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PROPERTIES OF INTEGRALS WITH RESPECT TO FRACTIONAL

POISSON PROCESS WITH THE COMPACT KERNEL
UDC 519.21

Y. MISHURA AND V. ZUBCHENKO

ABSTRACT. We study the properties of the fractional Poisson process with the Molchan—Golosov kernel.
The kernel can be characterized as a compact since it is non-zero on compact interval. The integral of
nonrandom function with respect to the centered and non-centered fractional Poisson processes with
the Molchan—Golosov kernel is defined. The second moments of these integrals in terms of the norm of
the integrand in Li, g ([0, T]) space are obtained. Moment estimates for the higher moments of these
integrals are established via the Bichteler—Jacod inequality.

AHOoTALIA. BuBdueHo BiracTuBOCTI IpOOOBO-IYACCOHIBCHKUX mpoIeciB 3 aapom Mosuama—Tomocosa,
AKe MOKHa OXapaKTepu3yBaTh AK KOMIIAKTHE, TOMY IIIO BOHO HEHYJILOBE JINIIE Ha KOMIIAKTHOMY iHTep—
BaJii. Bu3naveno inTerpanu BiJ HeBUIAIKOBUX (DYHKIIIN 32 IEHTPOBAHUM Ta HEIEHTPOBAHUM JIPOOOBO-
yacCoOHiBChKMMU mporiecamu 3 siapom Mosrgana—TosocoBa. OnineHo Apyri MOMEHTH IUX iHTErpasiB B
TepMinax HOpME miginTerpanbnol dynxmii B mpoctopi Ly ([0,7]) Ta ogep:xaHo MOMEHTHI OIHKH 3a
mornomororw HepiBaocti Bixrenepa—2Kakoma.

AnnoTAnUs. M3ydens! cBoiicTBa JPOOHO-IIyaCCOHOBCKUX MPOIECCOB ¢ sapoM Momxwana—Iomocosa, Ko-
TOpOE MOXKHO OXapaKTEePU30BATH KAK KOMIIAKTHOE, TOCKOIbKY OHO HEHYJIeBO€ HA KOMIIAKTHOM HHTEp-
BaJsie. OmpesiesieHbl HHTErPaJsIbl OT HEC/Ty9afiHO# (DYHKIUN 10 HEHTPHPOBAHHOMY U HEIIEHTPHPOBAHHOMY
JPOOHO-IIYaCCOHOBCKUM mporieccaM ¢ sapoM Mosmgana—TomocoBa. O1eHeHbl BTOPble MOMEHTHI STHX HH-
TEerpajioB B T€PMUHAX HOPMBI MOJUHTErPATBHON (PYHKIMK B OIPOCTPAHCTBE Ll/H([O7 T]) u mosydeHst
OIIEHKHW JIJIs MOMEHTOB BBICIIIErO MOPsIKa C MOMOINBI0 HepaBeHCTBA Buxrtemepa-2Kakosa.

1. INTRODUCTION

Models based on a fractional Brownian motion are an important tool for the study of
many theoretical and applied problems. Due to the structure of its covariance function,
the fractional Brownian motion that is the process parametrized by its Hurst index,
allows to model the dependence on the past history of the process. It is known that
for Hurst parameter H > 1/2 the fractional Brownian motion has so-called long-range
dependence property, for H € (0,1/2) it is a process with short memory, and for H = 1/2
we have the standard Brownian motion.

At the same time, many natural, technical and economic phenomena are characterized
by the instantaneous change in the dynamics of the studied characteristics that cannot be
described with the help of the fractional Brownian motion. In particular, such dynamics
is typically seen in “jumps” of interest rates, exchange rates, financial indices. Models
with jumps can be described with the help of stochastic differential equations that include
Poisson measure (see, e.g., [17] and references therein). However, current dynamics of
these processes depends essentially on their past history. So construction of models
which are able to reflect effectively such features of the process is relevant. Particularly,
it is significant for estimation and forecasting of future dynamics of complex financial
instruments based on interest rates and financial indices. That’s why we are interested in
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INTEGRALS WITH RESPECT TO FRACTIONAL POISSON PROCESSES 131

study of the processes that can combine dependence on the past with an instant change
or “jumping” change of the dynamics.

Combining randomness with independence on the past history of the process, the
property of long memory and “jumping” change of the dynamics of characteristics under
investigation can be expressed mathematically correspondingly by the standard Brownian
motion, the fractional Brownian motion and by the Lévy processes.

Mathematical model combining dependence on the past and possibility of instanta-
neous change of characteristics can be expressed, in particular, by the fractional Poisson
process.

There are different approaches to the definition of the fractional Poisson process. In
the paper [1] several methods of the fractional Poisson process construction are proposed.
One of them is the following: it is assumed that for the fractional Poisson process N, (1),
t > 0, its distribution py, = P{N,(t) = k}, k > 0, solves the following equation

d’pi
dtv
where p_1(t) = 0 and p;(0) = 1{x—oy and for m € N

= —Apr + Apr—1,k >0,

d’u(t) F(mlﬂ,) f(f (tfs)llw,m jsu(s) ds, form—1<v<m,
dt” 4Zu(t), se0,T], for v = m,

is the fractional derivative in the sense of Dzherbashyan—Caputo.

Another method is to replace the factorial functions in the distribution of the Poisson
process by the Gamma functions. In works [4, 5, 14] the so-called “renewal” approach is
used. In contrast to classical characterization of the usual Poisson process as a renewal
process, which is constructed as the sum of non-negative independent random variables
with exponential distribution, it is assumed that these random variables have Mittag-
Leffler distribution. One more approach to the fractional Poisson process construction is
the use of so-called “inverse subordinator” method [8].

In order to introduce our approach, we perform certain analogy with a fractional
Brownian motion, see, e.g. [10]. Besides the definition of the latter as a Gaussian process
with some covariance structure, the fractional Brownian motion can be represented as the
integral of a nonrandom kernel with respect to the standard Brownian motion. Examples
of kernels used for such representation are the Mandelbrot — van Ness with infinite support
and the compactly supported Molchan—Golosov kernel.

Using such representation, it is natural to define the fractional Poisson process as
the integral of one of such kernels with respect to the Poisson process (Lévy process).
The fractional Lévy processes was first defined using Mandelbrot — van Ness kernel in
the work [2], the theory was developed in the paper [7]. The general definition of the
fractional Lévy process by using the Molchan—Golosov kernel is given in the work [16].

In this paper we conduct further research of the fractional Poisson processes with
the Molchan—Golosov kernel. The integral of a nonrandom function with respect to the
centered and non-centered fractional Poisson processes with the Molchan—Golosov kernel
is defined. We estimate second moments of such integrals in terms of the norm of the
integrand in L;,g([0,T]) space. Moment estimates for the higher moments of these
integrals via the Bichteler—Jacod inequality are established.

2. MAIN DEFINITIONS

The fractional Brownian motion B¥ = {BH t € R} with Hurst index H € (0,1) is a
Gaussian process with zero mean and the covariance

EBIBE = = (|1t)" + |s]* — |t — s7).

1
2



132 Y. MISHURA AND V. ZUBCHENKO

In what follows we consider H € (1/2,1). In order to represent a fractional Brownian
motion via a Brownian motion we can use both the Mandelbrot — van Ness and the
Molchan—Golosov kernel.

The Mandelbrot — van Ness kernel fy(t,s) is given by

fu(t,s)=cy t— )12 g1/ , s,t € R,
+ +
where
> 2 1\ Y? (2HsinwHT(2H))'/?
_ 1 H-1/2 _ H-1/2\" 4o 1 _ .
o (/0 (( +3) 8 ) *Tom T(H+1/2)

The Molchan—Golosov kernel zg(t, s) is given by

t
Cn )sl/Q_H/ w12 (4 — s)H=3/2 g, 0<s<t.

ZH(t,S) = m

In the work [16] it is proved that actually ¢z = Cpr.

The dynamics of zy (¢, ) is equivalent to the dynamics of 1/2=H 5 the neighborhood
of zero and to the dynamics (t — -)¥~/2 in the neighborhood of t, see, e.g. [3]. In
particular, zg(t,+) is locally square integrable on (0,t) for every ¢t € (0,00). Also, for
H > 1/2 the kernel zg(t,-) is continuous when s # 0 and has a continuous derivative
on (0,t).

The fractional Brownian motion can be represented by integration of the nonrandom
kernel with respect to a Brownian motion, in particular:

— by integration over an infinite interval of the Mandelbrot — van Ness kernel:

(5= ([ ; fu(t,s) dW5>teR

— or by integration over a compact interval of the Molchan—Golosov kernel:

(Bf) 120 = (/Ot zH(t,s)dWs)m. (1)

The right-sided Riemann—Liouville fractional integral operator I$_ f of order a on
[0, 7] is defined as

LT uu—so‘_lu s or o
_f)(s):—{F<a>fs f(u)(u—s)*"du, sel0,T], for a >0,

7 f(s), s €[0,T], for « =0,

I;°f=D§_f,  ac(01),

where DF._ f is the right-sided Riemann—Liouville fractional derivative operator of order
a on [0,T], which is defined as

_%(Ijl“__a )(S), s € (OaT)a for a € (Oa 1)7
(DE_f)(s) := ¢ —=Lf(s), s€(0,T), fora =1,
f(s), s€(0,T), fora=0.

The right-sided Riemann—Liouville fractional integral operator of order o on R is de-
fined as

ﬁ f:o fw)(u—s)*"tdu, seR, fora>0,
f(s), séeR, fora=0.

(I21)(s) :={

I"*f:=D%f, ac(0,1),
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where D f is the right-sided Riemann—Liouville fractional derivative operator of order
on R:

—£ (1) (s) = —ﬁ% S Fu)(u—s)~* du,
s e R, for a €(0,1),

DENs) = _% (s), s €R, for a=1,
f(s), s € R, for a=0.

The centered fractional Poisson process with the Mandelbrot — van Ness
kernel. Investigation of a fractional Poisson process with the Mandelbrot — van Ness
kernel and the integral with respect to this process is carried out in the work [7]. Below
we give an overview of the main results.

Definition 2.1. Two-sided centered Poisson process (;\t)teR is defined as follows: 5\,5 =
5\?), ift >0and \ = —5\22_)15)_ = —lim. o4 5\22_)15_5), if t < 0, where A() and A® are
independent and identically distributed centered Poisson processes.

Definition 2.2. Let (S\t)te]g be a two-sided Poisson process on R, fg(t,s) is the Man-
delbrot — van Ness kernel. For H € (1/2,1) a stochastic process

t
&:/ fa(t,s) A,

is called a fractional Poisson process with the Mandelbrot — van Ness kernel. This integral
exists in L2-sense (as the limit in L? of integrals of a sequence of approximating fz (¢, s)
step functions; the limit does not depend on the choice of the sequence of approximating
functions).

The fractional Poisson process X; can be represented as follows:

Xt:/ (IH 1/2]1((”)) (s) dAs,
R

where I_ is the right-sided Riemann-Liouville fractional integral operator on R.
Define the space H as the completion of L!(R) N L*(R) with respect to the norm

lgll# == (A/R (If{_l/Qf)Q(s) ds>1/2.

It is known from [7] that for the functions f € L*(R) N L?(R)

A(If_l/Qf) (s)ds < 0.

Let ¢: R — R be a simple function:

n—1
= Z a/i]l[Si75i+1) (S)
=1

where a¢; € R, i =1,...,nand —o0 < s1 < $2 < ... < s, < oco. Notice that simple
functions belong to the space H.

The integral with respect to the fractional Poisson process with the Mandelbrot — van
Ness kernel is defined for simple functions at first. Let ¢ be a simple function. Then

/ é(5) dX, = / If"l%) dhs.

Also from [7] we have the following L2-isometry:

(/¢ dX)—f(/(Hlﬂwd&)=A4(ﬂlmwa®w=ww%
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We can extend the definition of the integral with respect to the fractional Poisson process
for the class of functions f € H. Namely,

/R fls)dX, = /R (127272 1) (s) an,

with equality in L?-sense.
The noncentered fractional Poisson process Y; with the Molchan—Golosov kernel is
defined as follows:

t
Yt:/ zr (t, 8) d\s,
0

where A, is the simple Poisson process with intensity A, zg (¢, s) is the Molchan—Golosov
kernel, and the integral exists in the pathwise sense due to step structure of the Poisson
process and smooth properties of zy (¢, s), mentioned above.

The centered fractional Poisson process Y; with the Molchan—Golosov kernel is defined
as follows:

t
f/t:/ zr (t, 8) d\s,
0

where A\; = As — \s is the centered Poisson process. Y, is defined as the integral with
respect to the square integrable martingale. So the centered fractional Poisson process
exists as the integral in L? sense.

Later on we shall consider both integrals with respect to the non-centered and centered
fractional Poisson process.

3. DISTRIBUTION CHARACTERISTICS OF THE FRACTIONAL POISSON PROCESS WITH
THE MOLCHAN—GOLOSOV KERNEL

Using well-known formulas for the integrals with respect to the Poisson process, we
obtain the following first and second noncentral moments for the noncentered fractional
Poisson process with the Molchan—Golosov kernel:

t t u
my = )\/ zr(t,s)ds = )\CH/ qul/Q/ sV2H (y — s)H=3/2 ds du,
0 0

0
t s T (HA+1/2 (2)
" = A B H) H+ 12

Cr (7(3/2— H)) /0

my = \2 (/Ot zH(t,s)ds)

1 2
— )2 m (2H+L | \2H
(CH sin(r(3/2 — H)) H + 1 /2) *

2 t
+ )\/ 22(t,5) ds
0

Here we have used the equality

t
/ 22 (t,s)ds = t*1
0

that follows from the representation (1) of the fractional Brownian motion and the form
of its covariance function.

We know that the fractional Brownian motion has stationary increments. Now we
investigate whether the property of stationarity of increments holds for the fractional
Poisson process with the Molchan—Golosov kernel.

Lemma 3.1. Both for centered and noncentered fractional Poisson process with the

Molchan—Golosov kernel the property of stationarity of increments in general does mot
hold.
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Proof. Consider the noncentered process, for the centered one the proof is similar. We
investigate whether the characteristic function of the fractional Poisson process
E exp{iuY:}, ueR, 0<t< oo,
and that of its increment
Eexp{iu(Yite, — Ys,)}, ueR, 0<tt; < oo,

are equal.

We use propositions 2.4, 2.6 [13] and results by [7]. Thus if some process Z allows
the representation Z; = fR f(t,s)dLs, where L is Lévy process with characteristic triplet
(0,0, ) without Gaussian component, such that E L; = 0, E L? < oo, then

E(exp(iuZy)) = exp ( /]R /]R (e 1~ if(t, spuz) vid) ds) .

Therefore for fractional Poisson process Y; with the Molchan—Golosov kernel we obtain
the following characteristic function:

EexpliuYy] = exp {/ A (exp{iuza (t, s)Ljo,4(s)} — 1) ds} . (3)
R
Further,
t+t1 t
Yivr, — Y, Z/ za(t 4 t1,5) dAs —/ zp(t1,8) d)s
0 0

t4t
:/ (zu(t+1t1,s) — zu(t1,s)) dAs,
0

where in the last equality we use that according to definition we have zg(¢,s) = 0 if
condition 0 < s < t does not hold. So

Eexp{iu(Y}_,_tl - Y;fl)}
= exp {/R /\(eXp{iu(zH(t +t1,8) = zu(t1,8)) L0, t44,1(5)} — 1) ds} )

We compare (3) and (4). It is sufficient to compare

(4)

t
zu(t,s) - 1p,q(s) = cHsl/%H/ w12y — s)H=3/2 gy - Tj0,4(s), (5)

and
(za(t +t1,8) — zu(t1,s)) - Ljo,e4eq)(5)

t+t1
= cHsl/Q*H/ w12y — 5) =3/ qyy, - Ljo,¢44,)(8)-
t1

(6)

As (5) and (6) are not equal, for the noncentered fractional Poisson process with the
Molchan—Golosov kernel the property of stationarity of increments in general does not
hold. O

4. INTEGRAL WITH RESPECT TO THE FRACTIONAL POISSON PROCESS WITH THE
MOLCHAN—GOLOSOV KERNEL AND ESTIMATE OF ITS SECOND MOMENT IN TERMS
OF THE NORM OF THE INTEGRAND IN Lq,5([0,T]) SPACE

Consider the noncentered fractional Poisson process Y; with the Molchan—Golosov
kernel. Let a function f be defined on [0,T], H € (3,1). Define the following operator:

(K£ 1) (5) = Cus'> (V2T ) (), s € (0,T),

where I;{:I/ % is the right-sided Riemann-Liouville fractional operator defined in Sec-
tion 2.
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Introduce the spaces
L pois ([0, T]) = {f: [0,T] = R | K f € L*([0,T))}

with the norm

1£1lz3

H,Pois

(0.1 = ||K71!f||L2([O,T]) ,
and

f’%—[,Pois([Ov T])

{7 € B 10,11 and ()7 121) € £,(0.7]) for some p > =7 |

with the same norm.
Define for f € L} p,;,([0,T]) the integral with respect to the fractional Poisson
processes in the following way:
T T
/0 f(s) Y, = /0 (K2 1) (), (7)
and

/ f(s)d¥, = / (K2 £) (s) dA. (8)
0 0

Thus, we have the analogy with the construction of the integral with respect to the
fractional Brownian motion. Note that from (2)

t t

Y, z/ zp(t,s)drs =Yy —)\/ zu(t,s)ds =Y, — EYy,

0 0
and
T ~ T T
| et = [ peavi- [ der)
0 0 0

where both integrals exist in L2-sense.

Lemma 4.1. 1. For f € L%LPM-S([O,T]) both integrals (7) and (8) exist in L? sense.
2. For f e E%{,Pois([o, TY)) integral (7) exists in the pathwise sense.

Proof. 1. Consider the noncentered case, the centered one is considered similarly. It
holds [11] that (K7 1o4))(s) = zm(t, s). Using properties of integrals with respect to the
Poisson process for step functions we have:

’ a 2_ 2 ! el s)as 2 ! H )2 s)as
E(/ <KTf)<s>dAs> = (/ <KTf><)d> o [ ()

<QTENIFE: o ©)

H,Pois

T B 2 T
e ([ wtnem) = [ Gt erm = st o

where X is the intensity of the Poisson process. Note that according to [12] step func-
tions are dense in L3 p,;([0,T]). Therefore, we can approximate the function f €
L3 pois([0,T]) by step functions f, in L3 p,;,([0,T]) and to define the integral of the
function f with respect to the fractional Poisson process using as follows:

T T
/ f(s)dYs = lim fn(s)dYs — convergence in L?(P).
0 0

n—00

2. Consider the integrand of the right side of equality (7):
(K f) (s) = Cyst/2—H (1;1:1/2 H—1/2 f) (s).
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Functions belonging to the space f/?{ Pois([0,T]) satisfies the conditions of the Theo-
rem 3.6 [15]. According to it the function (I;I__l/2 H=1/2 £) (s) is Holder of order H—%—%
on (0,7).

In the right side of equality (7) the integration is with respect to the Poisson process,
which is a process of bounded variation on [0,7]. Also, according to the properties of the
Poisson process a.s. there exists such e(w) > 0, that \; = 0 for all s € [0,e(w)]. Thus, on
(e(w), T) a.s. we have the continuous function, that can be integrated with respect to the
process of bounded variation. Therefore, integral (7) exists in the pathwise sense. O

Remark 4.1. To estimate the second moment of the integral with respect to the fractional
Poisson process with the Molchan—Golosov kernel we need to estimate fOT(K%{ )*(s) ds.

It can be done similarly to the fractional Brownian motion case [9] with the help of (9).
Denote a = H — % Then

T 2 T 2 T )
E</0 f(s)dY5> —E(/O (K f) (s)d)\s> g(A2T+/\)/O (KFf)" (s)ds

_ c/OTs—% </8Tf(u)ua(u gyt du>2 ds

< CB(l—2a,a)/T/Tf(u)f(v)|u—v|2aldudv
o Jo

< ClfI1Z, o,

5. ESTIMATE OF HIGHER MOMENTS OF INTEGRAL WITH RESPECT TO THE
FRACTIONAL POISSON PROCESS WITH THE MOLCHAN—GOLOSOV KERNEL

Let f € L%,,Pois([O,T]). Recall that
T T T ~ T
| r@avi= [ i@ = [ i@ ds [ER) o (o)
and the first integral in the right—~hand side of (10) exists as the integral with respect to
the square-integrable martingale Ay = Ay — As.
Now we are in the position to establish moment inequalities for integral with respect

to the noncentered fractional Poisson process with the Molchan—Golosov kernel. For the
centered process the similar bounds hold with obvious modification.

Theorem 5.1. Let f € i%’POiS([O,T]), H € (3,1). Then for any k such that 0 < k <
qu there exists the constant Cy, = C(H, k), such that for any T > 0

/0 " f)av,

Proof. We consider moments of the order 2k:

T 2k T ~ T
/Of(S)dYs —E(/0 (K4 )(S)dAs+/O (KH £) (s)Ads

§22kE<

=1 + Is.

2k T 2k
: < Cu RIS, + o (/ uH1/2|f<u>|du) |
[0,77] 0

>2k
2k T
) 1 o2 (/ |<K¥f><s>|ms>

E

2k

/0 (KH ) (s) dA,
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To bound the first integral, we use the Bichteler—Jacod inequality (see, e.g., [6]):

nee [F (™ (0t o)) as< o [t o

H )12k
= Ci|| K7 fHL[zok;T]
Establish whether the last integral exists:
= T 2k r H-1/2 2k
I :=/ (KF )7 (s)ds = C’,%Ik/ s(1/2=H)2k (IT_ H-1/2 f) (s)ds.
0 0

Remind that according to the definition of the space f/%, Pois([0,T]) there exists some
D> H+1/2 ()12 f(+) € Ly([0,T]. So the same way as in the proof of the Lemma 4.1

we can establish that the function (I;I:l/Q H-1/2 f) (s) is Holder of order H — % - % on
(0,T). Thus I, is finite if and only if

T
/ s(/2=H)2k gg 0,
0

and due to the condition k < ﬁ the integral I, is finite.
For estimation of Is we use the equality

T T T
/ (K%{f) (5)ds = CH/ 51/27H/ qul/Qf(u)(u — s)H*3/2 duds
0 0

S

T u
= CH/ qul/Qf(u)/ sV2H (y — 5)H=3/2 ds du,
0

0

m ’ H-1/2
= O =32 = 1) /0 Wi () du.

Therefore ’ .
[ It @ ds < e [l an,
0 0
and
T 2k
Iy < CpA%k /uH*1/2|f(u)|du : O
0
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