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ON COUPLING MOMENT INTEGRABILITY FOR

TIME-INHOMOGENEOUS MARKOV CHAINS
UDC 519.21

V. V. GOLOMOZIY AND N. V. KARTASHOV

ABSTRACT. In this paper, we find the conditions under which the expectation of the first coupling
moment for two independent, discrete, time-inhomogeneous Markov chains will be finite. We consider
discrete chains with a phase space {0,1,...} and as the coupling moment we understand the first
moment of visiting zero state by the both chains at the same time.

AunoTAuig. B mani#t po6oTi 3HAXOAATHCS YMOBHU 32 SIKUX FAPAHTOBAHO iCHYBAHHS MAaTEMATUYIHOTO CIIO-
MiBAHHS MOMEHTY CKJICIOBAHHS [JJIsl JBOX HE3AJIEXKHUX, TUCKPETHUX, HEOJHOPIAHHUX 32 wacoMm Mapkis-
CHKHX JIAHIIOTIB. Po3risapaorsesa auckpeTHi ganmora 3 daszosuM npocropom {0, 1, ...} ta mixg momen-
TOM CKJICIOBaHHSI PO3yMI€ThCsl NEPIIUNA MOMEHT OJHOYACHOTO MOTPAIISIHHS B HYJIb 000X JIAHI[IOTIB.

AnHOTAIMA. B nanoit pabora paccMaTpuBAOTCS YCJIOBUS MPH KOTODPBIX TAPAHTUPOBAHO CYINECTBY-
eT KOHEYHOE MAaTeMaTHUeCKOe OXKHUJAHUE MOMEHTA CKJIEUBAHHS [ JBYX HE3aBUCUMBIX, TUCKPETHBIX,
HEOTHOPOJHBIX 110 BpeMmenu neneii Mapkosa. PaccmarpuBaioTCst IUCKPETHBIE €N C TPOCTPAHCTBOM
cocrostamii {0, 1,...} ¥ [OZ MOMEHTOM CKJIEMBAHHS Mbl HOHMMAeM IEPBLIfi MOMEHT OJHOBDPEMEHHOIO
MOnajJaHusl B HYJIEBOE COCTOsIHHE 0Dewnx Ierei.

1. INTRODUCTION

The problem of finiteness for the moment of simultaneous hitting for two chains into
certain set (or simultaneous renewal of two renewal processes) play a crucial role in
evaluation of the stability estimates using coupling method. Similar estimates one can
find in the authors’ works [4, 5]. The problem of stability for a time-inhomogeneous
Markov chain is investigated there using a coupling method as a key method of the
research. Similar problems, but for the homogeneous Markov chains, are also considered
in the work [7].

The key question for the stability estimate evaluation in these papers is how we can
estimate the expectation for the moment of simultaneous hitting for two Markov chains.
The coupling setup can be found in the following work [5].

The problem of integrability and finiteness for the coupling moment can be reduced
to the problem of integrability and finiteness for the moment of simultaneous hitting
into certain set or to the problem of finiteness for the moment of simultaneous renewal.
Similar task is considered in the Lindvall’s book [14]. It worth to mention, that this
monograph is a classical book on the coupling method. There introduced different types
of coupling: week coupling, maximal coupling, Ornshtein coupling, Mineka coupling and
so on. Another famous book on the coupling method is a Torrison’s work [15].

The coupling method is also used in many other works. The first works on coupling
method are [1, 12, 13]. An example of how the coupling method is used to establish stabil-
ity estimates for time-homogeneous chain with different initial distributions is proposed
in [2].
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However, the problem of coupling only the same homogeneous Markov chain and re-
lated problems were considered in books mentioned above. In particular, the theorem
about integrability of the coupling moment in the book by Lindvall [14] had been proved
for two copies of the same time-homogeneous Markov chain whith different initial dis-
tributions. In the investigation of stability there arises the necessity to extend coupling
moment for different, not necessarily homogeneous Markov chains. So, well-known classi-
cal Lindvall’s and Thorrison’s results do not work in this case. Meantime, it is important
to note that the main theorem of this article uses the same proof schema as Lindvall’s
theorem 4.2 [14, p. 27].

The paper [9] is devoted to the investigation of such problem as integrability of the
coupling moment for two different Markov chains. In this work the estimates for the
expectation of a coupling moment for two different time-homogeneous Markov chains
starting with a random delays are presented. The conditions under which these estimates
were obtained are the strong aperiodicity (gi+g¢? > 0) and the finiteness of second renewal
moments.

The maximal coupling for two time-inhomogeneous chains is considered in other au-
thor’s papers [10, 11].

In the current paper these results extended to the time-inhomogeneous case. It is
important that in this case the fundamental principle of independence of the renewal
times does not hold true anymore. Instead, the conditional independence should be
considered given the fixed moments of the previous renewal process.

The main theorem of this paper gives the general conditions which guarantee the
integrability of the coupling moment. They are the condition of the separation from a
zero for renewal probabilities (in the time-homogeneous case this condition automatically
holds true for the non-periodic renewal distribution with a finite mean) and the uniform
integrability of the renewal distributions. It is interesting that similarity of the condition
can be noted for homogeneous and inhomogeneous case. In particular, for the time-
homogeneous case, an estimate similar to the one from the work [9] is derived in a
principal different way.

2. DEPENDENCE OF RENEWAL MOMENTS FOR TIME-INHOMOGENEOUS MARKOV CHAIN

The fundamental fact defining the proof schema in the time-inhomogeneous case is
that elements of a renewal sequence are not independent and the distribution of the
k + 1-st renewal moment is completely defined by the k-th renewal value.

Let’s examine an example that leads to the renewal sequence generated by the time-
inhomogeneous Markov chain.

Consider some time-inhomogeneous discrete Markov chain (X, ¢ > 0) with a phase
space {0,1,2,...}. Its transition probabilities are defined in the following way:

PXin=j| X =i} =R, j)=p", t>0 (1)

In the zero moment of time the chain is in the zero state. Let’s introduce the following
notation:

01 :Hlf{t >0: Xy = 0}

0y = inf{t >0 Xy = 0} (2)

O = inf{t > 0,,_1: X; =0}, m > 1,
where 6 is time of the first returning to zero, 6 is time between first and second zero
hitting, and so on. In this case 7, = Z?:l 0 is the k-th hitting moment.

The sequence {0,,, m > 1} is a renewal sequence generated by the time-inhomogeneous
Markov chain X;. In general case, for the chain starting from a non-zero state we may
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consider an initial delay y. It is time that a chain takes till hitting zero for the first
time.

Let’s now investigate a problem of dependence for the 6, variables. In the homo-
geneous case, these variables are independent. But if the chain is time-inhomogeneous
there is dependence between 6,,’s. Let’s see an example below.

The random variable 6; has a following distribution:

pr{91 = k} = P{Xk = O,Xk_l 75 0,...,X1 7é O,Xo = 0}
k—1
: (3)
- Z Hpgjgﬁl.
10=0,i1#0,i27#0,...,i —170,i,=0 j=0

So, we can see that a distribution potentially depends from all Xy, t < k.
The distribution of the random variable 05 is as follows

k—1
P{O> =k} = ZP{HQ =k,0, =3}
j=1
4
:ZP{Xk:O7Xk—17&07Xj+17507Xj:0, ( )

J
X, 1#0,..., X #0,Xo =0}

Note, that for each term in the last sum, the following equality holds true:
D> P{Xk=0,X51#0,X;11 # 0| X; =0} P{6; = j}
= P{Xp=0,X51#0,X;11 #0| X; =0} P{r = j}.

So, the distribution of the random variable 65 depends on the variable 7 and all X,
t > 7. We'll show that this situation holds true for the other 6,, as well.

Let us now consider

P{Om =k} = P{Xp=0,Xp 1 #0,....X;11 #0|X; =0} P{r_1 =j}.  (5)

So the distribution of the 6,, depends on probabilities pg;) where t > 7,,—1. In other
words, in order to write down a distribution for the 6,,, one should know the value of the
variable 7,,_1 but now necessarily the values of variables 61, ...,80,,_1. Moreover, under
fixed 7,,_1 the distribution of #,, does not depend on the values 61,...,6,,_1.

Now we have:

P{Om =i,0m—1 =7 | Tm_1 =1t}
=P{0,, =1,0m_1 =7 Xt =0,X; =0, exactly m — 2 times, | <m — 1}
=P{X, =0,k € {i,t,t —j}, Xp # 0 otherwise, A} P~'(A)
= P{X; =0, X, #0,

l=t+1,...,i—1|X=0,X,1#0,...,X,;=0,X,_,_1 #0, A}
K P{X = 0,X; 1 #0,....X1_; =0,X,_j_1 £0| A}

=P{X;=0,X;#£0,l=t+1,...,i—1| X =0} P{0p1 =75 | Tm—1 =t}
=P{X;=0,X,#£0,l=i—1,...t+1|X,=0,B}P{l_1 =5 | Tm_1 = t}
=P{Om =i | Tm—1 =1} P{Om—1 =7 | Tm-1 =1},

where the set A = {X; = 0,X; = 0, exactly m — 2 times, | <m — 1} = {7,,1 = t},

B = {exactly m — 1 zero hittings happened till time ¢ — 1}.
So we have proved that

P{em =1,0m1 =7 | Tm—1 = t} = P{em =1 | Tm—1 = t} P{em—l =J | Tm—1 = t}, (6)
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which means that variables 6,, and 6,,_1 are conditionally independent given 7,,_1.

Let us also note, that formula (5) implies that the distribution of the 6, is parame-
terized by only one parameter j (values of a 7,,—1), and does not depend on index m.
So we can write:

gﬁl =Pl =n|Tm-1=7}

This fact leads us to consideration of the random variables 0(¢) which have the same
distribution as (g%, ),>0. This variables can be handled as moments of the first after time
t returning to zero, if we know that a chain is in the zero state at the moment ¢.

3. KEY DEFINITIONS

In this section and further on we’ll consider two time-inhomogeneous Markov chains
(X}, t > 0) and (X?,t > 0) defined on a phase space E = {0,1,...}. The chains are
defined by their transition probabilities on the s-th step Ps(x, A, 1), Ps(x, A, 2) for chains
X}, X? respectively. Let’s define transition probabilities for n > 0 steps:

Pt’"(x,A,l) = (1:[ Pt—i—k) (J),A,l) (7)
k=0

Having this set of transition probabilities and the initial conditions p!(-) we can build
a probability space (£, F,P) where both chains (X}), I € {1,2}, are defined and

PLxte A} = [ WP (@Al  FXL, € A| X! =a} = oA,
E

Let’s define renewal intervals 6%, [ € {1,2}:
0h =inf{t >0: X, =0}, 6, =inf{t >0, _1: X; =0}, m>1, (8)

which are defined on the same probability space (£2,F,P). The classes of variables
{0} } k>0 and {62 }1>0 are independent. 0! for each [ € {1,2} and k > 0 have only positive
integer values while ), take non-negative integers. Let’s define renewal sequences in the
following way:

Th=> 6, le{1,2}. (9)
k=0

We will assume that neighboring variables inside each class are conditionally indepen-
dent giving 7. In other words, for each k, t, [ the following equality holds true:

ELf (01) 9 (Or) | 7] =E[F (6) I 7] E g (0hsr) | ] (10)

for any bounded Borel functions f and g.
Let’s introduce a definition for the conditional distribution of the 92 variable (please,
note that this distribution does not depend on k):

gt =P{O =n |1 =1}, I =€ {1,2}, n >0, (11)

and we assume that gi' = P{0 = 0| 7,_; = t} = 0. The variables 6!, k> 1 will be
interpreted as renewal steps and 0} as a delay.
We'll say that T' > 0 is a coupling (or simultaneously hitting) moment if:

T=min{t>0:3Im,n:t=r1,, =77}. (12)

Our goal is to find conditions which guarantee T' < oo a.s. and E[T] < cc.
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By qu D e define a renewal sequence for the process 7'. In other words, qu D s a
probability of a renewal at the moment ¢ 4+ n having renewal at the moment ¢. Formally

S D can defined in a following way:

g =10l =Yg (13)

4. FORMAL DEFINITION OF THE 6'(t) VARIABLE

As we've seen before, the distribution of the k + 1-st renewal interval is completely
defined by the value of the 74 variable, i.e. by the moment of the previous renewal and
does not depend on the index k. That’s why we have introduced the notations g%' and

(t D our goal is to define random variables 6'(t) in such a way that g% be a distribution
for 01( ).

For simplicity we’ll omit index [ in this section.

Assume X; is some time-inhomogeneous Markov chain with transition probabilities
on the ¢-th step equal to P;(z, A). As before, let’s define:

PthTA (Hpt-"_k)

transition probability for the time from ¢ to t + n.
For each ¢ we define probability space (£2;, F¢,P;) as a canonical space for the Markov
chain Xy, which starts at zero. Let’s note that

0(t) = min{j > 0: Xy1; =0}, (14)
and ¢!, = P{0(t) = n} is the distribution of the variable 6(¢). Then,
Z = / Pt(O,dxo)PtH(xo,dxl) ...PtJrn,l(iL'n,l,{O}). (15)
(E\{o})n—!

As in the previous section let’s define 6! (¢) as a moment of the first hitting zero state for
the chain (X/,,,k > 0) which starts from zero. Then a variable 6'(t) has the distribution

(gﬁil)nzo-
Let’s define an overshoot:

The variable D, (t) should be understood as a time that has left till hitting {0} after
moment t + n having X; = 0. Note that variables D,,(¢) and 6(t) are defined on the
common probability space (4, F, Py).

The following lemma is a key in proving the main theorem (the proof will be given
later):

Lemma 4.1. If a distribution family g, (or, a family of random variables 0(t)) is uni-
formly integrable then for each p € (0, 1) there exists a constant C = C(p) > 0, such that
for each t the following inequality holds true:

E/[Dn(t)] < pn+ C.

5. MAIN THEOREM

Theorem 5.1. Assume that (in notations introduced before):

1) The set of random variables 0'(t) is uniformly integrable (or, in other words, the
family of distributions g% is uniformly integrable).

2) There exists a constat v > 0 and a positive integer ng > 0 such that for all t,
and n > ng: qu’” > .
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Then the coupling moment is integrable: E[T] < oco.

6. SETUP FOR THE PROOF OF THE THEOREM 5.1

Following the Lindvall approach (see. [14, p. 27]) let’s define the following random
variables:

By 41 Bs o1

o no

B1 B3

2 2
b
no Vi ng V3

Vo ::min{jz 1: le >n0},

1
Bo = 7—1/07
1

21 ::min{j > vyt TJ-Q—TVO > ng, OI“T]-Q—TI}O =0}7

2 1
By =1, — 1,
and further on

Vo = Iin {j > Vom—1- le — 7'327”71 > ng, or le — 7'327”71 = 0} ,
Boyy, = Tl}m — 7'32m_1,
Vom+1 = Min {j > Vom: Tj2 — T,}zm > ng, Or 7]2 — T,}zmzo} ,
Bopm41 = 7'32m+1 - ’7'”12m.

vy is called as coupling trials. Let’s define 7 = min{n > 1: B,, = 0} and a sequence
of sigma-fields B,,, n > 0 in the following way:

‘ana[Bk,l/k,le-,kgn,j Syn].

Let’s also define random variables: D! = min{j: 3m, 7}, = 7} + n+ j}.

7. THE PROOF OF THE THEOREM 5.1

At the beginning we assume that 63 = 0.
The following inequality is true:

T < 95+ZBn :95+23nu472n. (17)
n=0 n>0

According to the lemma 8.4 for each n > 0, p € (0,1) the following inequality holds
true:

E[By | Bn1] < pBn1+C, (18)
which implies that
k—1
E[Bif¥ ok | Bra] =E |Bi [[ ¥siz0 | Bi-1| =¥r2n E[Bn | Bn1]
n=0

<Kr>n(pBp-1+C) = pBn_iHr>n + CHrxp
<pBn 1Hrsn1+ CHATZn,

where the latest equality follows from the relation {7 > n} C {r > n — 1} and so
HZTZTL < J’lérzn—l-
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So we’ve proved the following inequality:
E[Br>n] < pE[Bp_iHFr>n_1] + CP{r >n}. (19)
It follows from lemma 8.5 that
P{r>n}<(1—-9)"
Let’s define a,, = E[B,#;>,]. Then (19) implies:

an < pan_1+C(1=7)" <CY pF1—)"* < Cnmax(p, (1-7))".
k=0

Note, since p is arbitrary, we can choose it be equal to (1 — 7). In this case
an < Cn(l—~)".
So
E[T) <E[65) + ) an <E[05] + % < o0. (20)
n>0 v

Recall our assumption 62 = 0. Now we will get rid of it. Let’s define as 7" a coupling

moment for the processes with the following delays:
6y = max (6,63) — min (6,65) ,
0 = 0.
Note that T = T’ + min(6}, 63). So
E[T] < E [min (65,65)] + E[T] < oo.
Note that

E[T] < E[0] + %

or
C
E[T]<E [maX (9(1),98)] + ?
8. AUXILIARY LEMMAS

Lemma 8.1. Let xg), yn) be some inhomogeneous sequences of real numbers, un be

some inhomogeneous renewal sequence defined by the formula (13): (()t) =0, for all t.
Assume the following conditions are true

z) = Zg“’x“*’“) il (21)
20 > Z g0, + 4y, (22)
Then for any t, n:
xg) < x?L.
Proof. Let’s show that
k
xglt) - Z (t)yibt-i-k). (23)
k=0

We’ll do this by induction:
For the n = 0: x(()t) (t) (t) + y( ) = y(()t) = u(()t)y(()t).
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Assuming the statement holds true for all k < n, lets prove it for the n + 1.

n+1 n+l—k
t t t+k t t t+k) (t+k+ t t t
211—29” Sy = Zg” Z u Pyl + 0 v

k k
=S = Sy
Then for any ¢, n:

t
<(E(0 Zg() ?L k>

t 0 t t+k 0
20 <3 ue®, Zu() g0 (24)
k=0 =0

Let us consider the second term

n—1

t t+k 0 (t t+k t t+k t t

Zu() g0, ji%zulggg k)+xozuzi)gfb B4 a0y
7=0

_ ZWS) - Zu(t) 0

Applying the last relation to the (24) we derive:
z® <Zu m(o Zu Ty k:u(()t)m%:xg. O

Lemma 8.2. Assume A is a some set defined by the variables T, , v, k < mn. Then:

l/k’
58 | o o, =t 4] = B o]

k+no ) Vn

Proof. Let’s denote t + k + ng = ¢q. Then:
P {Derln =7, By = k,Tll,n =t v, =m, A}

=P{X) ,=0Xl.,#0s=0,....r—1,X{=0,7, =t v, =m,Bpy1 =k, A}

= </ ptktno (0,dxo, 1) Py(xo,dx, 1) ... Pyyr—1(xr—1,dxy, 1) Pyrr (2, 0, l))
(E\O)™

x P {Xt =0, Tin =t vy, =m,By41 = k:,A}
=P {D;Hno t)y=r}P {Tin =t,vy=m, By =k, A}. O

Lemma 8.3.
E[B2, | Ban—1] ZEt Dk+n0 “471 =B =k

E[B2nt1 | Ban] = ZEt (Dm0 ez, ¥ Ba=ic

Proof. At the beginning we should note that the sigma-field 9B,, is generated by the
finite amount of random variables, and each of them takes only no more than countable
number of values. So, for each m, B,, is generated by the finite number of events.
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Let us define a set of events {A,(i),i € J,} as A, (i) = {7} = tu, vk = ni, k < n}
and note that J,, is a countable set. Let’s add the following notation

Cun(s, t,m, k) = {T,? =1, 7 =8, Van1 =k, Vap_o = m, Azp—3(i)} .
Note that it follows from the definition of By, that
Boy = D=0+ no, (25)
which implies

E[Ba2n, — 1o | Ban—1]

= Z E [D;n i—i—no

s<t,m,k,i€Jan_3

Cn(s,t,m, k), Agn_3(i )} e, (s,tm ¥ Aon_s()-

Using lemma 8.2 we derive that the last term is equal

Z Es [Dtl s+no( )] ¥c (s, tam ¥ Az s ()

s<t,m,k,i€Jan_3

= Z Es [Dtl 5+no( )]“Acnstmk) ZE t s4no )}Hﬂﬁ/ =t“471, —s

s<t,m,k s<t

= B (D [y, Ko

2

where we used the following equality Ba,—1 = 7'3271 — TV12n_ , in the last relation.

The corresponding statement for E[Ba,,1+1 | B2,] can be derived in a similar way. O

Lemma 8.4. Assuming the conditions of the theorem 5.1 holds true for each p € (0,1)
there exists a constant C' € (0,00), that for every n > 0 a following inequality is true

E[B, | Bp_1] < pBu_y +C.

Proof. Using lemmas 8.3 and 4.1 we will get

E[Bon | Bon—1] = Y B¢ Dy ()] ¥ oy 1=k

< (p(k +no) + CWrs  —ps =i = pBan1 +C".
t,k
The same statement holds true for the E[Bayy1 | Banl. O
Lemma 8.5. The following inequality is true
P{r>n}<(1—-7)".
Proof. Recall that 7 = min(n: B, = 0). An event {7 > n} = {[[,_, Br # 0}.
E I:HAHZ:O Bk?'éo} =E {HLHZ;OI By #0 E [HABn?EO | %n_l]}
— E[F 0 o P{0h > Bu+ Bua)
< E Wi mso| PO, > o} SE Kt ] 1=9) S (1=9),

where 7 is a number of the next after B, _; renewal in the [-th series. O
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9. THE PROOF OF THE LEMMA 4.1

Let’s consider the random variable D, (t)¥g+)—;, j < n. By the direct calculation it
is easy to verify that

P{Dn(t) = k,0(t) = j} = Pi{0(t) = j}Peyj{Dn—;(t + ) = k}. (26)
The following inequality holds true:
Dn(t)“ée(t»n = (9(75) - n)We(t)>n- (27)

Then, having in mind inequalities (26) and (27) we’ll get

Ey [Dn(t)] = Eq [Dn(t)“ée(t):j} + K, [Dn(t)“ée(t)>n]

NE

<.
Il
—

I
I M:

Jj=1

(Z kP { Dyt —k,H()—J}> +E [(0) = n)¥o()>n]

I
NER

P{0(t) = j} <Z kPt j{Dp—j(t +j) = k?}) + E[(0(t) — n)¥o(t)>n]

k=0

<.
Il
—_

I
M§

'Et+j [Dn—j(t +.7)] + Ey [(H(t) - n)We(t)>n] .

<.
Il
—

So we have the following equality

n
Ei[Dn(t)] = g5 Be (D (¢ + )] + B [(0() — n)¥oy>n) - (28)
=1
After that we’ll use the lemma 8.1. Let’s define:
ngt) = Et[Dn(t)]a

YD =By oy=n(0(t) —n)]
then (28) implies the condition (21).
We define as
2 = pn + C.
Let’s proof that the condition (22) of the lemma 8.1 holds true. For doing that we should
show, that for any p € (0,1) there exists such C' = C(p), that

pn+C =3 gipln—j)+C)+> (j—n)g}, (29)

§=0 j>n
We'll derive the following from the statement (29)

n n n

(29) @pn—i—CanZg;-—i—CZg; —ijg§+ng§ —nGt

=0 7=0 7=0 j>n
& npGh, + CGy, > By [0(t)Wo(ysn] — pE: [0 gy <n] — nGY,

& n(p+1)G;, + CGy + pEq [0(tWory<n] = B [0(EFo()>n]

& n(p+1)G,, + CG + pEe [0(1)] > (14 p)Ee [0t o@)>n]
So, the inequalities (29) are equivalent to (30). Note that, in the case of G, = 0 the
equality (30) holds true automatically. Assume than G% > 0. But E.[0(¢)] > 1 and the
uniform integrability implies that there is a number ng, such that for all ¢ > 0,1 > ng:

E¢ [0t o(t)>n] < p/(1 4 p). The constant C' we’ll choose in the way to satisfy (30) for
n < ng.

(30)
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Let’s show now, that C' could be chosen disregarding of ¢. For ¢ = p/(1+ p) we’ll find
such § > 0, that for each set A, such that P(A) < § it follows that E.[0(t)F 4] < e. Tt is
possible, since 0(t) are uniformly integrable. Let’s define then

(1 + p)supEe[0(t)] — P

C:= 5

Now having GY, < ¢ inequality (30) holds true automatically. In the case of Gf, > §, we’ll

get:

10.

11.

12.

13.

14.

15

n(p+1)G,, + CGy + pE[0(t)] > (1+ p) sup B, [0(1)] = (1 + p)E¢[0(1)]

> (14 p)E; [H(t)“ée(t)>n] .
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