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ASYMPTOTIC BEHAVIOR OF THE INTEGRAL FUNCTIONALS
FOR UNSTABLE SOLUTIONS OF ONE-DIMENSIONAL ITO
STOCHASTIC DIFFERENTIAL EQUATIONS
UDC 519.21

G. L. KULINICH, S. V. KUSHNIRENKO, AND Y. S. MISHURA

ABSTRACT. We consider the stochastic one-dimensional differential equations with homogeneous drift
and unit diffusion. The drift satisfies conditions supplying the unstable property of the unique strong
solution. The explicit form of normalizing factor for certain integral functionals of unstable solution is
established to provide the weak convergence to the limiting process. As a result we get the new class
of limiting processes that are the functionals of Bessel diffusion processes.

AHoTALIsA. Po3risggaerbess OJHOBUMIPpHE CTOXaCTUYHE JudepeHiiaibie piBHAHHSA 3 OJHOPIJHAM KOe-
dinienTom nepenocy ta oguuuuHO© gudysicro. Koedinient nepenocy 3a10BOIbHAE YMOBH, IPU SAKAX
€TMHUI CUIbHUI PO3B’SI30K JAHOTO DIBHAHHS € HeCTifikuM. 3Haii/1leHo SBHUI BUIJIS] HOPMYBAHHS JIJIS
neBHUX (DYHKI[IOHAJIIB IHTErPAJbHOIO TUILY Bij HECTIHKOro po3B’si3Ky, mo 3abe3neqdye ciaabky 30ikHICTH
10 TPAHUYIHOTO nporecy. OTpuMaHO HOBUH KJIaC TPAHMYHUX MPOIECIB, AKi € IeBHUMHU (DYHKITIOHATIAMHA
Bix GecceniBcbkux qudysifinux mporecis.

AnHOTANUA. PaccmarpuBaercs oJHOMEPHOe CTOXacTHUeCcKOoe quddepeHIinaabHoe ypaBHEHHE ¢ OJHO-
poxubiM K03 duUIHEeHTOM CHOCA U equHuIHOR quddysneil. Kosddunuent canoca ygoBiaeTBopser ycio-
BUM, IIPU KOTOPBHIX €JIMHCTBEHHOE CHJIBHOE peIleHHe JAHHOTO yDABHEHW: SIBJISETCsS HEYCTOWIHBBHIM.
Haiiien sBHBIN BU HOPMHPOBKHY JJIsI ONPEIEICHHBIX (DYHKIIMOHAJIOB HHTEIPAJBLHOIO TUIIA OT HEYCTOH-
YHBOIO pelleHust, 4To obecnednBaer ci1abyi0 CXOAUMOCTH K IIpeaenbHOMY mpoueccy. Ilomyden HOBbII
KJIACC MIPEIEIbHBIX MPOIECCOB, KOTOPBIE SIBJISIIOTCS ONPEIEIeHHBIME (DYHKIIMOHAIAME OT OECCEIeBCKUX
nuddY3HOHHBIX TPOIECCOB.

1. INTRODUCTION

Let (£2,3,P) be the complete probability space and W = {W(t),t > 0} be one-
dimensional Wiener process on this space. Let the function a = a(z): R — R be measur-
able and bounded. Tt is well-known (see, e.g. [15] and [14], Theorem 4) that the stochastic
differential equation with the homogeneous drift and the unit diffusion

GE(t) = a(€(t) dt + AW (D), 130, 1)
has the unique strong solution { = {{(¢),t > 0} for any initial condition £(0) = x¢ € R.

Definition 1.1. Solution & = {£(¢),t > 0} of equation (1) is called unstable if for any
constant N > 0
1t
lim — [ P{]{(s)| < N}ds=0.
t—oo t Jo

Definition 1.2. Solution £ = {{(t),t > 0} of equation (1) has ergodic distribution G(z)
if for all z € R

tli>Holo P{{(t) < z} = G(x).
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Definition 1.3. The family {(r(t),t > 0} of stochastic processes is said to converge
weakly as T — oo to the process {((t),t > 0} if for any L > 0 measures pur[0, L] that
correspond to the processes (r(-) on the interval [0, L] converge weakly to the measure
1[0, L] that corresponds to the process ((+).

Throughout the paper we suppose that the drift coefficient a satisfies assumption
(A1) there exists such C' > 0 that for any z € R
|za(z)| < C.

In this case we can say that the class of equations (1) is located on the border between
the equations whose solutions have ergodic distribution, and the equations with unstable
solutions. To illustrate this observation, consider the drift coefficient of the form a(z) =

2% and introduce the function

T+a2
F(@) = exp {—Z/OIG(U) dv}. )

Note that in our case f(x) = (1 + 2%)~%. In the paper [11] two cases were considered,
namely, a < !

—%, a > —5. It was proved that in the case a < —% the solution & of
equation (1) has ergodic distribution, is transient and moreover

do 17N [* dv e
lim P{&(t <x—[/—} [/ —}—[/1+v2“dv] U 1+v2“dv].
A VA ) N VA [0 R WA L
(3)
At the same time in the case a > —% the solution & of equation (1) is unstable and

recurrent and furthermore the process rp(t) = ‘E(t—\/?l with normalizing factor % weakly
converges as T — oo to the Bessel process r(t) that is the solution of the Itd’s equation

dr?(t) = (2a + 1) dt + 2r(t) dW (¢) (4)

with some Wiener process {W\ = ﬁ/\(t),t > 0}. Here the weak convergence is considered
in the uniform topology on the space of continuous functions. The case a = —% is
critical in the sense that for a = —1 the process is recurrent, P{lim;_. £(t) = 400} =
P{lim, , . £(t) = —oo} = 1, however, we do not know the normalizing factor that supplies
the weak convergence.

The assertion that value a = —1 is critical can be illustrated by the following examples:

2
1) If a(z) = —3 7 — 2 @i then the solution £ of equation (1) has the

ergodic distribution and moreover, we have in equality (3) f(z) = V1 + 2 [In(1 + 2?)] 2,
2) If a(z) = —3 7 + Ty then the solution & of equation (1) is unstable,
£T)

and stochastic process =7 converges to degenerate process r(t) =0 as T — 0.

The present paper is devoted to the asymptotic behavior of the integral functionals
Bt) = fgg(g(s)) ds as t — oco. We suppose that g = g(z): R — R is locally integrable
function, £ is the solution of equation (1). Also, introduce some additional notations.
Denote ¥ the class of functions ¢ = #(r) > 0, » > 0, that are non-decreasing and

regularly varying (at infinity) with index a > 0, i.e., limp_ %{TT)) =7 for all » > 0.

Now, take function f that is defined via the relation (2), some constant b € R and
denote
f(z)

JEM u— bz b(x) = bsiegnz
G Fag e, e = b ©)

Suppose additionally that the drift coefficient a and function ¢ satisfy assumption
(A2) (7) with one of the additional restrictions (i¢), (iii) or (iv) and also one of the
assumptions (Asz) and (Ay):

q(x) =
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(As2) (i) There exist the constants ¢;, i = 1,2 such that
1 x
lim [—/ va(v) dv — c(x)} =0, (6)
|z|—=o0 [T Jg

where

_ c, x>0,
ox) =
c2, x <0,
and moreover, one of the following restrictions on the coefficients hold:
(ZZ) c1 = Cy =1cCy > —%;
(i) ¢ > % e < %;
(iv) c1 < 35,c2> 3.
(Ag) (i) there exists a constant C' > 0 such that f(z) < C for any x € R and
(%) there exist such b € R and function ¢ € ¥ that

1 x 2
lim —/ a(u) du = 0; (7)
jel—oo 2 Jo f(u)
(A4) (i) there exists a constant § > 0 such that 0 < 0 < f(x) for any € R and
(73) there exist such b € R and function ¢ € ¥ that

irnM x2u U =
| /Oq()d 0. (8)

|z|—00 X

In the present paper in order to proof that under the conditions (A1), (42) and one of

e . B(t) . .. 1
the conditions (As) and (A4) random variable NN with normalizing factor NRG)

has the limit distribution as ¢ — oo, we study the limit behavior as T" — oo of the process

1 tT
Br(t) = 7/ 9(&(s)) ds,
VTY(VT) Jo
with parameter T > 0. Theorems 2.1 and 2.2 describe the limit behavior mentioned
above.

Remark 1.1. Tt is very easy to see that any of conditions (As) and (A4) supply the
convergence

i ! x2u u =
lim —/O q°(u)d 0. 9)

|z| =00 T

If condition (As) holds then

xT xr 2
l/ QQ(U)dUSCl/ G du— 0 as |z| — cc.
0 z Jo f(

X u)
If condition (A4) holds then
1 [* 1 ®
E/o qQ(u)dugg% ; (u)du — 0 as |z| — oo.

Moreover, if 0 < 6 < f(z) < C then (9) is equivalent both to (Ag), (i) and (Aa4), (i7).
However, neither (As), (i4) and (A4), (37) nor (9) do not supply convergence g(x) — 0
as |z| — oo. In other words, under any of these conditions function ¢ can admit “explo-
sions”.

Remark 1.2. The function ¢(x) (see Example 2.1) satisfies the condition (9). Obviously,
q(z) » 0 as |z] — oo.
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As to previous results in this direction, it was proved in [11] that under the condi-
tion (Asz) solution £ of equation (1) is unstable. Moreover, in the case when (As), (i7)
holds then &\/?‘ weakly converges as T — oo to process r that is the solution of equa-

tion (4) with @ = ¢g. In the case when (Asz), (i7i) holds then &\/? weakly converges to

process r with @ = ¢1, and in the case when (As), (iv) holds then % weakly converges

to process r with a = ¢3. Asymptotic behavior of the process fr(t) in the case when
conditions (As), (7) and (i) hold and additionally g(x) — 0 as |z| — oo were considered
in the papers [5] and [12]. The results of the paper [5] are generalized in the present
paper to the case of the functions ¢ = ¢(z) with possible “explosions” (conditions (As)
and (Ay)) and are extended to the cases when (As), (i) and (iii) or (As), (i) and (iv)
hold. Moreover, the proofs from [5] are essentially simplified in the present paper due to
the representation (12). The paper [12] contains similar result for the functional Sp(t)
of the solution & of equation (1) on the half-axis (0, +00) with the instant reflection of
the solution at zero point, and in this case it was supposed that ¢(|z|) = |z|*, a > 0,
q(z) = 0 as x — oo.

The most complete results concerning the asymptotic behavior of the functionals 5 (t)
are proved for the equations (1) with more restrictive assumption on the drift coefficient,
namely, | [, a(u) du‘ < C (see [8] — [10]). The paper [8] contains the weak convergence of
distributions of G (¢) in the case when ¢(z) — 0 as |z| — oo. In the paper [9] the weak
convergence of distributions of Gr(t) was obtained under assumption (9) on function
g = g(x). In the paper [10] the necessary and sufficient conditions of weak convergence
were obtained that are connected, in some sense, to (9).

The asymptotic behavior of the integral functionals of the form fot gr(&r(s)) dur(s),
where &7 (t) are the solutions of stochastic differential equations and p7(¢) is the family of
martingales that converge in probability, was considered in the paper [3, §5, Chapter IX]
under the assumption of locally uniform convergence of the coefficients of the equation.

The paper is organized as follows: principal results are proved in Section 2 while an
auxiliary lemma is relegated to Section 3. Section 4 concludes.

2. THE MAIN RESULTS

In what follows we denote C' or C' with some subscripts constants whose values are
not so important and can change from line to line.

Theorem 2.1. Let & be the solution of equation (1) with the drift coefficient a satisfying
assumptions (A1), (A2), (i) and one of the assumptions (As), (ii), (iii) or (iv).
Then the stochastic process

1 tT
Br(t) = W/o 9(&(s)) ds

converges as T — oo weakly in the unform topology of the space of continuous functions

to the process
atl (4 t e
B(t) = 2b ra +(1) —/0 r“(s)dW(s)],

where r(t) > 0 is the solution of stochastic differential equation
dr?(t) = (2a + 1) dt + 2r(t) dW (¢).

Here a = ¢g in the case when assumption (As), (i1) is satisfied, a = ¢y in the case when
assumption (Ag), (iit) is satisfied and a = co in the case when assumption (Az), (iv) is
satisfied.
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Proof. Introduce parameter 7' > 0 and set

(=L e = W = [ sty awns)
1 tT
=P { s >N ], art) = 1 [ (e - el ds

where L and N are arbitrary positive constants. Evidently, for any fixed T" > 0 process
Wy = {Wr(t),t > 0} is a Wiener process. Furthermore, it follows, e.g., from [2, Chap-
ter 6, §3, Lemma 5] that

/0 P{&(s) = 0} ds =0

for any ¢ > 0. Therefore /WT = {WT(t),t > 0} for any T > 0 is continuous with
probability 1 square integrable martingale with the quadratic characteristics <WT> (t) =t.
It immediately follows from the Doob’s theorem that /WT is a Wiener process for any
T > 0. Applying Itd’s formula to the process r%, we get

() =2 /0 [26(€(sT)) + 1] ds + 2 /0 ro(s) dWin(s) + 20r(t).

Consider the function

F(x):2/0xf(u) (/j%m) du.

Obviously, function F' has a continuous derivative F’ and a.e. w.r.t. to the Lebesgue
measure on R has a second derivative F” that is locally integrable. Therefore we can
apply an Itd’s formula from [6, Chapter 2, §10] to F'({(¢)) and get the equality

FEw) - Flan) = [ |Peeale) + 3P| as+ [ Feenawts) o

with probability 1 for any ¢ > 0. It is easy to see that a.e. w.r.t. to the Lebesgue measure
on R the following equality holds

F()a(x) + 5 F'(x) = g(a). ()

Applying (11) to (10) we get that
ﬂw»=mm=4g@ww+AF@@mww

with probability 1 for any ¢ > 0. After some evident transformations we get from the
last equality that
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Let us consider the first term
tT) 9(v
v it T A (/ oy )
(T) e
:\/Twz(ﬁ/ (0 [, ooy o @) o

E(tT) E(tT)
IQ( ﬂ (/ B (Jul) du + / q(uwuuwdu)

u \/_ ¢
_ / il 'T m?( — /5( " o () du
\E(tT)\ " \/_
/ |u|adu+2b/ (% - |u|a> du

£(tT)
m / a(w) (Ju]) du,

and transform the last term

m /OtTF%s(s))d / I (/ TZ))d“> 4w (s)

’ T 2 [ e D e

Therefore

___F@) o [ *) (;
Br(t) = \/T¢(\/T)+2bo udu 2b/0 s) dWrp (s +225 ), (12)

where

TT(t)
1) YVT) ol g,
S () _b/o (VT ] a

1 £(tT)

(2)
510 = D) o

() " (e (s)VT) | dTn(s
$P(t) = b/ o <>]dWT<>,
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It is known from [11] that under condition (A;) the process {rr(t),t > 0} converges
weakly as T' — oo to the process {r(t),t > 0} that is the solution of equation (4) with
a = ¢o in the case (Ag),(i7), with a = ¢; in the case (Az), (ii) and with a = ¢ in the
case (Ag), (iv). Furthermore, for any L > 0 and € > 0 we have that

i, i, Py =0,

lim m sup P{lTT(tQ) — TT(t1)| > 6} =0. (13)
h—=0T—00 |4 _t,|<h;t;,<L

Now we are in position to establish that S(Tk), k=1,...,4, uniformly converge to zero
in probability. In particular, it means that they satisfy equalities (13) as well. To start
with, note that it follows from Lemma 3.1, evident inequalities

h(ln))
h(e)

with A = x and h = 22 and the properties of Ito’s integrals that for any € > 0, L > 0 and
T > Ty, where Ty are introduced in Lemma 3.1, the following inequalities hold true:

E
Pin+¢l>ek<P{lm>Z}+P{l>Z},  Phl>el<

P{ sup |S(T )] > 5} < Py + - E Sup |S( OIX {rr <Ny
0<t<L € o<i<

) (14)
SPN"‘_lb'/ o ,
€ 0
@) < (JulvT)
P Sy >eb <P / VT gy >
{50 > o} <o, [ somy U -
£aT)
2 VT w(|u|\/T)
<Pyv+ZE VTl v,
=iV g OiltlgL/o awvT) Y(VT) X<y
2 N . :
SPN+ECN/7N|(U\/_)|dU<PN+ CN2N2<\/_/ ) ,
(15)

P { s, 01> ef < puea (2) e [ O

o w1801 > <} < pv s (2) e [ e

X{rr(s)<N} ds,
(16)

W(rr(sVT) ]
»(VT)

9 2 L
< Py +4 <g> X E/ ¢*(E(T)X rr(s)<ny ds.
0

(s ds
oserr X{rr(s)<N}

(17)
Taking into account the convergence % — || = 0 as T — o0, boundedness on

the interval |z| < N and relation (9), we let in inequalities (14) and (15) T — oo and
after that N — oo and get

sup ‘S(Tk)(t)‘ 2o (18)
0<t<L

as T — oo and for k =1, 2.
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Now we shall establish similar convergence for k = 3,4. It is known from [4] that for
any 0 < § < N < oo the following convergence holds:

NEN ]
(VT)

as T — oo. Therefore, taking into account monotonicity of function v (r), r > 0, we get
the following convergence for any 0 < § < N:

L rr(s)VT 2
E/o % —rT(s)l X{rr(s)<N} ds
<L sup

L
U(2VT) .
5<|z|<N 0

v(VT)
if to tend at first 7' — oo and after that § — 0. ‘
So, taking into account inequality (16) we get that convergence (18) holds for S;S )(t)

sup — 0

0<6<|z|<N

vV’
o(VT)

+6% ] ds — 0,

as well. At last, in order to prove convergence (18) for S(T4) (t), we apply It6 formula and
get

L
E / PEGT) X je(ury < vy b5 = E[@r(E(LT)) — ®r(xo)]

dp(z) = %/O’”f(u) </0" %(:))X{DKNVT} dv) du.

Now we consider separately conditions (Az) and (A4). It is easy to see that under
condition (Asz) we have the following relations
T u 2
( / () dv) du
o f(v)

1
— 0 as|z| — oo.

where

| [ s ([ q;g)) i) avf < 5
C

)
| [ (% A q;g)) d”) .

2

In turn, under condition (A4) we have the following relations

(u)< Ou q;((:)) dv> <1 i zf(u) </Ou () dv> du
Ll /;%@/qu%)dv) du| =0 as |z] — oo

0 x
Therefore, any of conditions (As3) and ( A4) supply the following convergence

) o (o) au o

as |r| — oo. Therefore for any ¢ > 0 there exists such L. that for |z| > L. we have

inequality
() </u q;(”) dv) du

Furthermore, since function % [ f( ( Iy qf((:) ) du is bounded at zero, there exists
such C; > 0 that

s (), i) o

T2

< e. (19)

< C.. (20)

sup —
|z|<L. x?
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Besides this,

 leer)P
T

< C + Cht. (21)
Relations (19) and (20) together with (21) provide that

/OW) fw) (/ q;g)) d”) d“

whence E|®7({(LT))| — 0 as T — oo. Evidently, |®7(z0)| < %. Therefore,

gemPP 1

E|(I)T(€(LT))| <E T |£(LT)|2

< % +¢e(C + C1t),

L
E/O QQ(f(ST))X“g(sT)\gNﬁ} ds — 0

as T — oo. Together with (17) it means that the convergence (18) holds for S(T4)(t) as
well. Evidently, relation (13) holds for processes Wr(t).

It means that we can apply Skorokhod representation theorem [13] and~fo~r any se-
quence T;, — oo to choose the subsequence T, — oo, probability space (2,3, P) and
processes (77 (t), WT,,'L (t), S’(Tz,) (t),i =1,...,4) on this space so that the couple of processes
(t),i=1,...,4) and

(@)

will be stochastically equivalent to the process (7 (1), W\T;L (t), Sf,
moreover,

o () BE), W) 2w, S0m 2S00, =14,

as T, — oo. In our case, according to (18), S0(t) =0,i=1,...,4, and the processes 7(t),
W (t) satisfy equations (4) with a = ¢o in the case (Ay), (i1), a = ¢; in the case (Ay), (iii)
and a = ¢z in the case (A42), (iv), see [11].

According to equality (12) we have that the functional (7, (t) is stochastically equiv-
alent to the functional BT;)/ (t) for which we have similar equality

. F(J?o) /7:7"7/7/(75) /t ~ ~ 4 = (i)
(1) = ——————+2b “du—2b 0 (8) dWri (s) +2 S/ (). (22
BT,,L( ) mw(@) + ) u-au 0 rTn(S) T (S) ; n( ) ( )

It is possible to get the limit as T), — oo [13] in this equality and get that BT;)/ (t) KR

B(t), where

N 7(t) t B
B(t) = 2b [ /0 W — /0 7 () ATV (s) | (23)

It follows from the strong uniqueness of the solution of equation (4) (see, e.g., [7]) that
the distributions of the limit process 3(t) are unique as well. Therefore, it follows from
arbitrary choice of T,, — oo that the finite-dimensional distributions of the processes
Br(t) tend as T — oo to the corresponding distributions of the process ((t) that is
defined by equality (23). In order to establish the weak convergence of the processes

Br(t) to the process B(t), it is sufficient to prove tightness, i.c., to prove that for any
L>0

lim lim P sup |ﬁT(t2) — BT(t1)| >epr=0. (24)
h=0T=0cc | |ty —ts|<h;t;<L

Tightness of the processes rr(t) was established in [11] and it was mentioned that
tightness of S(Tz) (t)=0,i=1,...,4, follows from (18). Furthermore, taking into account
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the properties of stochastic It6 integrals, we get the following bounds for any ¢ > 0,

L>0and N > 0:
’I"T(tz) T’T(tl)
P sup / uadu—/ udu| > €
[t1—t2|<h;t; <L |JO 0

(25)
< Py+P {Na sup  |rr(ts) — ro(t)] > %}
[ti—t2|<h;t;<L
and
to _
P sup / r3(s) dWr(s)| > ¢
[t1—t2|<h;t; <L | Jt;
t —~ €
<Py +P {4 sup sup / 7 (8)X {rr(s)<ny AW (s)| > 3
kh<L kh<t<(k+1)h |Jkh
t —~ €
<Py+ > P sup / r7($)X{rr(9<ny AWz (s)| > ¢
i kr<e<ernn | kn
g\ 4 t - 4
<Py+ Y (—> E  sup [/ TT(S)X{rr(s)<N} dWT(S)] (26)
whel € kh<t<(k+1)h LJkh
8\* /4\4 (k+1)h - 4
< Py + Z (g) (g) E [/kh r%(S)X{TT(S)SN} dWT(S)]
kh<L
8\t /44
4o 2
gPN+<g> (§> 36N > h
kh<L
ChN*
< Py + VI
5

In the last inequality the following upper bound for the fourth moment of the It6’s
integral w.r.t. the Wiener process from [1] or [13] was used:

b 4 b
E</ f(t)dW(t)) §36(b—a)/ E|£(8)]* dt.

a

It follows from (25) and (26) that the right-hand side of (12) is tight, i.e., satisfies (24).
So, we have tightness (24) and consequently Gr(t) weakly converges as T — oo to the
process ((t) whence the proof follows. |

Example 2.1. Consider equation (1) with the drift coefficient of the form a(z) =

lJrzzQ .
In this case f(x) = (14 2?)~! and the function ¢(z) from (5) can be rewritten as

! ' 2 — bsignz
Q(x)_m/o g(u) (1 +u?) du — bsigna.

Let 9(|z|) = |z| is slowly varying (at infinity) function (o = 1), then
x
/ g(u) (1 +u?) du = bz (1 +22) + q(z)|z| (1 + 2%) =z (1 + 2?) [b+ g(z) signa],
0

whence

g(z) [x (1 + x2) (b + q(x) sign x)}/

T 1t a2
a.e. w.r.t. to the Lebesgue measure on R.
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Consider the continuous function with “explosions”

o), zel,,
q(z) = {0, N

where ¢1(z) > 0, maxzea, qi(z) = 1, A, = (n;n+ %), n € N. Continuing ¢(z) in
a symmetric way to (—oo, 0), we obtain that the function ¢(z), € R, satisfies the
condition (7) with the function f(z) = (1 +22?)~! < C.

If we put g(x) in the last allocated equality we get g(x) such that the stochastic process

1 tT 1 tT
51) = g [ atends =5 [ gtetan s

converges as T — oo weakly to the process

ot =2 [ = vty aiv )

where 7(t) > 0 is the solution of stochastic differential equation
dr?(t) = 3dt + 2r(t) dW (t).
In this case 3(t) = 3bt.

Remark 2.1. Analyzing the proof of Theorem 2.1 it is easy to see that it is true even
in the case when we establish just the weak convergence of the processes rp(t) to the

process 7(t) and the representation (12) in which supOStSL‘S(Tk) (t)] £0,k=1,...,4as
T — oo for any L > 0.

In this connection, we can deduce the following statement as a corollary of Theo-
rem 2.1.

Theorem 2.2. Let £ be a solution of equation (1) and let convergence relation (6) holds.
Also, let locally integrable real-valued function g is such that there exists non-decreasing
function ¥(r), r > 0 that is regularly varying at infinity of order oo > 0 and q(x) — 0 as
|x| — co. Here q is defined in (5). Then Theorem 2.1 holds.

Proof. Indeed, apply the representation (12). Similarly to proof of Theorem 2.1 we get

that SuPogtgL‘S(Tk) (t)‘ L oasT — oo, k =1,2,3. Convergence supOStSL‘S(;) (t)‘ o

as T' — oo follows directly from inequality (17) and convergence ¢(x) — 0 as |z| — oco. In
order to finish the proof of the present theorem, it is sufficient to apply Remark 2.1. O

Example 2.2. Consider the class of equations (1) with the drift coefficient of the form

xé(x)

ale) = 750

where

c1, x>0,
E(x)—{l c1 = o = cp, 2co+1 > 0.
co, <0,

1) Let co = 1. In this case f(z) = (1 +22?)~! and in order to satisfy the assumptions
of Theorem 2.2 the function ¢(z) can be rewritten as

1 T
] / go(1 + u?) du — bsign .
0
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Ifb =2, g(x) = go, ¥(|z|) = || is slowly varying (at infinity) function (oo = 1), then
q(z) — 0 as |z| — oo and the stochastic process fr(t) = m fOtT gods = 790 OtT ds

converges as T — oo weakly to the process

8t) = 2 [f:(f) - () A (s)| = 20 [7"22(“ - tr(s)d’ms)]

where 7(t) > 0 is the solution of stochastic differential equation
dr?(t) = 3dt + 2r(t) AW (t).

In this case B(t) = got.
2) Let e = 3, 50 f(2) = (1+2%) 7. 1f g(x) = go, $(Ja]) = |al, b= £ and

1 xT
Q(x)zmgo/ \/1+u2du—%signx—>0 as |x| — oo,
0

then the stochastic process fr(t) converges as T — oo weakly to the process 3(t) = got.
3)If g = 1, g(z) = sin® z, ¢(|z|) = ||, b = %, then

1 ¥ 1
:m/o (1+u2)sin2udu—gsignx—>0 as |z| — oo.

q(x)

The stochastic process fr(t) = WIJT sin®(£(s)) ds = & JT sin?(£(s)) ds con-

verges as T' — oo weakly to the process

8(t) = - [7"2(“ - tr(s)d’ms)] -1

3 2

3. AUXILIARY RESULT

Now we prove an auxiliary result concerning regularly varying functions ¢ (r), r > 0,
that was applied in the proof of Theorem 2.1.

Lemma 3.1. Let the function 1(r), r > 0 be positive, non-decreasing and regularly
varying (at infinity) with index o > 0. Then for an arbitrary N > 0 there exist constants
Cy <00, 0 < TN < o0 such that uniformly on T > Tx

Y(rvT)
0Srin B(VT) = v
Proof. 1t is clear that
p LOVT) _H(NVT)
o<r<N Y(VT) ~ 9(VT)

Since for regularly varying function ¢ (r) we have convergence

CONWVT)

_—

»(VT) ’

as T — oo, then for € = 1 there exists a constant Ty < oo such that for all T'> Ty the
following inequality holds true

<

MSNO‘_’_L

Y(VT)

Hence the statement of Lemma 3.1 is proved for Cy = N® + 1. O



1

10.

11.

12.

13.

14.

15.

ASYMPTOTIC BEHAVIOR OF THE INTEGRAL FUNCTIONALS 103

REFERENCES

. I. I. Gikhman and A. V. Skorokhod, Introduction to the Theory of Random Processes, W. B.
Saunders Co., Philadelphia, Pa.-London—Toronto, Ont., 1969.

. I. I. Gikhman and A. V. Skorokhod, Stochastic Differential Equations and their Applications,
“Naukova dumka”, Kiev, 1982. (Russian)

. J. Jacod and A. N. Shiryaev, Limit Theorems for Stochastic Processes, 2-nd ed., Springer,
Berlin, 2003.

. J. Karamata, Sur un mode de croissance reguliere des fonctions, Mathematica (Cluj) 4 (1930),
38-53.

. E. Kas’kun, On the asymptotic behaviour of functionals of integral type on diffusion processes,
Visn., Mat. Mekh., Kyiv. Univ. Im. Tarasa Shevchenka 1 (1998), 16-24. (Ukrainian)

. N. V. Krylov, Controlled Diffusion Processes, Springer, 2008.

. G. L. Kulinich, On asymptotic behaviour of unstable solutions to a system of stochastic diffusion
equations, Proceedings of the School-Seminar on the Theory of Random Processes, Druskininkai,
25-30 November, 1974, Institute of Physics and Mathematics of LitSSR, Vilnius, 1975, pp. 169—
201.

. G. L. Kulinich, Limit distributions for functionals of integral type of unstable diffusion
processes, Theor. Prob. and Math. Statist. 11 (1976), 82-86.

. G. L. Kulinich, On the asymptotic behavior of the solution of one dimensional stochastic diffu-

sion equation, Lecture Notes in Control and Information Sciencs, vol. 25, Springer-Verlag 1980,

pp. 334-343.

G. L. Kulinich, On necessary and sufficient conditions for convergence of homogeneous additive

functionals of diffusion processes, Proceedings of the second Ukrainian-Hungarian conference:

New trends in probability and mathematical statistics (M. Arato and M. Yadrenko, eds.), vol. 2,

“TVIMS?, Kyiv, 1995, pp. 381-390.

G. L. Kulinich and E. P. Kas’kun, On the asymptotic behavior of solutions of a certain class of

one-dimensional Ito stochastic differential equations, Theory Probab. Math. Stat. 56 (1998),

97-105.

G. U. Minbaeva, Limit theorems for integral functionals of a process with instantaneous reflec-

tion, Theory Probab. Math. Stat. 47 (1993), 101-105.

A. V. Skorokhod, Studies in the Theory of Random Processes, Addison-Wesley Publ. Co., Inc.,

Reading. Mass., 1965.

A. Yu. Veretennikov, On the strong solutions of stochastic differential equations, Theory

Probab. Appl. 24 (1979), no. 2, 354-366.

A. K. Zvonkin, A transformation of the phase space of a diffusion process that remowves the

drift, Mathematics of the USSR, Sbornik 93 (1974), no. 1, 129-149.

DEPARTMENT OF GENERAL MATHEMATICS, FACULTY OF MECHANICS AND MATHEMATICS, TARAS SHEV-
CHENKO NATIONAL UNIVERSITY OF KY1v, 64/13, VOLODYMYRSKA STREET, KYIV, UKRAINE, 01601
E-mail address: zag mat@univ.kiev.ua

DEPARTMENT OF GENERAL MATHEMATICS, FACULTY OF MECHANICS AND MATHEMATICS, TARAS SHEV-
CHENKO NATIONAL UNIVERSITY OF KYIv, 64/13, VOLODYMYRSKA STREET, KYyIv, UKRAINE, 01601
E-mail address: bksv@univ.kiev.ua

DEPARTMENT OF PROBABILITY THEORY, STATISTICS AND ACTUARIAL MATHEMATICS, FACULTY OF
MECHANICS AND MATHEMATICS, TARAS SHEVCHENKO NATIONAL UNIVERSITY OF Ky1v, 64/13 VOLODY-
MYRSKA STREET, KvIv, UKRAINE, 01601

E-mail address: yumishura@gmail.com

Received 12/12/2012



