(f,x).fQ [tyx]:
t=t; x=x¢
f-1 X1

=Y 3 [ &l Ri(t, Xst,x)+ g5 Q (12, X 1, x) | x

t=ty x=x9

ty—1 X1

XAu o filtx]+ XY 83 R (10, X5 1,20) Ay o /o1 x]-

t=t; x=xy

Assuming that:

Hi(t,xyuhwl'):w;_fi(tyxyui)y i: 1,2,
\Vl (tyx): —Rf(tuX;t,x)& _Qi(tbxvtyx)g%

v, (t,x)=

—Ré(tQ,X;t,x)gQ. (28)

Then the increment formula is written as:

t-1 X-1

AS(u):—z 2 Aﬁl(,'X)H1(t,x,z{’ (t,x),u? (t,x),\v? (t,x))—

t=ty x=x¢

-1 X-1

—2 Z Az Ho (t,x,zg (¢,20),u8 (¢,20), 48 (t,x)) .

=t} x=x

(29)

Using the increment formula (29) by arguments similar
to those from [14], it is proved.

Theorem 3. For the optimality of the admissible control
(u(t,x),z(t,x)) in problem (1)-(4), (27), it is necessary
and sufficient that the inequality:

H-1 X-1

Y 2 Ay oo H (6,20, 20 (8,20 ug (6,20) W (1, x)) 0,

t=t) x=x)
~1

>«
LA

A@(x,x)Hz (t, X,2y (t,x),uz (t,x),\VQ (t,x)) <0, (30)

t=t; x=x9

are performed accordingly for all v1(t,x)eU1, (t,x)eD1,
0,(t,x)eU,, (t,x)eD,.

4. Conclusions

In the present paper, let’s consider the case of degene-
racy of the obtained necessary optimality condition and
establish the necessary second-order optimality conditions
in terms of directional derivatives.

A necessary and sufficient optimality condition is ob-
tained. And also, assuming the linearity of the quality
functional, the necessary and sufficient optimality condition
in the form of a discrete maximum condition is proved.

The results of the work can find application in various
fields of the modern theory of optimal control, as well as
in the study of specific problems of optimal control.
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