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Abstract. The Cauchy problem for a wave equation on the line, driven by a general stochastic
measure is investigated. The existence, uniqueness and Hölder regularity of the mild solution are
proved. Continuous dependence of the solution on data is established.

X B(X) σ X L0(Ω,F , P)

(Ω,F , P) L0(Ω,F , P)
μ B(X) σ μ : B(X) →

L0(Ω,F , P) μ

{
∂2u(t,x)

∂t2 = a2 ∂2u(t,x)
∂x2 + f(t, x, u(t, x)) + σ(t, x) μ̇(t),

u(0, x) = u0(x); ∂u(0,x)
∂t = v0(x),

(t, x) ∈ [0, T ]× R T > 0 a > 0 μ B([0, T ])

μ(x) x ∈ R



u(t, x) = u(t, x, ω) : [0, T ]× R × Ω → R

u(t, x) =
∂

∂t

(∫
R

S(t, x − y)u0(y) dy

)
+

∫
R

S(t, x − y)v0(y) dy

+
∫ t

0

ds

∫
R

S(t − s, x − y)f(s, y, u(s, y)) dy

+
∫

(0,t]

dμ(s)
∫

R

S(t − s, x − y)σ(s, y) dy.

S(t, x) = 1
2a {|x|<at}

dy ds ω ∈ Ω
g : X → R∫

X
g dμ

μ

u(t, x) =
1
2

(u0(x + at) − u0(x − at)) +
1
2a

∫ x+at

x−at

v0(y) dy

+
1
2a

∫ t

0

ds

∫ x+a(t−s)

x−a(t−s)

f(s, y, u(s, y)) dy +
1
2a

∫
(0,t]

dμ(s)
∫ x+a(t−s)

x−a(t−s)

σ(s, y) dy.

u0(y) = u0(y, ω) : R × Ω → R v0(y) = v0(y, ω) : R × Ω → R

ω ∈ Ω: |u0(y, ω)| ≤ C(ω) : |v0(y, ω)| ≤ C(ω)
u0(y)

|u0(y1) − u0(y2)| ≤ C(ω) |y1 − y2|β(u0)
, β(u0) > 0 .

f(s, y, v) : [0, T ]× R × R → R |f(s, y, v)| ≤ C
f(s, y, v) v ∈ R |f(s, y, v1) − f(s, y, v2)| ≤ C |v1 − v2|
σ(s, y) : [0, T ]× R → R |σ(s, y)| ≤ C
σ(s, y)

|σ(s1, y1) − σ(s2, y2)| ≤ C
(|s1 − s2|β(σ) + |y1 − y2|β(σ))

, 1/2 < β(σ) ≤ 1.

|μ((0, t])| ≤ C(ω), ∀t ∈ (0, T ]
C C(ω)

| · |

u(t, x) t ∈ [0, T ]
x ∈ R

δ > 0, K > 0
γ1, γ2 ∈ [0, β(u0)] γ1 < 3/2 − 1/(2β(σ)) γ2 < 1/2

u(t, x) ū(t, x)

|ū(t1, x1)− ū(t2, x2)| ≤ C(ω) (|t1 − t2|γ2 + |x1 − x2|γ1) , ti ∈ [δ, T ], |xi| ≤ K, i = 1, 2.



{
∂2uj(t,x)

∂t2 = a2 ∂2uj(t,x)
∂x2 + fj(t, x, uj(t, x)) + σj(t, x) μ̇(t),

uj(0, x) = u0j(x); ∂uj(0,x)
∂t = v0j(x),

j ≥ 1 (t, x) ∈ [0, T ]×R T > 0 a > 0

uj(t, x) =
1
2

(u0j(x + at) − u0j(x − at)) +
1
2a

∫ x+at

x−at

v0j(y) dy

+
1
2a

∫ t

0

ds

∫ x+a(t−s)

x−a(t−s)

fj(s, y, uj(s, y)) dy +
1
2a

∫
(0,t]

dμ(s)
∫ x+a(t−s)

x−a(t−s)

σj(s, y) dy.

u0j(y) = u0j(y, ω) : R×Ω → R v0j(y) = v0j(y, ω) : R×Ω → R

ω ∈ Ω |u0j(y, ω)| ≤ C(ω) : |v0j(y, ω)| ≤ C(ω)
u0j(y)

|u0j(y1) − u0j(y2)| ≤ C(ω) |y1 − y2|β(u0) , β(u0) > 0 .

fj(s, y, v) : [0, T ]× R × R → R |fj(s, y, v)| ≤ C
fj(s, y, v) v ∈ R |fj(s, y, v1) − fj(s, y, v2)| ≤ C |v1 − v2| .
σj(s, y) : [0, T ]× R → R |σj(s, y)| ≤ C
σj(s, y)

|σj(s1, y1) − σj(s2, y2)| ≤ C
(|s1 − s2|β(σ) + |y1 − y2|β(σ))

, 1/2 < β(σ) ≤ 1.

C C(ω) j ≥ 1

j ≥ 1

Uj = sup
y∈R

|u0j(y) − u0(y)| → 0 , Vj = sup
y∈R

|v0j(y) − v0(y)| → 0 ,

Σj = sup
(s,y)∈[0,T ]×R

|σj(s, y) − σ(s, y)| → 0,

Fj = sup
(s,y,v)∈[0,T ]×R×R

|fj(s, y, v) − f(s, y, v)| → 0, j → ∞.

δ > 0

|uj(t, x) − u(t, x)| → 0, j → ∞ , ∀ (t, x) ∈ [δ, T ]× R.

Bα
22([b, c]) α ∈ (1/2, 1)

‖g‖Bα
22([b,c])

= ‖g‖L2([b,c]) +
(∫ c−b

0

(
w2,[b,c](g, r)

)2
r−2α−1 dr

)1/2

,

w2,[b,c](g, r) = sup
0≤h≤r

(∫ c−h

b

|g(s + h) − g(s)|2 ds

)1/2

.

[0, 1] [b, c]
g(z, τ) : Z × [b, c] → R Z



g(z, b + (c − b)s) : Z × [0, 1] → R

Cc−b‖g(z, ·)‖Bα
22([b,c])

≤ ‖g(z, b + (c − b) ·)‖Bα
22([0,1]) ≤ Cc−b‖g(z, ·)‖Bα

22([b,c])
,

Cc−b = (c − b)−1/2((c − b)α ∧ 1), Cc−b = (c − b)−1/2((c − b)α ∨ 1).

c − b = 1

‖g(z, b + (c − b) ·)‖Bα
22([0,1]) = ‖g(z, ·)‖Bα

22([b,c])
.

t ∈ [0, T ]

Δ(t)
kn = ((k − 1)2−nt, k2−nt], n ≥ 0, 1 ≤ k ≤ 2n.

g(z, s) : Z × [0, T ] → R ∀z ∈ Z : g(z, ·) [0, T ]
Z = Z0 × [0, T ] Z0 z = (z0, t)

gn(z, s) = g(z, 0) {0}(s) +
∑

1≤k≤2n

g(z, (k − 1)2−nT ∧ t)
Δ

(T )
kn

(s).

η(z) =
∫

(0,t]

g(z, s) dμ(s), z ∈ Z,

η̃(z) =
∫

(0,t]

g0(z, s) dμ(s) +
∑
n≥1

(∫
(0,t]

gn(z, s) dμ(s) −
∫

(0,t]

gn−1(z, s) dμ(s)

)
,

ε > 0 ω ∈ Ω z ∈ Z

|η̃(z)| ≤ |g(z, 0)μ((0, t])|

+

⎧⎨⎩∑
n≥1

2nε
∑

1≤k≤2n

∣∣g(z, k2−nT ∧ t) − g(z, (k − 1)2−nT ∧ t)
∣∣2⎫⎬⎭

1
2

×
⎧⎨⎩∑

n≥1

2−nε
∑

1≤k≤2n

∣∣∣μ (
Δ(T )

kn ∩ (0, t]
)∣∣∣2

⎫⎬⎭
1
2

.

|η̃(z)| ≤ |g(z, 0)μ((0, t])|

+ C‖g(z, ·∧t)‖Bα
22([0,T ])

⎧⎨⎩∑
n≥1

2−nε
∑

1≤k≤2n

∣∣∣μ (
Δ(T )

kn ∩ (0, t]
)∣∣∣2

⎫⎬⎭
1
2

,

α = ε/2+1/2 η̃ z ∈ Z
C α T z ω

‖g(z, ·∧t)‖Bα
22([0,T ]) ≤ C

1
2
t ‖g(z, ·)‖Bα

22([0,t])

+ |g(z, t)|√T − t

+ C
1
2
t

(∫ t

0

r−2α−1

∫ t∧(T−r)

t−r

|g(z, t)− g(z, s)|2 ds dr
) 1

2

+ C
1
2
t t−α {t < T }

(∫ t

0

|g(z, t) − g(z, s)|2 ds
) 1

2
,

Ct = 1 + {t<T}



x

t ∈ [0, T ] K > 0 γ̃1 < 3/2 − 1/(2β(σ))

ϕ(x) =
∫

(0,t]

dμ(s)
∫ x+a(t−s)

x−a(t−s)

σ(s, y) dy, |x| ≤ K

γ̃1

t ∈ (0, T ] x1, x2 ∈ {x ∈ R : |x| ≤ K}
s ≤ t

q(z, s) =
∫ x1+a(t−s)

x1−a(t−s)

σ(s, y) dy −
∫ x2+a(t−s)

x2−a(t−s)

σ(s, y) dy, z = (x1, x2, t).

η(z) = ϕ(x1) − ϕ(x2) =
∫

(0,t]

q(z, s) dμ(s)

Z × [0, t] =
R × R × [0, t] × [0, t]

|ϕ(x1) − ϕ(x2)| ≤ |q(z, 0)μ((0, t])| + C‖q(z, ·)‖Bα
22([0,t]) ×

{∑
n≥1

2−nε
∑

1≤k≤2n

∣∣∣μ (
Δ(t)

kn

)∣∣∣2} 1
2
,

C t
q(z, ·) [0, t] s ≤ t

q(z, s)

|q(z, s)| =

∣∣∣∣∣
∫ x2−a(t−s)

x1−a(t−s)

σ(s, y) dy −
∫ x2+a(t−s)

x1+a(t−s)

σ(s, y) dy

∣∣∣∣∣ A5≤ C|x1 − x2|.

|q(z, s + h) − q(z, s)| s ∈ [0, t− h]

|q(z, s + h) − q(z, s)| ≤ |q(z, s + h)| + |q(z, s)| ≤ C|x1 − x2|.

h

|q(z, s + h) − q(z, s)|

=

∣∣∣∣∣
∫ x1+a(t−s−h)

x1−a(t−s−h)

(σ(s + h, y) − σ(s, y)) dy −
∫ x1−a(t−s−h)

x1−a(t−s)

σ(s, y) dy

−
∫ x1+a(t−s)

x1+a(t−s−h)

σ(s, y) dy −
∫ x2+a(t−s−h)

x2−a(t−s−h)

(σ(s + h, y) − σ(s, y)) dy

+
∫ x2−a(t−s−h)

x2−a(t−s)

σ(s, y) dy +
∫ x2+a(t−s)

x2+a(t−s−h)

σ(s, y) dy

∣∣∣∣∣



≤
∣∣∣∣∣
∫ x1+a(t−s−h)

x1−a(t−s−h)

(σ(s + h, y) − σ(s, y)) dy

−
∫ x2+a(t−s−h)

x2−a(t−s−h)

(σ(s + h, y) − σ(s, y)) dy

∣∣∣∣∣
+

∣∣∣∣∣−
∫ x1−a(t−s−h)

x1−a(t−s)

σ(s, y) dy +
∫ x2−a(t−s−h)

x2−a(t−s)

σ(s, y) dy

∣∣∣∣∣
+

∣∣∣∣∣−
∫ x1+a(t−s)

x1+a(t−s−h)

σ(s, y) dy +
∫ x2+a(t−s)

x2+a(t−s−h)

σ(s, y) dy

∣∣∣∣∣
= J1 + J2 + J3.

J2 y → y − x2 + x1 x1

J2 =

∣∣∣∣∣
∫ x2−a(t−s−h)

x2−a(t−s)

(σ(s, y − (x2 − x1)) − σ(s, y)) dy

∣∣∣∣∣ A6≤ Ch|x2 − x1|β(σ).

J3 ≤ Ch|x1 − x2|β(σ)

J1 =

∣∣∣∣∣
∫ x2−a(t−s−h)

x1−a(t−s−h)

(σ(s + h, y) − σ(s, y)) dy −
∫ x2+a(t−s−h)

x1+a(t−s−h)

(σ(s + h, y) − σ(s, y)) dy

∣∣∣∣∣
A6≤ C|x1 − x2|hβ(σ).

β(σ) ≤ 1 h ≤ T |x2 − x1| ≤ 2K

|q(z, s + h) − q(z, s)| ≤ Ch|x1 − x2|β(σ) + C|x1 − x2|hβ(σ) ≤ Chβ(σ)|x1 − x2|β(σ).

λ
1 − λ λ ∈ (0, 1)(∫ t

0

(
w2,[0,t](g, r)

)2
r−2α−1 dr

)1/2

≤ C|x1 − x2|1−λ(1−β(σ))

(∫ t

0

r2λβ(σ)−2α−1 dr

)1/2

≤ C|x1 − x2|1−λ(1−β(σ)),

β(σ)λ > α ⇔ λ > α
β(σ) > 1

2β(σ)

γ̃1 = 1 − λ(1 − β(σ)) < 1 − 1
2β(σ)

(1 − β(σ)) =
3
2
− 1

2β(σ)
∈ (1/2, 1]

α 3/2 − 1/(2β(σ)) ≥ β(σ)

|q(z, 0)| ≤ C|x1 − x2|, ‖q(z, ·)‖L2([0,t]) ≤ C|x1 − x2|.

|ϕ(x1) − ϕ(x2)| ≤ C|x1 − x2|γ̃1

⎛⎜⎝|μ((0, t])| +
⎧⎨⎩∑

n≥1

2−nε
∑

1≤k≤2n

∣∣∣μ (
Δ(t)

kn

)∣∣∣2
⎫⎬⎭

1
2
⎞⎟⎠

≤ C(ω)|x1 − x2|γ̃1 ,

C(ω) t
∀δ > 0



t ∈ [δ, T ]
t �

t

x ∈ R δ > 0 γ̃2 < 1/2

ϕ̂(t) =
∫

(0,t]

dμ(s)
∫ x+a(t−s)

x−a(t−s)

σ(s, y) dy, t ∈ [δ, T ]

γ̃2

x ∈ R

ϕ̂(t) =
∫

(0,t]

dμ(s)
∫ x+a(t−s)

x−a(t−s)

σ(s, y) dy =
∫

(0,t]

q̂(z, s) dμ(s), z = (x, t) ∈ R × [δ, T ].

δ ≤ t1 < t2 ≤ T zi = (x, ti) i = 1, 2

ϕ̂(t2) − ϕ̂(t1) =
∫

(0,t2]

q̂0(z2, s) dμ(s) −
∫

(0,t1]

q̂0(z1, s) dμ(s)

+
∑
n≥1

(∫
(0,t2]

q̂n(z2, s) dμ(s) −
∫

(0,t2]

q̂n−1(z2, s) dμ(s)
)

−
∑
n≥1

(∫
(0,t1]

q̂n(z1, s) dμ(s) −
∫

(0,t1]

q̂n−1(z1, s) dμ(s)
)

=
∫

(0,t1]

(q̂0(z2, s) − q̂0(z1, s)) dμ(s)

+
∑
n≥1

(∫
(0,t1]

(
q̂n(z2, s) − q̂n(z1, s)

)
dμ(s)

−
∫

(0,t1]

(
q̂n−1(z2, s) − q̂n−1(z1, s)

)
dμ(s)

)

+
∫

(t1,t2]

q̂0(z2, s) dμ(s)

+
∑
n≥1

(∫
(t1,t2]

q̂n(z2, s) dμ(s) −
∫

(t1,t2]

q̂n−1(z2, s) dμ(s)
)

= I11 + I12 + I21 + I22 = I1 + I2.

I1 s ∈ [0, t1] z̃ = (x, t1, t2)

Q(z̃, s) = q̂(z2, s) − q̂(z1, s) =
∫ x+a(t2−s)

x−a(t2−s)

σ(s, y) dy −
∫ x+a(t1−s)

x−a(t1−s)

σ(s, y) dy.

|I1| ≤ |Q(z̃, 0)μ((0, t1])|

+ C‖Q(z̃, ·∧t1)‖Bα
22([0,T ])

⎧⎨⎩∑
n≥1

2−nε
∑

1≤k≤2n

∣∣∣μ (
Δ(T )

kn ∩ (0, t1]
)∣∣∣2

⎫⎬⎭
1
2

≤ C(ω)
(|Q(z̃, 0)| + ‖Q(z̃, ·∧t1)‖Bα

22([0,T ])

)
,

C(ω) t1



kn1 t1 ∈ ((kn1 − 1)2−nT, kn12−nT ]∑
1≤k≤2n

∣∣∣μ (
Δ(T )

kn ∩ (0, t1]
)∣∣∣2 =

∑
1≤k≤kn1−1

∣∣∣μ (
Δ(T )

kn

)∣∣∣2 +
∣∣∣μ (

Δ(T )
kn1

∩ (0, t1]
)∣∣∣2

≤
∑

1≤k≤2n

∣∣∣μ (
Δ(T )

kn

)∣∣∣2 + C(ω),

∑
n≥1

2−nε
∑

1≤k≤2n

∣∣∣μ (
Δ(T )

kn ∩ (0, t1]
)∣∣∣2 ≤

∑
n≥1

2−nε
∑

1≤k≤2n

∣∣∣μ (
Δ(T )

kn

)∣∣∣2 + C(ω) ≤ C(ω),

Q(z̃, s) s ∈ (0, t1] σ

|Q(z̃, s)| =

∣∣∣∣∣
∫ x−a(t1−s)

x−a(t2−s)

σ(s, y) dy −
∫ x+a(t2−s)

x+a(t1−s)

σ(s, y) dy

∣∣∣∣∣ ≤ C|t2 − t1|,

C t1 t2 s ∈ [0, t1 − h] h ∈ [0, t1]

|Q(z̃, s + h) − Q(z̃, s)| ≤ C|t2 − t1|.
|Q(z̃, s + h) − Q(z̃, s)| h

|Q(z̃, s + h) − Q(z̃, s)|

≤
∣∣∣∣∣
∫ x+a(t2−s−h)

x−a(t2−s−h)

(σ(s + h, y) − σ(s, y)) dy

−
∫ x+a(t1−s−h)

x−a(t1−s−h)

(σ(s + h, y) − σ(s, y)) dy

∣∣∣∣∣
+

∣∣∣∣∣
∫ x−a(t1−s−h)

x−a(t1−s)

σ(s, y) dy −
∫ x−a(t2−s−h)

x−a(t2−s)

σ(s, y) dy

∣∣∣∣∣
+

∣∣∣∣∣
∫ x+a(t1−s)

x+a(t1−s−h)

σ(s, y) dy −
∫ x+a(t2−s)

x+a(t2−s−h)

σ(s, y) dy

∣∣∣∣∣
= F1 + F2 + F3.

F2 t2 y → y − a(t2 − t1)

F2 =

∣∣∣∣∣
∫ x−a(t1−s−h)

x−a(t1−s)

(σ(s, y) − σ(s, y − a(t2 − t1))) dy

∣∣∣∣∣ A6≤ Ch|t2 − t1|β(σ).

F3 ≤ Ch|t2 − t1|β(σ).

F1 =

∣∣∣∣∣
∫ x−a(t1−s−h)

x−a(t2−s−h)

(σ(s + h, y) − σ(s, y)) dy +
∫ x+a(t2−s−h)

x+a(t1−s−h)

(σ(s + h, y) − σ(s, y)) dy

∣∣∣∣∣
A6≤ Chβ(σ)|t2 − t1|.



β(σ) ≤ 1 h ≤ T |t2 − t1| ≤ T

|Q(z̃, s + h) − Q(z̃, s)| ≤ Chβ(σ)|t2 − t1|β(σ).

λ∗ ∈ (0, 1)

|Q(z̃, s + h) − Q(z̃, s)| ≤ C|t2 − t1|1−λ∗(1−β(σ))hλ∗β(σ),

(∫ t1

0

(
w2,[0,t1](Q(z̃, ·), r))2

r−2α−1 dr
)1/2

≤ C|t2 − t1|1−λ∗(1−β(σ))
(∫ t1

0

r2λ∗β(σ)−2α−1 dr
)1/2

≤ C|t2 − t1|1−λ∗(1−β(σ)),

α ∈ (1/2, 1) λ∗β(σ) > α ⇔ λ∗ > α
β(σ) > 1

2β(σ) ⇔ 1 − λ∗(1 − β(σ)) <

3/2 − 1/(2β(σ))
γ̃2 < 3/2−1/(2β(σ))

α ∈ (1/2, 1)

‖Q(z̃, ·)‖Bα
22([0,t1]) ≤ ‖Q(z̃, ·)‖L2([0,t1]) + C|t2 − t1|γ̃2 ≤ C|t2 − t1|γ̃2 .

∫ t1

0

|Q(z̃, t1) − Q(z̃, s)|2 ds =
∫ t1

0

|Q(z̃, s + (t1 − s)) − Q(z̃, s)|2 ds ≤ C|t2 − t1|2,

∫ t1

0

r−2α−1

∫ t1∧(T−r)

t1−r

|Q(z̃, t1) − Q(z̃, s)|2 ds dr

≤ C|t2 − t1|2−2λ∗(1−β(σ))

∫ t1

0

r−2α−1

∫ t1

t1−r

(t1 − s)2λ∗β(σ) ds dr

≤ C|t2 − t1|2−2λ∗(1−β(σ))

∫ t1

0

r2λ∗β(σ)−2α ds dr ≤ C|t2 − t1|2−2λ∗(1−β(σ)).

Ct1 ≤ 2 t−α
1 ≤ δ−α

|I1| ≤ C(ω)|t2 − t1|γ̃2 .

I2

q̃n(z2, s) =
∑

1≤k≤2n

q̂(z2, (((k − 1)2−nT ) ∨ t1) ∧ t2) Δ
(T )
kn

(s), s ∈ [0, T ].

I2 = p lim
n→∞

∫
(t1,t2]

q̃n(z2, s) dμ(s), ∀x, t1, t2.

∫
(t1,t2]

q̃0(z2, s) dμ(s) +
∑
n≥1

(∫
(t1,t2]

q̃n(z2, s) dμ(s) −
∫

(t1,t2]

q̃n−1(z2, s) dμ(s)

)



I2 I2

|I2| ≤ |q̂(z2, t1)μ((t1, t2])|

+
(∑

n≥1

∑
1≤k≤2n

2nε0 |q̂(z2, (((k − 1)2−nT ) ∨ t1) ∧ t2)

− q̂(z2, (((k′ − 1)2−n+1T ) ∨ t1) ∧ t2)|2
) 1

2

×
⎛⎝∑

n≥1

∑
1≤k≤2n

2−nε0

∣∣∣μ (
Δ(T )

kn ∩ (t1, t2]
)∣∣∣2

⎞⎠
1
2

,

k′ Δ(T )
kn ⊂ Δ(T )

k′(n−1) ε0 > 0

|q̂(z2, v)| =

∣∣∣∣∣
∫ x+a(t2−v)

x−a(t2−v)

σ(v, y) dy

∣∣∣∣∣ ≤ C|t2 − v| ≤ C|t2 − t1|, v ∈ [t1, t2].

|q̂(z2, (((k − 1)2−nT ) ∨ t1) ∧ t2) − q̂(z2, (((k′ − 1)2−n+1T ) ∨ t1) ∧ t2)|
≤ ∣∣q̂ (

z2, (((k − 1)2−nT + 2−nT ) ∨ t1) ∧ t2
)

− q̂(z2, (((k − 1)2−nT ) ∨ t1) ∧ t2)
∣∣

≤ C|t2 − t1|,

∣∣q̂(z2, (((k − 1)2−nT + 2−nT ) ∨ t1) ∧ t2) − q̂(z2, (((k − 1)2−nT ) ∨ t1) ∧ t2)
∣∣

|q̂(z2, v+ l)− q̂(z2, v)| v ∈ [t1, t2] l ∈ [0, 2−nT ] v+ l ∈ [t1, t2]

|q̂(z2, v + l) − q̂(z2, v)| =

∣∣∣∣∣
∫ x+a(t2−v−l)

x−a(t2−v−l)

σ(v + l, y) dy −
∫ x+a(t2−v)

x−a(t2−v)

σ(v, y) dy

∣∣∣∣∣
=

∣∣∣∣∣
∫ x+a(t2−v−l)

x−a(t2−v−l)

(σ(v + l, y) − σ(v, y)) dy

−
∫ x−a(t2−v−l)

x−a(t2−v)

σ(v, y) dy −
∫ x+a(t2−v)

x+a(t2−v−l)

σ(v, y) dy

∣∣∣∣∣
A5,A6

≤ C(t2 − v − l)lβ(σ) + Cl ≤ C|t2 − t1|1−β(σ)lβ(σ) ≤ C|t2 − t1|1−β(σ)2−nβ(σ),

l ≤ |t2 − t1| l ≤ 2−nT
λ0 ∈ (0, 1)

|q̂(z2, v + l) − q̂(z2, v)| ≤ C|t2 − t1|1−λ0β(σ)2−nλ0β(σ).



|I2| ≤ C|t2 − t1||μ((t1, t2])|

+ C|t2 − t1|1−λ0β(σ)

⎛⎝∑
n≥1

2n(ε0−2λ0β(σ)+1)

⎞⎠1/2

×
⎛⎝∑

n≥1

∑
1≤k≤2n

2−nε0

∣∣∣μ (
Δ(T )

kn ∩ (t1, t2]
)∣∣∣2

⎞⎠1/2

≤ C(ω)|t2 − t1|γ̃2 ,

λ0β(σ) > 1/2 ε0 > 0 γ̃2 < 1 − λ0β(σ) < 1/2
C(ω) t1 t2

|ϕ̂(t2) − ϕ̂(t1)| ≤ |I1| + |I2| ≤ C(ω)|t2 − t1|γ̃2 . �

u(0)(t, x) = 0 ∀n > 0

u(n+1)(t, x) =
1
2

(u0(x + at) − u0(x − at)) +
1
2a

∫ x+at

x−at

v0(y) dy

+
1
2a

∫ t

0

ds

∫ x+a(t−s)

x−a(t−s)

f(s, y, u(n)(s, y)) dy

+
1
2a

∫
(0,t]

dμ(s)
∫ x+a(t−s)

x−a(t−s)

σ(s, y) dy.

u(n)(t, x) n → ∞
[δ, T ]×

[−K, K]

t ∈ [δ, T ] x1, x2 ∈ {x ∈ R, |x| ≤ K}

|u(t, x1) − u(t, x2)|

≤ 1
2a

∣∣∣∣∫ x2−at

x1−at

v0(y) dy −
∫ x2+at

x1+at

v0(y) dy

∣∣∣∣ + C(ω)|x1 − x2|β(u0)

+
1
2a

∣∣∣∣∣
∫ t

0

ds

∫ x2−a(t−s)

x1−a(t−s)

f(s, y, u(s, y)) dy −
∫ t

0

ds

∫ x2+a(t−s)

x1+a(t−s)

f(s, y, u(s, y)) dy

∣∣∣∣∣
+ C(ω)|x1 − x2|γ̃1

≤ C(ω)|x1 − x2|γ1 .

t ∈ [δ, T ]
u(t, x)

ū(x)

x t ū(t) t



x ω ∈ Ω ū(x)(t, x) �= ū(t)(t, x)
(t, x) ∈ [δ, T ]× R ω

ū = ū(x) = ū(t) (t, x) [δ, T ] × R

ū(t, x)
t x

u(n)(t, x) u
(n)
j (t, x) n ≥ 0 n u(t, x) uj(t, x)

(t, x) ∈ (0, T ] × R j ≥ 1
n ≥ 1∣∣∣u(n)
j (t, x) − u(n)(t, x)

∣∣∣
≤ 1

2a

∫ x+at

x−at

|v0j(y) − v0(y)| dy

+
1
2
(|u0j(x + at) − u0(x + at)| + |u0j(x − at) − u0(x − at)|)

+
1
2a

∫ t

0

ds

∫ x+a(t−s)

x−a(t−s)

∣∣∣fj(s, y, u
(n−1)
j (s, y)) − f(s, y, u

(n−1)
j (s, y))

∣∣∣ dy

+ C

∫ t

0

ds

∫ x+a(t−s)

x−a(t−s)

∣∣∣u(n−1)
j (s, y) − u(n−1)(s, y)

∣∣∣ dy +
1
2a

∣∣∣∣∣
∫

(0,t]

Gj(s)dμ(s)

∣∣∣∣∣
≤ Vjt + Uj + Fj

t2

2
+

1
2a

∣∣∣∣∣
∫

(0,t]

Gj(s)dμ(s)

∣∣∣∣∣
+ C

∫ t

0

ds

∫ x+a(t−s)

x−a(t−s)

∣∣∣u(n−1)
j (s, y) − u(n−1)(s, y)

∣∣∣ dy,

Gj(s) = Gj(t, x, s) =
∫ x+a(t−s)

x−a(t−s)

(σj(s, y) − σ(s, y)) dy.

∫
(0,t]

Gj(s) dμ(s)

s ∈ [0, t]

|Gj(s)| =

∣∣∣∣∣
∫ x+a(t−s)

x−a(t−s)

(σj(s, y) − σ(s, y)) dy

∣∣∣∣∣ ≤ 2a(t − s)Σj ≤ CΣj .

s, s + h ∈ [0, t]

|Gj(s + h) − Gj(s)| ≤ CΣj .



|Gj(s + h) − Gj(s)|

=

∣∣∣∣∣
∫ x+a(t−s−h)

x−a(t−s−h)

(σj(s + h, y) − σj(s, y)) dy

−
∫ x+a(t−s−h)

x−a(t−s−h)

(σ(s + h, y) − σ(s, y)) dy

−
∫ x−a(t−s−h)

x−a(t−s)

(σj(s, y) − σ(s, y)) dy −
∫ x+a(t−s)

x+a(t−s−h)

(σj(s, y) − σ(s, y)) dy

∣∣∣∣∣
≤ Chβ(σ).

λ̃ ∈ (0, 1)
1 − λ̃

|Gj(s + h) − Gj(s)| < Chλ̃β(σ)Σ1−λ̃
j .

‖Gj‖Bα
22([0,t]) = ‖Gj‖L2([0,t]) +

(∫ t

0

(
w2,[0,t](Gj , r)

)2
r−2α−1 dr

)1/2

≤ CΣj + CΣ1−λ̃
j

(∫ t

0

r2λ̃β(σ)−2α−1 dr

)1/2

≤ C
(
Σj + Σ1−λ̃

j

)
,

λ̃ > 1/(2β(σ)) α 1 − λ̃ < 1 − 1/(2β(σ))

(∫ t

0

r−2α−1

∫ t∧(T−r)

t−r

|Gj(t) − Gj(s)|2 ds dr

) 1
2

≤ CΣ1−λ̃
j

(∫ t

0

r−2α−1

∫ t

t−r

(t − s)2λ̃β(σ) ds dr

) 1
2

≤ CΣ1−λ̃
j

(∫ t

0

r2λ̃β(σ)−2αdr

) 1
2

≤ CΣ1−λ̃
j ;

(∫ t

0

|Gj(t) − Gj(s)|2 ds

) 1
2

≤ CΣj .

Ct ≤ 2

‖Gj‖Bα
22([0,T ]) ≤ C

(
Σj + Σ1−λ̃

j

)
(1 + t−α).



∣∣∣∣∣
∫

(0,t]

Gj(s)dμ(s)

∣∣∣∣∣ ≤ |Gj(0)μ((0, t])|

+ C‖Gj‖Bα
22([0,T ])

⎧⎨⎩∑
n≥1

2−nε
∑

1≤k≤2n

∣∣∣μ(Δ(T )
kn ∩ (0, t])

∣∣∣2
⎫⎬⎭

1/2

≤ C
(
Σj + Σ1−λ̃

j

) (
1 + t−α

)
×

⎛⎜⎝C(ω) +

⎧⎨⎩∑
n≥1

2−nε
∑

1≤k≤2n

∣∣∣μ(Δ(T )
kn )

∣∣∣2 + C(ω)

⎫⎬⎭
1/2

⎞⎟⎠
≤ C(ω)

(
Σj + Σ1−λ̃

j

) (
1 + t−α

)
.

t ≤ T∣∣∣u(n)
j (t, x) − u(n)(t, x)

∣∣∣ ≤ (
VjT + Uj + Fj

T 2

2
+ C(ω)

(
Σj + Σ1−λ̃

j

)) (
1 + t−α

)
+ C

∫ t

0

ds

∫ x+a(t−s)

x−a(t−s)

∣∣∣u(n−1)
j (s, y) − u(n−1)(s, y)

∣∣∣ dy.

∀n ≥ 0∣∣∣u(n)
j (t, x) − u(n)(t, x)

∣∣∣ ≤ Sj

(
t−α + exp{C̃t}

(
1 +

C̃t1−α

1 − α

))
,

Sj = VjT + Uj + Fj
T 2

2 + C(ω)
(
Σj + Σ1−λ̃

j

)
C̃ = C2aT C

n = 0:
∣∣∣u(0)

j (t, x) − u(0)(t, x)
∣∣∣ = 0

n+1

∣∣∣u(n+1)
j (t, x) − u(n+1)(t, x)

∣∣∣
≤ Sj

(
1 + t−α + C2aT

∫ t

0

(
s−α + exp{C̃s}

(
1 +

C̃t1−α

1 − α

))
ds

)

= Sj

(
1 + t−α +

C̃t1−α

1 − α
+

(
exp{C̃t} − 1

)(
1 +

C̃t1−α

1 − α

))
,

∀n ≥ 0
∀δ > 0∣∣∣u(n)

j (t, x) − u(n)(t, x)
∣∣∣

≤ Sj

(
δ−α + exp{C̃T }

(
1 +

C̃T 1−α

1 − α

))
, ∀(t, x) ∈ [δ, T ]× R,

Sj n t x



n → ∞ j → ∞

|uj(t, x) − u(t, x)| → 0, j → ∞ , ∀ (t, x) ∈ [δ, T ]× R.

μ(t) [0, T ]×R


